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1 Immediate descendants of algebra 5.14
Algebra 5.14 has

2p° + Tp* + 19p® + 49p® 4 128p + 256 + (p* + Tp +29) ged(p — 1, 3)
+(p* 4 Tp+ 24) ged(p — 1,4) + (p+ 3) ged(p — 1,5)

immediate descendants of order p” and p-class 3.
Algebra 5.14 has presentation

(a,b,c|cb, pa, pb, pc, class 2),

and so if L is an immediate descendant of 5.14 of order p” then L, is generated by ba, ca
modulo Lz, and L3 has order p? and is generated by baa, bab, bac, caa, cab. And cb, pa,
pb, pc € Ls. The commutator structure is the same as one of 7.65 — 7.88 from the list of
nilpotent Lie algebras over Z,. So we may assume that one of the following holds:

cb = caa = cab = cac =0, (7.65)

caa = cab = cac =0, ¢b = baa, (7.66)

¢b = bab = bac = cab = cac = 0, (7.67)
cb = baa, bab = bac = cab = cac = 0, (7.68)
¢b = bac = cac = 0, caa = bab, (7.69)

¢b = baa, bac = cac = 0, caa = bab, (7.70)
¢b = baa = bac = cac = 0, (7.71)

baa = bac = cac = 0, ¢b = caa, (7.72)

¢b = bac = caa = 0, cac = bab, (7.73)

cb = bac = caa = 0, cac = wbab, (7.74)
bac = caa = 0, cb = baa, cac = bab, (7.75)
bac = caa = 0, cb = baa, cac = wbab, (7.76)
cb = bac = 0, caa = baa, cac = —bab, (7.77)
bac = 0, cb = caa = baa, cac = —bab, (7.78)
¢b = baa = bac = caa = 0, (7.79)

cb = bac = caa = 0, baa = cac, (7.80)



cb = bac = 0, baa = cac, caa = bab, ( )

¢b = bac = 0, baa = cac, caa = wbab, (p = 1 mod 3) (7.82)

cb = baa = caa = cac =0, (7.83)

¢b = baa = cac = 0, caa = bab, (7.84)

cb = caa = cac = 0, baa = bab, (7.85)

cb = baa = caa = 0, cac = wbab, ( )

cb = baa = 0, caa = bac, cac = wbab, ( )

¢b = baa = 0, caa = kbab + bac, cac = wbab, (p = 2mod 3), (7.88)

where k is any (one) integer which is not a value of

AN+ 3wp?)

—————————~modp.
HEN o)

Since the total number of descendants of 5.14 of order p” is of order 2p°, we need
presentations with at least 5 parameters in some of these cases. In each case the com-
mutator structure is determined, and so to give a presentation for the Lie rings we only
need to specify pa, pb, pc. These powers take values in L3, which has order p?, so we need
2 coeflicients for each of pa, pb, pc. For the sake of simplicity I give a single presentation
with 6 parameters for each of the 24 different commutator structures defined above, and
I give the conditions for two sets of parameters to define isomorphic Lie rings. In most of
the cases I was able to “solve” the isomorphism problem in the sense that I was able to
produce a number of presentations with fewer parameters, and with simple conditions on
the parameters. But I was not able to do this in every case.

The file notes5.14.m gives MAGMA programs to compute each isomorphism class. The
programs have complexity at most p®, in the sense that they have nested loops and the
statements in the innermost loops are executed a maximum of O(p®) times. The programs
run reasonably fast for p < 20, but you need to take a deep breath before running them
for p > 20. Apart from anything else the shear number of groups becomes overwhelming
pretty quickly. My classification of the nilpotent Lie rings of order p” has been criticized
on the grounds that the Lie rings for any given prime have to be computed “on the fly”.
However, as I observed above, you need some presentations with at least 5 parameters,
and even if you had five parameters independently taking all values between 0 and p — 1
you would still need a program of complexity p® to print them out.

1.1 Case 1l
{a, b, c| cb, caa, cab, cac, pa — x1baa — x2bab, pb — x3baa — x4bab, pc — x5baa — xgbab).
Here L3 is generated by baa and bab, and if we let
pa
baa
po) =4 ( bab )
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action
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0 ¢ @
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0 0 ¢ 5 Te .
abx (s + B+ ws) - (0 + Boa +90) — 25 (0 + B+ 2s)
B atx (Aza + ps) axr (A\zs + pae) — gz iz (Avs + pas)
wées skséos — s fréos

There are 3p + 22 agebras in all in this case.

1.2 Case 2

(a, b, c| cb — baa, caa, cab, cac, pa — r1baa — xabab, pb — x3baa — x4bad, pc — xzbaa — xebab).
Here L3 is generated by baa and bab, and if we let
pa
baa
po | =4 < bab )
pe

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 X 2 matrices A under the action

a B v 2 -1

A—=| 0 X pu A( oA Ozﬁ;\ ) .
0 0 o? 0 aA

a B v TUTN 020 aph \ !

0 A 12 T3 T4 ( 0 O[)\2 >

0 0 o? Ts Te
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= ks O+ puas) axe (A + pzs) — Gz 5z (s + )
15 X2 T6 %xf’

The total number of algebras in this case is 5p 4+ 13 + ged(p — 1, 3) + ged(p — 1,4).

1.3 Case 3

(a, b, c| cb, bab, bac, cab, cac, pa — r1baa — xocaa, pb — r3baa — x4caa, pc — rsbaa — rgeaa).

Ls is generated by baa and caa and if we let
pa
baa
pb ) =4 ( caa >

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a B v 2 2 -1
amloon o a( o )
0 v ¢



1131 fL'Q ( a2)\ a2u >1

o’y a?¢

1
a2\ — a2y
afxry — avry — Bray + féxs — yvas +v€xs  adre — auzry + fAxry — Buxs + Ayxre — yuxs
X Axg — A\vay — prag + pées Ny — pxs — A\uxs + A\puwe
x5 — vPmy + vérs — véxg Avxy — prs + Axg — péxs

The total number of algebras in this case is 2p + 8 4+ ged(p — 1, 4).

1.4 Case 4

(a, b, c| cb—baa, bab, bac, cab, cac, pa—x1baa—xscaa, pp—xzbaa—r4caa, pc—rsbaa—xscaa).
cb = baa, bab = bac = cab = cac = 0.

Ls is generated by baa and caa and if we let

pa
b :A( baa)

caa
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a B v 2 -1
A= o0 a0 A(‘J‘QA 04> .
9 a‘y
0 v «
a B v T1 T2 X 0 -1
0 A0 Tr3 T4 ( 0521/ Cl{4 )
0 v o? Ts Tg

1 % (a3x1 + o?Bxz + a?yxs — awvze — fray — ’yyazﬁ) axg + Py + Y
= a2:r3 — VT4 Ay

v
@ % (a4x5 — 1/2954 + a2l/:173 - azyxg) 506(12 + vy
The total number of algebras in this case is 6p + 8 + 2ged(p — 1,3) + ged(p — 1,4) +

ged(p — 1,5).

1.5 Case 5
(a, b, c| cb, bac, caa — bab, cac, pa — x1baa — x2bab, pb — x3baa — x4bab, pc — rsbaa — xsbab).
Ls is generated by baa and bab and if we let

pa

baa
b= A( bab >
pc



then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 X 2 matrices A under the action

a B v 2 2 -1
Ao x A<8“A a;ﬁ“”) .
0 0 a lA? @
a B v Ty T2 a2\ (12/1“!‘046/\ -1
0 A u T3 X4 0 )2
0 0 a 1)\ T5 Tg @
_ 1
a2\
A2 (axy + Bz +vyws) a?Awy — ?uxy — B%A\z3 — afrzy + afdey — afuzs + o yzg — ayprs — fAyTs
A2 (Ax3 + pxs) arNlzy — BN2xs — aples — aduzs + alpz — BA\uxs
é)\4x5 —é)\z (apxs — alzg + fAxs)

The total number of algebras in this case is 5p + 13 + 2 ged(p — 1, 3) + ged(p — 1, 4).

1.6 Case 6

(a, b, c| cb—baa, bac, caa—bab, cac, pa—x1baa—x2bab, pb—x3baa—x 1bab, pc—x5baa—xgbab).

Ls is generated by baa and bab and if we let
pa

baa
pof = A< bab >
pe

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

o B Y 7 4 5 -1
A= 0 £ p A(ia agpj:aﬁ> .
4

0 0 « 0 o
2
I < ol oyt a’s >1
3 T4 8
0 0 ot T5 Tg 0«
a7 (110 + s +5) - 5x (220” + B +9w6) — Grr (ut af) (z102 + Bas + yas)
= ot (953?3 + ps) a5 (za0® + #1966) Tar (1 + aB) (z30® + pas) )
3T 27%6 — 57%5 (1 + af)
2
a8 X Y Ty T2 < a7 otu—a’B >1
0 —a° u T3 T4 0 a8
0 0 at T5 Tg
- (?10&2 + B3 + Yz5) 2% (m20z12 + By + 7m6) + é (1 —ap) (z10? + Bz + Ys)
= Tt (MI15 - 04‘3553) oF (,uﬂ?ﬁ‘ - 0451!104) + alT (b —aB) (M% - 04‘3553)
— =35 a6 + o7 x5 (1 — )

The total number of algebras in this case is

P’ +3p—3+(p+2)ged(p—1,3)+ (p+ 1) ged(p — 1,4) + (p+ 1) ged(p — 1,5).



1.7 Case 7
(a, b, c|cb, baa, bac, cac, pa — x1bab — xocaa, pb — x3bab — x4caa, pc — x5bab — recaa).

L3 is generated by bab and caa and if we let

pa

bab
o) =a( )
pe

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 X 2 matrices A under the action

a 0 ~v 2 -1
Ao a0 A( g’\ 025 > .
0 0 ¢ “

Now
a 0 v 1 T2 2 -1
0 X O T3 T4 ( 8)\ 225 >
0 0 ¢ T Tg
o (azi +yas) O;’g (azs + vwe)
- 1. 12
= a3 o2 51'4
s o= T6

The total number of algebras in this case is 2p? + 11p + 43 + ged(p — 1,4).

1.8 Case 8
(a,b, c|cb— caa, baa, bac, cac, pa — x1bab — xocaa, pb — x3bab — x4caa, pc — x5bab — rgcaa).
Ls is generated by bab and caa and if we let

pa

pb | =A <
pe

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a 0 v 5 -1
A= 0 o 0 A(S‘ 225) .
0 0 ¢
Now
« 02 ¥ xr1 X2 o 0 -1
0 a* 0 T3 T4 0 a2£
0 0 § s Te
L (a1 +yw5) ke (a2 + va0)
= %963 114
%5% 22 L6

The total number of algebras in this case is

P>+ 4p® + 6p + (p+5)ged(p—1,3) +3ged(p — 1,4) + ged(p — 1,5).



1.9 Case 9
(a, b, c| cb, bac, caa, cac — bab, pa — x1baa — x2bab, pb — x3baa — x4bab, pc — rsbaa — xsbab).
Ls is generated by baa and bab and if we let
pa
baa
po | =4 < bab >
pe

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a B 0 9 -1
A=l o0 X o A(S‘A “f?)
0 0 =+\ @

8
A
0

* 1 12
= ?55‘3 axta — ygxia )
az T5 ﬁ% - ﬁxiﬂs
a [ 0 T1 T a2\ af) -1
0 )\ 0 Tr3 T4 < 0 Oé)\2 )
T5 Te
ax (afl ) % (0> + Bra) = i (0 + )
az T3 a)\l'4 T aZ AT =
—ar s a7 X5~ ax o
The total number of algebras in this case is
5 19 +4
p® + 2p +Tp +3+pTgcd(p— 1,4).

1.10 Case 10
(a, b, c| eb, bac, caa, cac — wbab, pa — x1baa — xobab, pb — x3baa — x4bab, pc — rsbaa — xsbab).
Ls is generated by baa and bab and if we let
pa
baa
pb | =4 < bab >
pe

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a [ 0 9 -1
A=l o0 X o A(S‘A af?) .
0 0 +\ @

This case is identical to Case 9 and so there are
19

5 +4
T+ — +——gcd(p— 1,4
p+2p+ +2+2g(p ,4)

algebras here.



1.11 Case 11

(a, b, c| cb—baa, bac, caa, cac—bab, pa—x1baa—x2bab, pp—x3baa—x4bab, pc—xsbaa—xsbab).
Ls is generated by baa and bab and if we let
pa
baa
o) = A( bab )
pe

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 X 2 matrices A under the action

a f 0 4 3 -1
A= o0 a2 0 A(?‘ if"@) .
00 a2 @
@ ﬁ2 0 o ot 38 ~1
0 o O T3 T4 0 o
0 0 o? Ts Tg
ax (s + Bas) 35 (awe + Bas) — 568 (a1 + Bas)
= Ly $9€4 — caBz3 ;
2z Ts B3%e — ?51‘5
a , 0 T1 o —at —a?B -1
0 —a* 0 T3 X4 0 b
0 0 o? T5 Tg
— 2 (o + Brs) 5 (g + Bra) — 25 (amy + SBs)
= 73 %5363 — 5%
— a5 & T6 — 71 5Ts

The total number of algebras in this case is
'+ +4p° +p =14 (0° +2p+3) ged(p — 1,3) + (p + 2) ged(p — 1,4)) /2
1.12 Case 12
(a, b, c| cb—baa, bac, caa, cac—wbab, pa—x1baa—1x3badb, pp—r3zbaa—x 4bab, pc—rsbaa—xsbab).
This case is identical to Case 11, so again there are
(' +1° +4p> +p =1+ (P* + 2p+ 3) ged(p — 1,3) + (p + 2) ged(p — 1,4)) /2
algebras here.
1.13 Case 13
(a, b, c| b, bac, caa—baa, cac+bab, pa—x1baa—x2bab, pp—x3baa—x 4bab, pc—xsbaa—xsbab).
L3 is generated by baa and bab and if we let

pa
baa
o= A< bab >

pc



then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 X 2 matrices A under the action

@ b =p A(gz(/wu) af(A+p) >_1'

A— 1| 0 A
0 4 \ a(X? = p?)

a BB\ @\ ) af+ ) \ T

0 A pu Ty T4 0 a()\2 — 2

0 u A T5 Tg K

(A = p) (azy + Bz — Bxs)  oPxo — [Pz + fPas — afr + afzy — afzg
2/\2 i ( M )\1‘3 + ps) aAry — BAr3 + aure — Burs
a (A — ) (pxs + Azs) apzy — Burs + alve — BfArs

In this case there are 2p? + 11p + 27 + ged(p — 1,4) immediate descendants of order
p” and p-class 3.

1.14 Case 14
(a, b, c| cb—baa, bac, caa—baa, cac+bab, pa—x1baa—1x2bab, pb—r3baa—x4bab, pc—xsbaa—zgbabd).
Ls is generated by baa and bab and if we let
pa
baa
o) = A( bab )
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a fB -pB 2y 4 P -1
A= 0o a Ao la 20°0 — « 20[35)\ asﬂ .
0 A—a? 0 20°\ — «

A
In this case there are p® + 2p? + 6p + 10 + (p + 4) ged(p — 1, 3) algebras.

1.15 Case 15
{a, b, c| cb, baa, bac, caa, pa — x1bab — xacac, pb — x3bab — x4cac, pc — xsbab — xgcac).
Ls is generated by bab and cac and if we let

pa
b :A( bab)

cac
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a 0 0 2 -1
Aslo g o a0
0 ay?
0 0 ~v



and

a 0 0 2 —1
A=l o0 0 3 ( PR )
0 v 0 Y
a 0 0 Ty 9 1 i %
« 0 z
0 8 0 zt)<0ﬂ a,yg) = g& B
0 0 v u v Sves %%
Y e
a 0 0 Ty 0 0 -1 7 7
0 0 B z t = s B5
ay? 0 e
0 ~ O u v Yoz o
The total number of algebras in this case is
7 17 59 5 +1
p3+§p2+7p+3+§g6d(p—1,3)+p ged(p —1,4)

1.16 Case 16
{(a, b, c|cb, bac, caa, cac — baa, pa — x1baa — xabab, pb — x3baa — x4bab, pc — xsbaa — xgbab).

L is generated by baa and bab and if we let
pa

baa
)= A( bab )
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 X 2 matrices A under the action

a 0 0 ar? 0 -1
A—=|1 0 a 42 0 A( i 14 ) .
0 0

0 @
~ g
2y
a 0 0 T Yy 9 -1 % vy
0 a 42 0 z t <8W 2—1 4> = ﬁz 7—1215
0 0 v u v v %% ,y%’UOA

The total number of algebras here is
2p* 4+ 4p® 4+ 8p? + 14p+ 11 + 4 ged(p — 1,3) + 3ged(p — 1,4).
1.17 Case 17

(a, b, c|cb, bac, caa—bab, cac—baa, pa—x1baa—x2bab, pb—x3baa—x 1bab, pc—xsbaa—xgbab).

Ls is generated by baa and bab and if we let

pa
baa
)= A( bab >

pc

10



then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 X 2 matrices A under the action

a 0 0 av? 0 -1
A—= | 0 a 42 0 A( K 2 )
0 0 ¥

or

o

)

a 0 0 x 9 -1 5 Lt

0 a 42 0 z t ay” 0 = Lz Lyt
0 0 y . 0 o’y Yo
ya aZ

a 0 0 Ty 9 N\ —1 ¥ iz
_ 0 @ g >

0 0 aly? z t ( o 07 ) = f% Lyu
0 ~ O U v ;é %z

If p # 1mod 3 then a = 7 and the number of orbits is
PP+ PP+ p+2+ (PP +p+ 1) ged(p — 1,4)/2.

If p = 1mod 3 then a = v or & or €2y where €2 = 1. The number of orbits is then

P +p*+ 2+ +Tp+10)/3+ (P2 +p+1)ged(p — 1,4)/2

So in general the number of orbits is

+3p+4+ @ +p+1)ged(p —1,4)/2

4 3 2 p—1
2° +3p® +4p+2)————
(p" +2p° +3p” +4p + )gcd(p—l,S)

1.18 Case 18
(a, b, c| cb, bac, caa—wbab, cac—baa, pa—x1baa—x3bab, pb—r3baa—x 4bab, pc—rsbaa—zebab) (p = 1mod 3).

This case is very similar to Case 17, though we do not have as many automorphisms. Lg
is generated by baa and bab and if we let

pa

baa
b= A( bab )
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a 0 0 ar? 0 -1
A—=1 0 a 4?2 0 A( 07 a2y >
0 O 0%
with a3 = 3.
a 0 0 Ty 5 -1 3z é%
0 a 42 0 z ot ( 37 02 ) = Lz Lot
0 0 vy U v o Tu
v« a?

11



The number of algebras is
(2p° + 2p* + 2p® + 2p* + 14p +17)/3

Combining Case 17 and Case 18, the total number of algebras in the two cases is

3 7
P +pt+p’+p°—2p— 5+ Bp+5)ecdlp—1,3) + (P*+p+1)ged(p—1,4)/2

1.19 Case 19

(a, b, c| cb, baa, caa, cac, pa — x1bab — xobac, pb — x3bab — z4bac, pc — xsbab — xgbac).
Ls is generated by bab and bac and if we let

pa

bab
pb =4 < bac )
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a 0 0 2 -1
A= o0 B~ A(gxﬁ 206@7)
0 0 ¢ @
o« 00 vy aBf? 2apy -
0 8 v z 0 85
0 0 ¢ u v @
5 521
= Zr+28) 5 EB+vy) - 2% (uy +28)
a7 &5 =2

The total number of algebras in this case is 2p? + 11p + 27 + ged(p — 1,4).

1.20 Case 20

(a, b, c| cb, baa, caa — bab, cac, pa — x1bab — xabac, pb — x3bab — x4bac, pc — xsbab — xebac).
L is generated by bab and bac and if we let

pa
bab
pb =4 ( bac >
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a 0 0 9 —1
Ao 8o A<aﬂ 03>
0 0 a'p? 0 4
B =z g
R N S TR I
3 - B« B2
0 0 o 'p? U v 0 B %u C%Bv

The total number of algebras here is

2p* +4p3 +6p® + 11p + 11 +2ged(p — 1,3) + (p+ 1) ged(p — 1, 4).

12



1.21 Case 21
(a, b, c| b, bab — baa, caa, cac, pa — x1baa — xabac, pb — xsbaa — x4bac, pc — rzbaa — xebac).
Ls is generated by baa and bac and if we let

pa
baa
pb =4 < bac )
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 X 2 matrices A under the action

a 0 26 3 9 -1
A0 a A(S‘ Z§5> .
00 K

L (uf+1a) A (208 +ya) - 22 (2up + 20)
= a5 (uf + za) ﬁ(taJrvﬁ)—%%(uﬂjLza)
a5 % —2%8

The total number of algebras in this case is

20 +6p> +Tp+ 7+ (p+ 1) ged(p — 1,4).

1.22 Case 22
(a, b, c| cb, baa, caa, cac — wbab, pa — x1bab — xabac, pb — x3bab — x4bac, pc — x5bab — xebac).
Ls is generated by bab and bac and if we let
pa
bab
pb =4 < bac )
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a 0 0 2 2 -1
A— 0 wB =£v A < ;}0[2(0.)5 +7) :::z2waﬂ72 2 >
0 wy +wd w?a By wa(wB” + %)

The total number of algebras in Case 22 is

(2p° +3p* +3p+ 13 —ged(p — 1,3) + (p+ 1) ged(p — 1,4)) /2.

13



1.23 Case 23
(a, b, c| b, baa, caa—bac, cac—wbab, pa—x1bab—x2bac, pp—r3bab—1x4bac, pc—xsbab—xgbac).
Ls is generated by bab and bac and if we let
pa
bab
pb =4 < bac >
pe

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

or when p = 2mod 3 and 12w8? = —1,

dwaf —3Bwaf < 8 . 4 - 1

A=1| o0 _9%waf @ A 3908wl
+40,203 :|:§w205‘56
0 Fwa Fwaf 3 3
Now

a 0 0 r Yy o 0 -1 Lo +hy
0 a O z 1 (0 :|:a3> = ﬁz :l:%t
0 0 =%« u v :I:ﬁu %v

and so if p = 1mod 3 there are p° +p* +p* +p> +p+2+ (p> +p+ 1) ged(p — 1,4)/2
algebras.
When p = 2mod 3 the number of algebras here is

1, 1, 1, 1
3743 3P+ St AP+ 24 (PP 4 p+ D ged(p - 1,4)/2.

1.24 Case 24
(a, b, c| b, baa, caa—kbab—bac, cac—wbab, pa—x1bab—1x2bac, pb—x3bab—r4bac, pc—x5bab—xgbac) (p = 2mod 3).

where k is any (fixed) integer which is not a value of

AN+ 3wp?)

AA TR ) 1odp.
WX o)

Ls is generated by bab and bac and if we let

pa

bab
pb =4 < bac >
pc

then the isomorphism classes of algebras satisfying these commutator relations correspond
to the orbits of 3 x 2 matrices A under the action

a 0 0 3 -1
A= 0 a o0 A(O‘ 23>
0 0 «
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and

B —1 ) : -
4o kaf+3a 3kwT a+apf 3203 —32038 !
A= o 20 203 A\ Z30we®s 3203
0 2waf 200
where w3? = —3.

The number of orbits is

2. 2, 24 2,
S+ It S SR 4 2p+ 3.
P+ gpt g’ o 2t

The total number of algebras from Case 23 and Case 24 is

13 3
PPt P P At o = (0 ) eed(p— 1,3) + (P +p+ 1) ged(p — 1,4)/2.
The total number of algebras from cases 17, 18, 23 and 24 is

AP PP+ P+ 2+ 5+ (2p+2)ged(p—1,3) + (p* +p+ 1) ged(p — 1,4).
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