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Abstract

The XModAlg package provides functions for computation with crossed modules of commutative algebras and
cat!-algebras.

Bug reports, suggestions and comments are, of course, welcome. Please submit an issue on
GitHub at https://github.com/gap-packages/xmodalg/issues/ or contact the second author at
aodabas@ogu.edu.tr.

Copyright

© 2014-2022, Zekeriya Arvasi and Alper Odabas.

The XModAlg package is free software; you can redistribute it and/or modify it under the terms of the
GNU General Public License as published by the Free Software Foundation; either version 2 of the License, or
(at your option) any later version.

Acknowledgements

This documentation was prepared with the GAPDoc [LN17] and AutoDoc [GH17] packages.

The procedure used to produce new releases uses the package GitHubPagesForGAP [Hor17] and the
package ReleaseTools.

Both authors are very grateful to Chris Wensley (https://github.com/cdwensley) for helpful sugges-
tions.

This work was partially supported by TUBITAK (The Scientific and Technical Research Council of Turkey),
project number 107T542.


https://github.com/gap-packages/xmodalg/issues/
mailto://aodabas@ogu.edu.tr
https://github.com/cdwensley

Contents

1 Introduction

2 Algebras and their Actions
2.1 Multipliers . . . . . . . L e e e e
2.2 Commutative actions . . . . . . . v v v e e e e e e
2.3 Lists of algebra homomorphisms . . . . . . ... ... o o

3 Catl-algebras
3.1 Definitions and examples . . . . . . . . .. ..
3.2 Cat'—algebramorphisms . . . . . . . .. ... ... ..

4 Crossed modules
4.1 Definition and Examples . . . . . . . . . .. ... L
4.2 (Pre-)Crossed Module Morphisms . . . . . .. ... ... ... ... ... ...

5 Conversion between catl-algebras and crossed modules
5.1 Equivalent Categories . . . . . . . . . . ... e e

References

Index

21
21
26

30
30

33

34



Chapter 1

Introduction

In 1950 S. MacLane and J.H.C. Whitehead, [Whi49] suggested that crossed modules modeled homo-
topy 2-types. Later crossed modules have been considered as 2-dimensional groups, [Bro82], [Bro87].
The commutative algebra version of this construction has been adapted by T. Porter, [AP96], [Por87].
This algebraic version is called combinatorial algebra theory, which contains potentially important
new ideas (see [AP96], [AP98], [AEO3]).

A share package XMod, [AOUW17], [AWO00], was prepared by M. Alp and C.D. Wensley for
the GAP computational group theory language, initially for GAP3 then revised for GAP4. The
2-dimensional part of this programme contains functions for computing crossed modules and cat!-
groups and their morphisms [AOUW17].

This package includes functions for computing crossed modules of algebras, cat'-algebras and
their morphisms by analogy with computational group theory. We will concentrate on group rings
over of abelian groups over finite fields because these algebras are conveniently implemented in GAP.
The tools needed are the group algebras in which the group algebra functor J#(.) : Gr — Alg is left
adjoint to the unit group functor % (.) : Alg — Gr.

The categories XModAlg (crossed modules of algebras) and Cat1Alg (cat'-algebras) are equiv-
alent, and we include functions to convert objects and morphisms between them. The algorithms
implemented in this package are analyzed in A. Odabas’s Ph.D. thesis, [Oda09] and described in
detail in the paper [AO16].

There are aspects of commutative algebras for which no GAP functions yet exist, for example
semidirect products. We have included here functions for all homomorphisms of algebras.



Chapter 2

Algebras and their Actions

All the algebras considered in this package will be associative and commutative. Scalars belong to a
commutative ring K with 1 # 0.
Why not a field? A group ring over the integers is not an algebra.

2.1 Multipliers
A multiplier in a commutative algebra A is a function u : A — A such that
w(ab) = (nua)b = a(ub) Ya,beA.
The regular multipliers of A are the functions
U A— A ub=ab YbeA.

When A has a one, it follows from the defining condition that p(b1) = (u1)b and so u = y, where
a = 1. Since an ideal I of A is closed under multiplication, a multiplier 4 may be restricted to /.

QUESTION: Is there an example of an algebra A without a one which has multipliers not of the
form u,?

2.1.1 RegularAlgebraMultiplier

> RegularAlgebraMultiplier(4, I, a) (operation)

This operation defines the multiplier u, : / — / on an ideal / of A.
Example

gap> Ab5c6 := GroupRing( GF(5), Group( (1,2,3,4,5,6) ) );;

gap> vecA := BasisVectors( Basis( A5c6 ) );;

gap> v := vecA[1] + vecA[3] + vecA[5];
(Z(5)~0)*()+(Z(56)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3) (2,6,4)
gap> I6c6 := Ideal( Abc6, [v] );;

gap> v2 := vecA[2];

(Z(5)~0)*(1,2,3,4,5,6)

gap> m2 := RegularAlgebraMultiplier( A5c6, I5c6, v2 );

[ (Z(5B)~0)*x()+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3)(2,6,4),
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(z(5)~0)*(1,2,3,4,5,6)+(Z(5)~0)*(1,4) (2,5)(3,6)+(Z(5)~0)*(1,6,5,4,3,2) 1 ->
[ (Z(5)~0)*(1,2,3,4,5,6)+(Z(5)~0)*(1,4)(2,5) (3,6)+(Z(5)~0)*(1,6,5,4,3,2),
(Z(5)~0)*()+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3)(2,6,4) ]

2.1.2 IsAlgebraMultiplier

> IsAlgebraMultiplier(m) (operation)

This function tests the condition t(ab) = (na)b = a(ub) for all a,b in the basis for A.
Example

gap> IsAlgebraMultiplier( m2 );

true
gap> one := One( A5c6 );;
gap> L := List( vecA, v -> one );;

gap> ml := LeftModuleHomomorphismByImages( A5c6, Abc6, vecA, L );

[ (Z(B)~0)*(), (Z(5)~0)*(1,2,3,4,5,6), (Z(5)~0)*(1,3,5)(2,4,6),
(2(5)~0)*(1,4)(2,5)(3,6), (Z(5)~0)=*(1,5,3)(2,6,4), (Z(5)~0)*(1,6,5,4,3,2)
1 > [ (@ZGB)~0)xO, (Z(B)~0)*x0), (Z(B)~0)*(), (Z(5)~0)*(O, (Z(5)~0)*(),
(ZB)~0)*0 1

gap> IsAlgebraMultiplier( ml );

false

2.1.3 MultiplierAlgebraOfldealBySubalgebra

> MultiplierAlgebraOfIdealBySubalgebra (A, I, B) (operation)

The regular multipliers u, : I — I for all b € B, where [ is an ideal in A and B is a subalgebra of A,
form an algebra with product u, o ty = Upy.

Example

gap> v3 := vecA[3];

(Z(5)~0)*(1,3,5)(2,4,6)

gap> B5c3 := Subalgebra( A5c6, [ v3 ] );;

gap> M := MultiplierAlgebraOfIdealBySubalgebra( A5c6, I5c6, B5c3 );

<algebra of dimension 1 over GF(5)>

gap> vecM := BasisVectors( Basis( M ) );;

gap> vecM[1];

<linear mapping by matrix,

<two-sided ideal in <algebra-with-one of dimension 6 over GF(5)>, (dimension 2
)> -> <two-sided ideal in <algebra-with-one of dimension 6 over GF(5)>,

(dimension 2)>>

2.1.4 MultiplierAlgebra

> MultiplierAlgebra(4) (attribute)
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The regular multipliers u, : A — A for all a € A form an algebra isomorphic to A by the map
a — U,. This operation returns MultiplierAlgebraOfIdealBySubalgebra(A,A,A) ;.

Example

gap> MA5c6 := RegularMultiplierAlgebra( A5c6 );

<algebra of dimension 6 over GF(5)>

gap> vecM := BasisVectors( Basis( MA5c6 ) );;

gap> vecM[3];

<linear mapping by matrix, <algebra-with-one of dimension

6 over GF(5)> -> <algebra-with-one of dimension 6 over GF(5)>>

2.1.5 MultiplierHomomorphism

> MultiplierHomomorphism(M) (attribute)

If M is a multiplier algebra with elements of algebra A multiplying an ideal / then this operation
returns the homomorphism from A to M mapping a to U,.

Example

gap> hom := MultiplierHomomorphism( MA5c6 );;

gap> ImageElm( hom, vecA[2] );

Basis( <two-sided ideal in <algebra-with-one of dimension 6 over GF(5)>,
(dimension 2)>,

[ (Z(6)~0)*x()+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3)(2,6,4),
(Z(5)~0)*(1,2,3,4,5,6)+(Z(5)~0)*(1,4) (2,5)(3,6)+(Z(5)~0)*(1,6,5,4,3,2)

1) >

[ (Z(5)~0)*(1,2,3,4,5,6)+(Z(5)~0)*(1,4)(2,5)(3,6)+(Z(5)~0)*(1,6,5,4,3,2),
(Z(5)~0)*x()+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3) (2,6,4) 1

2.2 Commutative actions
If S and R are commutative K-algebras, a map
RxS — 8§, (r,s) — r-s
is a commutative action if and only if the following five axioms hold:
* k(r-s) = (kr)-s = r-(ks),
cr-(s+5) =r-s+r-s, (sor-0g=0sVreR),
s (r+r)-s =r-s+r-s, (s00g-s=05VseS),
o r-(ss') = (r-s)s =s(r-s),
o (rr)-s = r-(r-s), (so 1g-s = sV s €S when R has a one),

forall k €K, r,”’ € R, and 5,5’ € S.
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2.2.1 AlgebraActionByMultipliers

> AlgebraActionByMultipliers(4, I) (operation)

When [ is an ideal in A we have seen that the multiplier homomorphism from A to
MultiplierAlgebraOf (Ideal(A,I) is an action.

In the example the algebra is the group ring of the cyclic group Cg over the field GF(5). The ideal
is generated by v= () +(1,3,5)(2,4,6) + (1,5,3)(2,6,4). The generator r = (1,2,3,4,5,6) acts on v
by multiplication to give the vector r-v = (1,2,3,4,5,6) + (1,4)(2,5)(3,6) + (1,6,5,4,3,2).

Example

gap> Abc6 := GroupRing( GF(5), Group( (1,2,3,4,5,6) ) );;

gap> vecA := BasisVectors( Basis( A5c6 ) );;

gap> v := vecA[1] + vecA[3] + vecA[5];
(Z(58)~0)*()+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3) (2,6,4)

gap> I5c6 := Ideal( A5c6, [v] );;

gap> actm := AlgebraActionByMultipliers( A5c6, I5c6 );;

gap> actm2 := Image( actm, vecA[2] );;

gap> Image( actm2, v );
(2(5)-~0)%(1,2,3,4,5,6)+(Z(5)"0)*(1,4)(2,5)(3,6)+(Z(5)"0)*(1,6,5,4,3,2)

2.2.2 AlgebraActionBySurjection

> AlgebraActionBySurjection(hom) (operation)

Let 6 : S — R be a surjective algebra homomorphism such that ks = 0g V k € K = ker6. Then
R acts on S with -5 = (8~ 'r)s. Note that thus action is well defined since if 8p = r then 8~ !r =
{p+k|keker8} and (p+k)s= ps+ks=ps+0.

Continuing with the previous example, we construct the quotient algebra Q5¢6 = A5¢6/15¢6, and
the natural homomorphism 6 : A5¢6 — Q5¢6. The kernel of 6 is not contained in the annihilator of
A5c¢6, so an attempt to form the action fails.

An alternative example involves a single-generator matrix algebra.

Example

gap> theta := NaturalHomomorphismByIdeal( A5c6, I5c6 );

<linear mapping by matrix, <algebra-with-one of dimension

6 over GF(5)> -> <algebra of dimension 4 over GF(5)>>

gap> List( vecA, v -> ImageElm( theta, v ) );

[ v.1, v.2, v.3, v.4, (Z(5)"2)*v.1+(Z(5)"2)*v.3, (Z(5)~2)*v.2+(Z(5)"2)*v.4 ]
gap> actp := AlgebraActionBySurjection( theta );

kernel of hom is not in the annihilator of A

fail

gap> ## an example which does not fail:

gap> m := [ [0,1,2,3], [0,0,1,2], [0,0,0,1], [0,0,0,0] 1;;

gap> m~2;

tro,o0,1,41,00,0,0,11,[0,0,0,01, [0,0,0,01]1]
gap> m~3;
tfto,o0,0,11,00,0,0,01,[0,0,0,01,[0,0,0,01]1
gap> Al := Algebra( Rationals, [m] );;
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gap> A3 := Subalgebra( Al, [m~3] );;

gap> nat3 := NaturalHomomorphismByIdeal( Al, A3 );

<linear mapping by matrix, <algebra of dimension

3 over Rationals> -> <algebra of dimension 2 over Rationals>>

gap> act3 := AlgebraActionBySurjection( nat3 );;

gap> a3 := Image( act3, BasisVectors( Basis( Image( nat3 ) ) )I[1] );;
gap> [ Image( a3, m ) = m~2, Image( a3, m"2 ) = m~3 ];

[ true, true ]

2.2.3 SemidirectProductOfAlgebras

> SemidirectProductOfAlgebras(R, act, S) (operation)

When R,S are commutative algebras and R acts on § then we can form the semidirect product

R x S, where the product is given by:
(r1,81)(r2,82) = (rira, ri-sa+ra-s1+s152).
This product, as wekll as being commutative, is associative: (ry,s1)(r2,52)(r3,s3) expands as:
(rirars, (rir) s34 (rir3)-sa+ (rar3) -s1+r1- (s253) +r2- (s153) +r3- (5152) + 515283) -
If Bg, By are the sets of basis vectors for R and S then R x S has basis
{(r,05) | r € Bg} U {(Og,s) | s € Bs}
with defining products
(r1,05)(r2,05) = (r1r2,05), (r,05)(Og,s) = (Og,r-s), (Og,s1)(Og,s2) = (Og,s152).-

Continuing the example above,

Example

gap> P := SemidirectProductOfAlgebras( A5c6, actm, I5c6 );
gap> Embedding( P, 1 );
[ (Z(B)~0)x(), (Zz(5)~0)*(1,2,3,4,5,6), (Z(5)-0)*(1,3,5)(2,4,6),
(Z(5)~0)*(1,4)(2,5)(3,6), (Z(5)~0)*(1,5,3)(2,6,4), (Z(5)~0)*(1,6,5,4,3,2)
] >[v.1, v.2, v.3, v.4, v.5, v.6 ]
gap> Embedding( P, 2 );
[ (Z(B)~0)*x()+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3)(2,6,4),
(z(5)~0)*(1,2,3,4,5,6)+(Z(5)~0)*(1,4) (2,5)(3,6)+(Z(5)~0)*(1,6,5,4,3,2) 1 ->
[ v.7, v.8 ]
gap> Projection( P, 1 );
[ v.1, v.2, v.3, v.4, v.5, v.6, v.7, v.8 1 >
[ ZB)~0)*x(), (Z(5)~0)*(1,2,3,4,5,6), (Z(5)~0)*(1,3,5)(2,4,6),
(Z(5)~0)*(1,4)(2,5)(3,6), (z(5)~0)%*(1,5,3)(2,6,4), (Z(5)"0)*(1,6,5,4,3,2),
<zero> of ..., <zero> of ... ]
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2.2.4 SemidirectProductOfAlgebrasInfo

> SemidirectProduct0fAlgebrasInfo (P) (attribute)

The SemidirectProductOfAlgebrasInfo(P) for P = R x S is a record with fields P.action;
P.algebras; P.embeddings; and P.projections

2.3 Lists of algebra homomorphisms

2.3.1 AllAlgebraHomomorphisms

> Al1AlgebraHomomorphisms (4, B) (operation)
> AllBijectiveAlgebraHomomorphisms(4, B) (operation)
> AllIdempotentAlgebraHomomorphisms (4, B) (operation)

These three operations list all the homomorphisms from A to B of the specified type. These lists
can get very long, so the operations should only be used with small algebras.

gap>
gap>
gap>
gap>
[
L

L
L

[ B e B |

L

[
L

L
L
L

C
L

L
L

[
[
L
L

L
L
L
L

[ B e B e B |

L
L
L

L
L

Example
A2c6 := GroupRing( GF(2), Group( (1,2,3,4,5,6) ) );;
R2c3 := GroupRing( GF(2), Group( (7,8,9) ) );;
homAR := AllAlgebraHomomorphisms( A2c6, R2c3 );;

List( homAR, h -> MappingGeneratorsImages(h) );
(Z(2)-0)*(1,6,5,4,3,2) 1, [ <zero> of ... 1 1,
(Z(2)-0)*(1,6,5,4,3,2) 1, [ (Z(2)~0)*x(O 1 1,
(Z(2)~0)*(1,6,5,4,3,2) 1, [ (Z(2)~0)*(+(Z2(2)~0)*(7,8,9) 1 1,
(z(2)~0)*(1,6,5,4,3,2)
[ (Z(2)~0)*(O+(Z2(2)~0)
(2(2)~0)*(1,6,5,4,3,2)

4,3,2)
3,2)

> >

]
*(7,8,9)+(2(2)-0)*(7,9,8) 1 1,

1, [ (Z(2)~0)*x()+(Z(2)~0)*(7,9,8) 1 1,
(z(2)~0)*(1,6,5,4, 1, [ (Z2)~0)*(7,8,9) 11,
(Z(2)~0)*(1,6,5,4, 1, [ (Z(2)~0)%(7,8,9)+(Z(2)~0)*(7,9,8) 1 1,
(Z(2)-0)=%(1,6,5,4,3,2) 1, [ (Z(2)~0)*(7,9,8) 1 1 1]

>
>

gap> homRA := AllAlgebraHomomorphisms( R2c3, A2c6 );;
gap> List( homRA, h -> MappingGeneratorsImages(h) );

(Z(2)~0)*(7,8,9) 1, [ <zero> of ... 11,

(Z(2)~0)*(7,8,9) 1, [ (Z(2)~0)x() 1 1,

(Z(2)~0)*(7,8,9) 1, [ (Z(2)~0)*(O+(Z(2)~0)*(1,3,5)(2,4,6) 1 1,

(2(2)~0)*(7,8,9) 1,

[ (Z(2)~0)*x(O)+(Z(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,5,3)(2,6,4) 1 1,

(Z(2)~0)*(7,8,9) 1, [ (Z(2)-0)*x()+(Z(2)~0)*(1,5,3)(2,6,4) 1 1,

(z(2)~0)*(7,8,9) 1, [ (Z(2)-0)*(1,3,5)(2,4,6) 1 1,

(Z(2)~0)*(7,8,9) 1, [ (Z(2)~0)*(1,3,5)(2,4,6)+(Z(2)-0)*(1,5,3)(2,6,4) 1
1, [ [ (Z(2~0)*(7,8,9) 1, [ (Z(2)~0)*(1,5,3)(2,6,4) 1 1 1]

gap> bijAA := AllBijectiveAlgebraHomomorphisms( A2c6, A2c6 );;
gap> List( bijAA, h -> MappingGeneratorsImages(h) );
[ [ [ (z(2)~0)*(1,6,5,4,3,2) 1,

[ (Z(2)70)*()+(Z(2)70)*(1,3,5) (2,4,6)+(2(2)"0)*(1,4)(2,5)(3,6) ] 1,

[ [ (Z(2)-0)*(1,6,5,4,3,2) 1,

[ (Z(2)~0)*()+(Z(2)~0)*(1,4) (2,5) (3,6)+(Z2(2)~0)*(1,5,3)(2,6,4) 1 1,
(Z2(2)~0)*(1,6,5,4,3,2) 1, [ (Z(2)-0)*(1,2,3,4,5,6) 1 1,
(Z(2)~0)*(1,6,5,4,3,2) 1,
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[ (Z(2)~0)*(1,2,3,4,5,6)+(Z(2)°0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,5,3)
(2,6,4) 11,
[ [ (Z(2)-0)*(1,6,5,4,3,2) 1,
[ (Z(2)~0)*(1,3,5)(2,4,6)+(2(2)~0)*(1,5,3)(2,6,4)+(Z(2)~0)*
(1,6,5,4,3,2) 11,
[ [ (z(2)~0)*(1,6,5,4,3,2) 1, [ (2(2)-0)*(1,6,5,4,3,2) 1 1 1]
gap> ideAA := AllIdempotentAlgebraHomomorphisms( A2c6, A2c6 );;
gap> Length( ideAA );
14

11




Chapter 3

Catl-algebras

3.1 Definitions and examples

Algebraic structures which are equivalent to crossed modules of algebras include :
. catl—algebras, (Ellis, [ElI88]);
* simplicial algebras with Moore complex of length 1, (Z. Arvasi and T.Porter, [AP96]);
* algebra-algebroids, (Gaffar Musa’s Ph.D. thesis, [Mos86]).

In this section we describe an implementation of cat-algebras and their morphisms.

The notion of cat!'-groups was defined as an algebraic model of 2-types by Loday in [Lod82].
Then Ellis defined the catl—algebras in [ElI88].

Let A and R be k-algebras, let .4 : A — R be surjections, and let e : R — A be an inclusion.

A

If the conditions,
CatlAlgl : e = idg = he, CatlAlg2: (kerz)(kerh) = {04}

are satisfied, then the algebraic system € := (e;¢,h : A — R) is called a cat'-algebra. A system which
satisfies the condition CatlAlgl is called a precat'-algebra. The homomorphisms ¢,/ and e are called
the tail map, head map and range embedding homomorphisms, respectively.

3.1.1 CatlAlgebra

> CatlAlgebra(args) (function)
> PreCatl1AlgebraByEndomorphisms(t, h) (operation)
> PreCatlAlgebraByTailHeadEmbedding(t, h, e) (operation)
> PreCatlAlgebra(args) (operation)

12
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> IsIdentityCatiAlgebra(C) (property)
> IsCatlAlgebra(C) (property)
> IsPreCatlAlgebra(C) (property)

The operations listed above are used for construction of precat!- and cat'-algebra structures. The
function Cat1Algebra selects the operation from the above implementations up to user’s input. The
operations PreCat1AlgebraByEndomorphisms and PreCatlAlgebraByTailHeadEmbedding are
used with particular choices of algebra homomorphisms.

3.1.2 Source (for catl-algebras)

> Source(C) (attribute)
> Range ( C ) (attribute)
> TailMap (9] (attribute)
> HeadMap ( C ) (attribute)
> RangeEmbedding(C) (attribute)
> Kernel(C) (method)
> Boundary (o) (attribute)
> Size2d(0) (attribute)

These are the eight main attributes of a pre-cat'-algebra.
In the example we use homomorphisms between A2c6 and I2¢6 constructed in section 2.3.

Example

gap> t4 := homAR[8];

[ (2(2)70)*(1,6,5,4,3,2) 1 -> [ (2(2)"0)*(7,9,8) ]
gap> e4 := homRA[8];

[ (Z(2)~0)*(7,8,9) 1 -> [ (Z(2)~0)*(1,5,3)(2,6,4) 1
gap> C4 := PreCatlAlgebraByTailHeadEmbedding( t4, t4, e4 );
[AlgebraWithOne( GF(2), [ (Z(2)-0)*(1,2,3,4,5,6)

1 ) -> AlgebraWithOne( GF(2), [ (Z(2)°0)*(7,8,9) 1 )]
gap> IsCatlAlgebra( C4 );

true

gap> Size2d( C4 );

[ 64, 81

gap> Display( C4 );

Catl-algebra [..=>..] :-

: source algebra has generators:
[ (Z(2)~0)*(O), (2(2)70)*(1,2,3,4,5,6) ]
range algebra has generators:
[ (Z(2)~0)*(O), (Z(2)70)*(7,8,9) ]

: tail homomorphism maps source generators to:
[ (Z(2~0)*xO, (Z(2)~0)*(7,8,9) 1]

: head homomorphism maps source generators to:
[ (Z(2)~0)*xO), (Z(2)~0)*(7,8,9) ]

: range embedding maps range generators to:
[ Z(2)~0)*(), (Z(2)70)*(1,5,3)(2,6,4) ]

: kernel has generators:
[ (Z(2)~0)x()+(Z(2)~0)=*(1,4)(2,5)(3,6), (Z(2)"0)*(1,2,3,4,5,6)+(Z(2)"0)*
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(1,5,3)(2,6,4), (2(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,6,5,4,3,2) ]
: boundary homomorphism maps generators of kernel to:
[ <zero> of ..., <zero> of ..., <zero> of ... ]
: kernel embedding maps generators of kernel to:
[ (Z(2)~0)*x()+(Z(2)~0)=*(1,4) (2,5)(3,6), (Z(2)-~0)*(1,2,3,4,5,6)+(Z(2)"0)*
(1,5,3)(2,6,4), (2(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,6,5,4,3,2) ]

3.1.3 CatlAlgebraSelect

> CatlAlgebraSelect(n, gpsize, gpnum, num) (operation)

The Cat1Algebra (3.1.1) function may also be used to select a cat'-algebra from a data file. All
cat!-structures on commutative algebras are stored in a list in file catlalgdata.g. The data is read
into the list CAT1ALG_LIST only when this function is called.

The function Cat1AlgebraSelect may be used in four ways:

* CatlAlgebraSelect( n ) returns the list of possible sizes of groups for group algebras with
Galois field GF (n).

* CatlAlgebraSelect( n, m ) returns the list of allowable group numbers with given Galois
field GF (n) and groups of size m.

 CatlAlgebraSelect( n, m, k ) returns the list of possible cat'-algebra structures with
given Galois field GF (n) and group number k of size m.

* CatlAlgebraSelect( n, m, k, j ) (or simply CatlAlgebra( n, m, k, j )) returns
the j-th cat!-algebra structure with these other parameters.

Now, we give examples of the use of this function.

Example

[ 2, 3, 4,5, 7]
Usage: CatlAlgebra( GFnum, gpsize, gpnum, num ) ;
fail
gap> C := CatlAlgebraSelect( 4, 12 );

| 12 is invalid number for size of group (gpsize) |
| Possible numbers for the gpsize for GF(4) in the Data: |

[1, 2, 3, 4, 5,6, 7,38, 91
Usage: CatlAlgebra( GFnum, gpsize, gpnum, num );
fail
gap> C := CatlAlgebraSelect( 2, 6, 3 );

| 3 is invalid number for group of order 6
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| Possible numbers for the gpnum in the Data :

[1, 2]
Usage: CatlAlgebra( GFnum, gpsize, gpnum, num ) ;
fail

gap> C := CatlAlgebraSelect( 2, 6, 2 );
There are 4 catl-structures for the algebra GF(2)_c6.

Range Alg Tail Head

B e e e L e |
| GF(2)_c6 identity map identity map

[ --—-- [ 2, 10] [ 2, 10] |
| - [2, 14] [2, 14] |
| - [ 2, 50 ] [ 2, 50 ] |

Usage: CatlAlgebra( GFnum, gpsize, gpnum, num );

Algebra has generators [ (Z(2)~0)*x(), (Z(2)~0)*(1,2,3)(4,5) ]

4

gap> CO := CatlAlgebraSelect( 4, 6, 2, 2 );

[GF(2°2) _c6 -> Algebra( GF(2°2),

[ Z2)~0*x(O), (Z(2)~0)*x()+(Z(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,4)(2,5)(3,6)+(
Z(2)-0)*(1,5,3)(2,6,4)+(Z(2)~0)*(1,6,5,4,3,2) 1 )]

gap> Size2d( CO );

[ 4096, 1024 ]

gap> Display( CO );

Catl-algebra [GF(272)_c6=>..] :-
: source algebra has generators:
[ (Z(2~0)*O, (2(2)70)*(1,2,3,4,5,6) ]
: range algebra has generators:
[ Z2)~0)*(O, (Z(2)~0)*()+(Z(2)~0)*(1,3,5)(2,4,6)+(2(2)~0)*(1,4) (2,5)
(3,6)+(2(2)~0)*(1,5,3) (2,6,4)+(Z(2)~0)*(1,6,5,4,3,2) ]
: tail homomorphism maps source generators to:
[ (Z(2)~0)*xO, (Z(2)~0)*()+(2(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,4)(2,5)
(3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(2(2)~0)*(1,6,5,4,3,2) ]
: head homomorphism maps source generators to:
[ Z(2)~0)*(O, (Z(2)~0)*()+(Z(2)~0)*(1,3,5)(2,4,6)+(2(2)~0)*(1,4) (2,5)
(3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(Z2(2)~0)*(1,6,5,4,3,2) ]
: range embedding maps range generators to:
[ (Z(2)~0)*xO), (Z(2)~0)*()+(Z(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,4)(2,5)
(3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(2(2)~0)*(1,6,5,4,3,2) ]
: kernel has generators:
[ (Z(2)~0)*x(O+(Z(2)~0)*(1,2,3,4,5,6)+(Z(2)"~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,4)
(2,5) (3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(Z(2)~0)*(1,6,5,4,3,2) 1]
: boundary homomorphism maps generators of kermel to:
[ <zero> of ... ]
: kernel embedding maps generators of kernel to:
[ (Z(2)~0)x()+(2(2)70)*(1,2,3,4,5,6)+(Z2(2)"0)*(1,3,5) (2,4,6)+(Z(2)"0)*(1,4)
(2,5) (3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(Z(2)~0)*(1,6,5,4,3,2) 1]

15
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3.1.4 SubCatlAlgebra

> SubCatlAlgebra(arg)

> SubPreCatlAlgebra(arg)
> IsSubCatlAlgebra(arg)

> IsSubPreCatlAlgebra(arg)

16

(operation)
(operation)
(property)
(property)

Let ¢ = (e;t,h : A — R) be a cat'-algebra, and let A’, R’ be subalgebras of A and R respectively.

If the restriction morphisms

! =tly:A >R, HW=hy:A—>R, =ep:R—>A

satisfy the CatlAlgl and Cat1Alg2 conditions, then the system ¢’ = (¢/;¢/,h' : A" — R') is called a

subcat'-algebra of € = (e;t,h: A — R).

If the morphisms satisfy only the Cat1Algl condition then %" is called a sub-precat'-algebra of

b .

The operations in this subsection are used for constructing subcatl—algebras of a given cat!-
algebra.

Example

gap> C3 := CatlAlgebraSelect( 2, 6, 2, 4 );;

gap> A3 := Source( C3 );

GF(2)_c6

gap> B3 := Range( C3 );

GF(2) _c3

gap> eA3 := Elements( A3 );;

gap> eB3 := Elements( B3 );;

gap> AA3 := Subalgebra( A3, [ eA3[1], eA3[2], eA3[3] 1 );
<algebra over GF(2), with 3 generators>

gap> [ Size(A3), Size(AA3) ];

[ 64, 41

gap> BB3 := Subalgebra( B3, [ eB3[1], eB3[2] ] );
<algebra over GF(2), with 2 generators>

gap> [ Size(B3), Size(BB3) 1;

[8, 2]

gap> CC3 := SubCatlAlgebra( C3, AA3, BB3 );

[Algebra( GF(2), [ <zero> of ..., (Z(2)~0)*(), (Z(2)~0)*()+(Z(2)~0)*(4,5)
1) -> Algebra( GF(2), [ <zero> of ..., (Z(2)70)*() 1 )]

gap> Display( CC3 );

Catl-algebra [..=>..] :-
: source algebra has generators:

[ <zero> of ..., (Z(2)~0)*(), (Z(2)~0)*x(+(Z(2)~0)*(4,5) 1]
range algebra has generators:
[ <zero> of ..., (Z(2)~0)*() ]
: tail homomorphism maps source generators to:
[ <zero> of ..., (Z(2)"0)*(), <zero> of ... ]
: head homomorphism maps source generators to:
[ <zero> of ..., (Z(2)~0)*x(), <zero> of ... ]

: range embedding maps range generators to:
[ <zero> of ..., (Z(2)~0)*() ]
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: kernel has generators:
[ <zero> of ..., (Z(2)~0)*x()+(Z(2)~0)*(4,5) ]

: boundary homomorphism maps generators of kernel to:
[ <zero> of ..., <zero> of ... ]

: kernel embedding maps generators of kernel to:
[ <zero> of ..., (Z(2)~0)*()+(Z(2)~0)*(4,5) ]

17

3.2 Cat'—algebra morphisms

Let € = (e;t,h:A—R), ¢ = (';t',h/ : A’ — R') be cat'-algebras, and let ¢ : A — A’ and ¢ : R — R’

be algebra homomorphisms. If the diagram

A—A

R—— R

¢

commutes, (i.e. 'op = @ot, M op = @oh and € o p = ¢ oe), then the pair (¢, @) is called a cat!-

algebra morphism.

3.2.1 CatlAlgebraMorphism

Cat1AlgebraMorphism(arg)
IdentityMapping(C)
PreCat1AlgebraMorphismByHoms (f, g)
Cat1AlgebraMorphismByHoms (f, g)
IsPreCat1AlgebraMorphism(C)
IsCat1AlgebraMorphism(arg)

v VvV VvV VvV VvV V

(operation)
(method)
(operation)
(operation)
(property)
(property)

These operations are used for constructing cat'-algebra morphisms. Details of the implementa-

tions can be found in [Oda09].

3.2.2 Source (for morphisms of catl-algebras)

> Source (m)

> Range (m)

> IsTotal(m)

> IsSingleValued (m)
> Name (m)

> Boundary (m)

These are the six main attributes of a cat!-algebra morphism.

(attribute)
(attribute)
(method)
(method)
(method)

(attribute)
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Example

18

gap> C1 := CatlAlgebra( 2, 1, 1, 1 );
[GF(2) _triv -> GF(2)_triv]
gap> Display( C1 );

Catl-algebra [GF(2)_triv=>GF(2)_triv] :-

: source algebra has generators:
[ (Z(2)70)*x(), (Z(2)70)*() 1]
range algebra has generators:
[ Z(2)~0)*(O), (Z(2)~0)*(O) ]

: tail homomorphism maps source generators to:
[ (Z(2)~0)*x(), (Z(2)70)*(O) 1]

: head homomorphism maps source generators to:
[ (Z(2)70)*x(), (Z(2)~0)*() 1]

: range embedding maps range generators to:
[ Z(2)~0)*(O, (Z(2)~0)*(O) ]

: the kernel is trivial.

gap> C2 := CatlAlgebra( 2, 2, 1, 2 );
[GF(2)_c2 -> GF(2)_triv]
gap> Display( C2 );

Catl-algebra [GF(2)_c2=>GF(2)_triv] :-
: source algebra has generators:
[ (Z(2)~0)*O, (Z(2)70)*(1,2) ]
range algebra has generators:
[ Z@~0)*xO, (Z@2~0)*0O 1]
: tail homomorphism maps source generators to:
[ (Z(2)70)*x(), (Z(2)70)*() 1]
: head homomorphism maps source generators to:
[ Z(2)~0)*(O), (Z(2)~0)*(O) ]
: range embedding maps range generators to:
[ (Z(2)~0)*x(), (Z(2)70)*(O) 1]
: kernel has generators:
[ (Z(2)~0)*x(O+(2(2)~0)*(1,2) ]
: boundary homomorphism maps generators of kernel to:
[ <zero> of ... ]
: kernel embedding maps generators of kernel to:

[ (Z(2)~0)*x(O+(Z2(2)~0)*(1,2) ]

gap> C1 = C2;

false

gap> R1 := Source( C1 );;

gap> R2 := Source( C2 );;

gap> S1 := Range( C1 );;

gap> S2 := Range( C2 );;

gap> gRl := GeneratorsOfAlgebra( R1 );
[ (Z(2)~0)*O), (Z(2)~0)*() 1]

gap> gR2 := GeneratorsOfAlgebra( R2 );
[ (Z(2)~0)*(), (2(2)~0)*(1,2) ]

gap> gS1 := GeneratorsOfAlgebra( S1 );
[ (Z(2)~0)*xO, (Z(2)~0)*(O ]
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gap> gS2 := Generators0fAlgebra( S2 );
[ (Z(2)~0)*xO, (2(2)~0)*(O ]
gap> iml := [ gR2[1], gR2[1] 1;
[ (Z(2)~0)*(O), (Z2(2)70)*() 1]
gap> f1 := AlgebraHomomorphismByImages( R1, R2, gR1l, iml );
[ (Z(2)~0)*O, (Z(2)~0)*xO 1 -> [ (Z(2)~0)*x(O, (Z(2)~0)*( 1
gap> im2 := [ gS2[1], gS2[1] 1;
[ (Z(2)~0)*(O, (Z(2)~0)*() 1]
gap> f2 := AlgebraHomomorphismByImages( S1, S2, gS1, im2 );
[ (Z(2)~0*xO, (Z@2~0)*xO 1 -> [ (Z(2)~0)*x(O, (Z(2)~0)*( 1]
gap> m := CatlAlgebraMorphism( C1, C2, f1, f2 );
[[GF(2) _triv=>GF(2) _triv] => [GF(2)_c2=>GF(2)_triv]]
gap> Display( m );
Morphism of catl-algebras :-
: Source = [GF(2)_triv=>GF(2)_triv] with generating sets:
[ (Z(2)~0)*O, (Z(2)~0)*(O ]
[ (Z(2)~0)*O, (Z(2)~0)*(O ]
: Range = [GF(2)_c2=>GF(2)_triv] with generating sets:
[ Z(2)~0)*(), (Z(2)70)*(1,2) ]
[ (Z(2)~0)*(), (Z(2)~0)*(O) 1]
: Source Homomorphism maps source generators to:
[ (Z(2)~0)*O, (Z(2)~0)*(O ]
: Range Homomorphism maps range generators to:
[ (Z(2)~0)*(O), (Z(2)~0)*O) 1
gap> IsSurjective( m );
false
gap> IsInjective( m );
true
gap> IsBijective( m );
false

3.2.3 ImagesSource2DimensionalMapping

> ImagesSource2DimensionalMapping (m) (operation)

When (0, ¢) is a homomorphism of catl-algebras (or crossed modules) this operation returns the
image crossed module.

Example

gap> imm := ImagesSource2DimensionalMapping( m );;
gap> Display( imm );

Catl-algebra [..=>..] :-
: source algebra has generators:
[ (Z(2)70)*x(), (Z(2)~0)*() 1
: range algebra has generators:
[ Z(2)~0)*(O ]
: tail homomorphism maps source generators to:

[ Z(2)70)*(), (Z(2)~0)*() ]
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head homomorphism maps source generators to:

[ (Z(2)70)*(), (Z(2)70)*() 1]

: range embedding maps range generators to:

[ (Z(2)~0)*(O ]

: the kernel is trivial.

20




Chapter 4

Crossed modules

In this chapter we will present the notion of crossed modules of commutative algebras and their im-

plementation in this package.

4.1 Definition and Examples

A crossed module is a K-algebra morphism 2" := (d : § — R) with a left action of R on S satisfying
XModAlg 1 : J(r-s) =r(ds), XModAlg2 : (ds)-s' =ss',

for all s,s’ € S, r € R. The morphism d is called the boundary map of 2
Note that, although in this definition we have used a left action, in the category of commutative
algebras left and right actions coincide.

4.1.1 XModAlgebra

> XModAlgebra(args) (function)

This global function calls one of the following six operations, depending on the arguments sup-
plied.
4.1.2 XModAlgebraByldeal
> XModAlgebraByIdeal(4, I) (operation)
Let A be an algebra and  an ideal of A. Then 2" = (inc: I — A) is a crossed module whose action

is left multiplication of A on I. Conversely, given a crossed module 2" = (d : § — R), it is the case
that d(S) is an ideal of R.

Example

gap> F := GF(5);;

gap> one := One(F);;

gap> two := Z(5);;

gap> z := Zero( F );;

gap> [ [one,z,z], [z,one,z], [z,z,one] 1;;
gap> m [ [z,one,two"3], [z,z,onel, [z,z,z] 1;;

=
]

21
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gap> n := [ [z,z,onel, [z,z,z], [z,z,z] 1;;
gap> A := Algebra( F, [1,m] );;

gap> SetName( A, "A(l,m)" );

gap> B := Subalgebra( A, [m] );;

gap> SetName( B, "A(m)" );

gap> IsIdeal( A, B );

true
gap> act := AlgebraActionByMultipliers( A, B );;
gap> XAB := XModAlgebraByIdeal( A, B );

[ Am) -> A(L,m) ]
gap> SetName( XAB, "XAB" );

4.1.3 AugmentationXMod

> AugmentationXMod (4) (attribute)

As a special case of the previous operation, the attribute AugmentationXMod (A) of a group alge-
bra A is the XModAlgebraByIdeal formed using the AugmentationIdeal of the group algebra.

Example

gap> Ak4 := GroupRing( GF(5), DihedralGroup(4) );
<algebra-with-one over GF(5), with 2 generators>
gap> Size( Ak4 );

625

gap> SetName( Ak4, "GF5[k4]" );

gap> IAk4 := AugmentationIdeal( Ak4 );
<two-sided ideal in GF5[k4], (2 generators)>
gap> Size( IAk4 );

125

gap> SetName( IAk4, "I(GF5[k4]1)" );

gap> XIAk4 := XModAlgebraByIdeal( Ak4, IAk4 );

[ I(GF5[k4]) -> GF5[k4] 1

gap> Display( XIAk4 );

Crossed module [I(GF5[k4])->GF5[k4]] :-
: Source algebra I(GF5[k4]) has generators:
[ (Z(5)~2)*<identity> of ...+(Z(5)~0)*f1, (Z(5)~2)*<identity> of ...+(Z(5)"

0)*£2 ]
: Range algebra GF5[k4] has generators:
[ (Z(5)~0)*<identity> of ..., (Z(5)~0)*f1, (Z(5)~0)*f2 ]

: Boundary homomorphism maps source generators to:
[ (Z(5)~2)*<identity> of ...+(Z(5)"0)*f1, (Z(5)~2)*<identity> of ...+(Z(5)"
0)*£2 ]

gap> Size2d( XIAk4 );
[ 125, 625 ]
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4.14 XModAlgebraByMultiplierAlgebra

> XModAlgebraByMultiplierAlgebra(4) (operation)

When A is an algebra with multiplier algebra M, then the map A — M, a — U, is the boundary of
a crossed module in which the action is the identity map on M.
Example

gap> XA := XModAlgebraByMultiplierAlgebra( A );

[ A(l,m) -> <algebra of dimension 3 over GF(5)> ]

gap> XModAlgebraAction( XA );

IdentityMapping( <algebra of dimension 3 over GF(5)> )

4.1.5 XModAlgebraBySurjection

> XModAlgebraBySurjection(f) (operation)

Let d : S — R be a surjective algebra homomorphism whose kernel lise in the annihilator
of S. Define the action of R on S by r-s = 7s where 7 € d~!(r), as described in section
AlgebraActionBySurjection (2.2.2) Then 2 = (d : S — R) is a crossed module with the defined
action.

Continuing with the example in that section,
Example

gap> X3 := XModAlgebraBySurjection( nat3 );;
gap> Display( X3 );

Crossed module [..->..] :-
: Source algebra has generators:
rftcto,1,2,31,00,0,1,21,[0,0,0,171, [0,0,0,0711]
: Range algebra has generators:
[ v.1, v.2 ]
: Boundary homomorphism maps source generators to:
[ v.1]

4.1.6 XModAlgebraByBoundaryAndAction

> XModAlgebraByBoundaryAndAction(bdy, act) (operation)
> PreXModAlgebraByBoundaryAndAction(bdy, act) (operation)
> IsPreXModAlgebra(X0) (property)

An R-algebra homomorphism 2" := (d : § — R) which satisfies the condition XModAlg 1 is
called a precrossed module. The details of these implementations can be found in [Oda09].

Example

gap> G := SmallGroup( 4, 2 );
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<pc group of size 4 with 2 generators>

gap> F := GaloisField( 4 );

GF(2~2)

gap> R := GroupRing( F, G );

<algebra-with-one over GF(2°2), with 2 generators>

gap> Size( R );

256

gap> SetName( R, "GF(2~2) [k4]" );

gap> e5 := Elements( R )[5];

(Z(2)~0)*<identity> of ...+(Z(2)"0)*£1+(Z(2)~0)*£2+(Z(2)~0)*f1*f2
gap> S := Subalgebra( R, [e5] );;

gap> SetName( S, "<eb>" );

gap> RS := Cartesian( R, S );;

gap> SetName( RS, "GF(2~2) [k4] x <eb>" );

gap> act := AlgebraAction( R, RS, S );;

gap> bdy := AlgebraHomomorphismByFunction( S, R, r->r );
MappingByFunction( <eb5>, GF(2-2) [k4], function( r ) ... end )
gap> IsAlgebraAction( act );

true

gap> IsAlgebraHomomorphism( bdy ) ;

true

gap> XM := PreXModAlgebraByBoundaryAndAction( bdy, act );
[<e5>->GF (2°2) [k4]]

gap> IsXModAlgebra( XM );

true

gap> Display( XM );

Crossed module [<e5>->GF(2°2) [k4]] :-
: Source algebra has generators:
[ (Z(2)~0)*<identity> of ...+(Z(2)~0)*£1+(Z(2)~0)*£2+(Z(2)~0)*f1%£f2 ]
: Range algebra GF(2°2) [k4] has generators:
[ (Z(2)~0)*<identity> of ..., (Z(2)~0)*f1, (Z(2)~0)*f2 ]
: Boundary homomorphism maps source generators to:
[ (Z(2)~0)*<identity> of ...+(Z(2)"0)*£1+(Z(2)~0)*£2+(Z(2)~0)*f1%£f2 ]

24

4.1.7 XModAlgebraByModule

> XModAlgebraByModule (M, R)

(operation)

Let M be a R-module. Then 2" = (0: M — R) is a crossed module. Conversely, given a crossed

module 2" = (d : M — R), one can get that kerd is a (R/dM)-module.
Example

gap> ## example needed
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4.1.8 Source (for crossed modules of commutative algebras)

> Source (X0) (attribute)
> Range (X0) (attribute)
> Boundary(X0) (attribute)
> XModAlgebraAction(X0) (attribute)

These four attributes are used in the construction of a crossed module 2~ where:
* Source(X) and Range (X) are the source and the range of the boundary map respectively;
* Boundary (X) is the boundary map of the crossed module .Z";

* XModAlgebraAction(X) is the action used in the crossed module. This is an algebra homo-
morphism from Range (X) to an algebra of endomorphisms of Source (X).

The following standard GAP operations have special XModAlg implementations:
* Display(X) is used to list the components of .Z";
* Size2d (X) is used for calculating the order of the crossed module Z7;

* Name (X) is used for giving a name to the crossed module 2~ by associating the names of source
and range algebras.

In the following example, we construct a crossed module by using the algebra GFsD4 and its augmen-
tation ideal. We also show usage of the attributes listed above.

Example

gap> f := Boundary( XIAk4 );

MappingByFunction( I(GF5[k4]), GF5[k4], function( i ) ... end )

gap> Print( RepresentationsOf0Object(XIAk4), "\n" );

[ "IsComponentObjectRep", "IsAttributeStoringRep", "IsPreXModAlgebraObj" ]

gap> props := [ "CanEasilyCompareElements", "CanEasilySortElements",

> "IsDuplicateFree", "IsLeftActedOnByDivisionRing", "IsAdditivelyCommutative",
> "IsLDistributive", "IsRDistributive", "IsPreXModDomain", "Is2dAlgebraObject",
> "IsPreXModAlgebra", "IsXModAlgebra" ];;

gap> known := KnownProperties0fObject( XIAk4 );;

gap> ForAll( props, p -> (p in known) );

true

gap> Print ( KnownAttributesOfObject (XIAk4), "\n" );

[ "Name", "Range", "Source", "Boundary", "Size2d", "XModAlgebraAction" ]

4.1.9 SubXModAlgebra

> SubXModAlgebra (x0) (operation)
> Is SubXModAlgebra (XO) (operation)

A crossed module 2" = (9" : §' — R’) is a subcrossed module of the crossed module 2" = (9 :
S—R)if S <S,R <R,Jd =Jd|y, and the action of ' on R’ is induced by the action of R on S. The
operation SubXModAlgebra is used to construct a subcrossed module of a given crossed module.
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Example

gap> e4 := Elements( IAk4 )[4];

(Z(5)~0)*<identity> of ...+(Z(5)~0)*f1+(Z(5)~2)*£2+(Z(5)~2)*f1*f2
gap> Je4 := Ideal( IAk4, [e4] );;

gap> Size( Jed );

5

gap> SetName( Je4, "<e4>" );

gap> XJe4 := XModAlgebraByIdeal( Ak4, Jed );

[ <e4> -> GF5[k4] ]

gap> Display( XJed );

Crossed module [<e4>->GF5[k4]] :-
: Source algebra <e4> has generators:
[ (Z(5)~0)*<identity> of ...+(Z(5)~0)*f1+(Z(5)"2)*f2+(Z(5)"2)*f1%£f2 ]
: Range algebra GF5[k4] has generators:
[ (Z(5)~0)*<identity> of ..., (Z(5)~0)*f1, (Z(5)~0)*f2 ]
: Boundary homomorphism maps source generators to:
[ (Z(5)~0)*<identity> of ...+(Z(5)~0)*f1+(Z(5)~2)*f2+(Z(5)~2)*f1%£f2 ]

gap> IsSubXModAlgebra( XIAk4, XJed );
true

4.2 (Pre-)Crossed Module Morphisms

Let Z =(d:S—R), Z'=(d":5 — R) be (pre)crossed modules and 8 : S — §', ¢ : R — R be
algebra homomorphisms. If

pod =900, O(r-s)=q(r)-0(s),

forall r € R, s € S, then the pair (0, @) is called a morphism between 2" and 2"/
The conditions can be thought as the commutativity of the following diagrams:

ox0

S———=¢ RxS————=R xS
R—>R’ S—6>S’.

In GAP we define the morphisms between algebraic structures such as cat'-algebras and crossed
modules and they are investigated by the function Make2dAlgebraMorphism.

4.2.1 XModAlgebraMorphism

> XModAlgebraMorphism(arg) (function)
> IdentityMapping(X0) (method)
> PreXModAlgebraMorphismByHoms (f, g) (operation)

> XModAlgebraMorphismByHoms (£, g) (operation)
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IsPreXModAlgebraMorphism(f) (property)
IsXModAlgebraMorphism(f) (property)
Source (m) (attribute)
Range (m) (attribute)
IsTotal (m) (method)
IsSingleValued (m) (method)
Name (m) (method)

These operations construct crossed module homomorphisms, which may have the attributes listed.
Example

gap> c4 := CyclicGroup( 4 );;

gap> Ac4 := GroupRing( GF(2), c4 );
<algebra-with-one over GF(2), with 2 generators>
gap> SetName( Ac4, "GF2[c4]" );

gap> IAc4 := AugmentationIdeal( Ac4 );

<two-sided ideal in GF2[c4], (dimension 3)>

gap> SetName( IAc4, "I(GF2[c4])" );

gap> XIAc4 := XModAlgebra( Ac4, IAcd );

[ I(GF2[c4]) -> GF2[c4] ]

gap> Bk4 := GroupRing( GF(2), SmallGroup( 4, 2 ) );
<algebra-with-one over GF(2), with 2 generators>
gap> SetName( Bk4, "GF2[k4]" );

gap> IBk4 := AugmentationIdeal( Bk4 );

<two-sided ideal in GF2[k4], (dimension 3)>

gap> SetName( IBk4, "I(GF2[k41)" );

gap> XIBk4 := XModAlgebra( Bk4, IBk4 );

[ I(GF2([k4]) -> GF2[k4] 1]

gap> IAc4 = IBk4;

false

gap> homIAIB := AllHomsOfAlgebras( IAc4, IBk4 );;
gap> theta := homIAIB[3];;

gap> homAB := AllHomsOfAlgebras( Ac4, Bk4 );;
gap> phi := homAB[7];;

gap> mor := XModAlgebraMorphism( XIAc4, XIBk4, theta, phi );
[[I(GF2[c4])->GF2[c4]1] => [I(GF2[k4])->GF2[k4]]]
gap> Display( mor );

Morphism of crossed modules :-
: Source = [I(GF2[c4])->GF2[c4]]

Range = [I(GF2[k4])->GF2[k4]]

: Source Homomorphism maps source generators to:

[ <zero> of ..., (Z(2)"0)*<identity> of ...+(Z(2)~0)*f1+(Z(2)~0)*f2+(Z(2)"
0)*f1x£f2, (Z(2)~0)*<identity> of ...+(Z(2)"~0)*£f1+(Z(2)"0)*£f2+(Z(2)"
0)*f1%£2 ]

: Range Homomorphism maps range generators to:
[ (Z(2)~0)*<identity> of ..., (Z(2)~0)*£1+(Z(2)~0)*£2+(Z(2)~0)*f1*f2,
(Z(2)~0)*<identity> of ... ]

gap> IsTotal( mor );
true
gap> IsSingleValued( mor );
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true

4.2.2 Kernel (for morphisms of crossed modules of algebras)
> Kernel (X0) (method)
Let (0,90): 2 =(d:S—R)— 2Z'=(d":S8 — R') be a crossed module homomorphism. Then

the crossed module
ker(6,¢) = (Jd| : ker@ — ker @)

is called the kernel of (0, ¢). Also, ker(0, @) is an ideal of 2". An example is given below.

Example

gap> Xmor := Kernel( mor );

[ <algebra of dimension 2 over GF(2)> -> <algebra of dimension 2 over GF(2)> ]
gap> IsXModAlgebra( Xmor );

true

gap> Size2d( Xmor );

[ 4, 4]

gap> IsSubXModAlgebra( XIAc4, Xmor );

true

4.2.3 Image

> Image (X0) (operation)

Let (0,9): 2 =(d:S—R) — Z'=(d": 5 — R') be a crossed module homomorphism. Then
the crossed module

3(0,0)=(d'|:36 —39)

is called the image of (6, ). Further, 3(0, @) is a subcrossed module of (S',R’,d").

In this package, the image of a crossed module homomorphism can be obtained by the command
ImagesSource. The operation Sub2dAlgObject is effectively used for finding the kernel and image
crossed modules induced from a given crossed module homomorphism.

4.2.4 SourceHom

> SourceHom (m) (attribute)
> RangeHom (m) (attribute)
> IsInjective(m) (property)
> IsSurjective(m) (property)
> IsBijjective (m) (property)

Let (0, ¢) be a homomorphism of crossed modules. If the homomorphisms 6 and ¢ are injective
(surjective) then (6, ) is injective (surjective).
The attributes SourceHom and RangeHom store the two algebra homomorphisms 6 and ¢.
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Example

gap> ic4 := One( Acd );;

gap> el := icd*xc4.1 + ic4dx*cd.2;

(Z(2)~0)*£1+(Z(2)~0) *£2

gap> ImageElm( theta, el );

(Z(2)~0)*<identity> of ...+(Z(2)~0)*£1+(Z(2)~0)*£2+(Z(2)~0)*f1*f2
gap> e2 := icédxcd.1;

(Z(2)~0)*f1

gap> ImageElm( phi, e2 );

(Z(2)~0)*£1+(Z(2) ~0) *£2+(Z(2) ~0) *£1*£2

gap> IsInjective( mor );

false

gap> IsSurjective( mor );

false

gap> immor := ImagesSource2DimensionalMapping( mor );;

gap> Display( immor );

Crossed module [..->..] :-
: Source algebra has generators:

[ (Z(2)~0)*<identity> of ...+(Z(2)"0)*f1+(Z(2)~0)*£2+(Z(2)~0)*f1xf2 ]
: Range algebra has generators:

[ (Z(2)~0)*£1+(Z(2)~0)*£2+(Z(2)~0) *f1*£f2, (Z(2)~0)*<identity> of ...
: Boundary homomorphism maps source generators to:

[ (Z(2)~0)*<identity> of ...+(Z(2)"0)*£1+(Z(2)~0)*f2+(Z(2)~0)*f1%£f2 ]




Chapter 5

Conversion between catl-algebras and
crossed modules

5.1 Equivalent Categories

The categories CatlAlg (cat'-algebras) and XModAlg (crossed modules) are naturally equivalent
[ElI88]. This equivalence is outlined in what follows. For a given crossed module (d : S — R) we can
construct the semidirect product R x S thanks to the action of R on S. If we define £,h: R x S — R and
e:R— Rx Sby

t(r,s)=r, h(r,s) =r+d(s), e(r) = (r,0),

respectively, then € = (e;t,h: Rx S — R) is a cat! —algebra.
Notice that 4 is an algebra homomorphism, since:

h(riry, ri-sa+ry-s1+s182) = rirp+ri(ds2) +ra2(dsy)+(ds1)(dsz) = (r1+ds1)(r+dsz).

Conversely, for a given cat'-algebra ¢ = (e;t,h: A — R), the map 9 : kert — R is a crossed
module, where the action is multiplication action by eR, and d is the restriction of 4 to kerr.

Since all of these operations are linked to the functions Cat1Algebra (3.1.1) and XModAlgebra
(4.1.1), they can be performed by calling these two functions. We may also use the function
CatlAlgebra (3.1.1) instead of the operation Cat1AlgebraSelect (3.1.3).

5.1.1 CatlAlgebraOfXModAlgebra

> CatlAlgebraOfXModAlgebra(X0) (operation)
> PreCat1AlgebraO0fPreXModAlgebra(X0) (operation)

These operations are used for constructing a cat'-algebra from a given crossed module of algebras.
As an example we use the crossed module XAB constructed in XModAlgebraByIdeal (4.1.2) (The
output from Display needs to be improved.)

Example

gap> CAB := CatlAlgebraOfXModAlgebra( XAB );
[Algebra( GF(5), [ v.1, v.2, v.3, v.4, v.5 1 ) -> A(1l,m)]
gap> Display( CAB );
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Catl-algebra [..=>A(1,m)] :-
range algebra has generators:

L
[ [ Z2(6)°0, 0%Z(5), 0%Z(5) 1, [ 0*Z(5), Z(5)~0, 0*Z(5) 1],
[ 0xZ(5), 0%Z(5), Z(6)~0 1 1,
[ [ 0xz(5), Z(5)~0, Z(5)~3 1, [ 0*Z(5), 0%Z(5), Z(5)°0 1],
[ 0%xZ(5), 0xZ(5), 0xZ(5) 1 1 ]
: tail homomorphism maps source generators to:
: range embedding maps range generators to:
[ v.1, v.2 1]
: kernel has generators:
Algebra( GF(5), [ v.4, v.5 1)

31

5.1.2 XModAlgebraOfCatlAlgebra

> XModAlgebraOfCat1Algebra(C) (operation)
> PreXModAlgebraOfPreCat1Algebra(C) (operation)

These operations are used for constructing a crossed module of algebras from a given cat!-algebra.

Example

gap> X3 := XModAlgebraOfCatlAlgebra( C3 );
[ <algebra of dimension 3 over GF(2)> -> <algebra of dimension 3 over GF(2)> ]

gap> Display( X3 );

Crossed module [..->..] :-
: Source algebra has generators:
[ (Z(2)~0)*(O+(2(2)~0)*(4,5), (Z(2)°0)=(1,2,3)+(Z(2)"0)*(1,2,3) (4,5),
(Z(2)~0)*(1,3,2)+(Z2(2)~0)*(1,3,2) (4,5) ]
: Range algebra has generators:
[ (Z(2)~0)*(), (Z(2)70)*(1,2,3) ]
: Boundary homomorphism maps source generators to:
[ <zero> of ..., <zero> of ..., <zero> of ... ]
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