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1 Introduction

* Goals of this project:

— Provide support material for teaching FEM. The material provided might help other instructors to
explain or illustrate the methods and effects of finite element algorithms.

— Use Octave to implement first, second and third order triangular elements in 2D for scalar boundary
value problems. For elasticity plane stress and plane strain problems are examined. For linear 1D
boundary value problems and initial boundary value problems second order elements are used. A
nonlinear solver for 1D problems is implemented. This leads to the Octave package FEMoctave.

— Provide examples on how to solve steady state and dynamic heat equations, wave equations and 2D
elasticity equations. A few nonlinear 1D examples are provided too.

* Tools provided by this project:

— Find this document on the internet at https://andreasstahel.github.io/FEMoctave/FEMdoc.pdf and the
complete Octave package at https://andreasstahel.github.io/FEMoctave/FEMoctave.tgz.

— Documentation and codes are also on GitHub at https://github.com/AndreasStahel/FEMoctave and
with Octave you should be able to install FEMoct ave with the command pkg install —-forge
femoctave . If this fails try
pkg install https://github.com/AndreasStahel/FEMoctave/archive/v2.1.3.tar.gz

— I work exclusively with Unix systems, but it is possible to use the package on other systems by
modifying the Makefile.

— The only external program used in FEMoctave is t riangle, an excellent mesh generator by Jonathan
Shewchuk. The source code of t riangle is not included. Find source code and documentation at
www.cs.cmu.edu/~quake/triangle.html.

This is not:

* an introduction to Octave (or MATLAB). Users are assumed to be familiar with the basics of using Octave.
If this is not the case, may I use the occasion for a shameless add for my book Octave and Matlab for
Engineering Applications by Springer, [ 1.

* an introduction to FEM algorithms. For a basic (and affordable) introduction consider [ ]. The
basic concept is not explained in these notes for FEMoctave, but many details are spelled out. I used
some of the presentations for a class Numerical Methods for biomedical engineers at the University of
Bern. There the main ideas of FEM are spelled out. Find the lecture notes for this class on my web site at
https://andreasstahel.github.io/Notes/NumMethods.pdf.

* an introduction for engineers oh when and how to use the tool finite element analysis. No attempt is made
to explain the mechanical, physical or electrical background of the examples.

* an introduction to partial differential equations (PDE). The user of FEMoctave is assumed to know which
boundary and initial boundary value problems are well posed, i.e. will have a unique solution.

The structure of this document is as follows:
1 Introduction: a self reference.
2 The Problems to be Examined: for each type of problem solvabla by FEMoctave one example is pre-

sented. This is a good starting point to find out what type of problems are examined in these notes.
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1 INTRODUCTION 8

3 Illustrative Examples: a few examples are are worked out, code and results shown. Read this section if
you want to start working with FEMoctave.

4 The Commands of FEMoctave: all commands of FEMoctave are briefly explained and some documen-
tation is provided. This is comparable to a manual.

5 Tools for Didactical Purposes: some results and illustrations that might be useful when teaching a class
on the mathematical basics of FEM.

6 The Mathematics of the Algorithms: the mathematics of the 2D FEM algorithms is spelled out. Linear,
quadratic and cubic elements on triangles are constructed. A matrix formulation is used wherever possible.

7 The Algorithms for 1D FEM: the mathematics for second order element of one dimensional problems
are spelled out. Examined are static problems and dynamic problems of order 1 and 2, i.e. heat and wave
equations.

8 Elasticity: the mathematical aspects of an FEM algorithm to solve plane stress and plane strain problems
are presented. The algorithms for axially symmetric elasticity problems are explained, all leading to a
matrix formulation.

9 Examples, Examples, Examples: as the title says.
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2 THE PROBLEMS TO BE EXAMINED 9

2 The Problems to be Examined

This section consists of a brief list all types of problems that can be solved with this software. A list of the
necessary commands is given in Table 1 on page 11. The instruction on how to use the commands are given in
Section 4. Some typical examples are worked out in Section 9.

2.1 The domain Q2 C R? and its boundary I' = 0Q) = T', UT,

Throughout this presentation work with bounded domains 2 C R? with two disjoint sections I'; and I's of the
boundary I' = 0.

* On the section I'; a Dirichlet boundary condition is applied, i.e. u(x,y) = g1 (x,y) for aknown function g;.

* On the section I'; a Neumann or Robin boundary condition is applied, i.e. the outer normal derivative of u
equals g2 + g3 u for a known functions g5 and gs.

In the example shown in Figure 1 the solution satisfies ©w = —+3 on the circular part I'; and 8%“ = —1 along
the z—axis. The solution u(z,y) solves Au = V - Vu = div grad v = 0 and minimizes the functional

F(u)://1||Vu]2dA—/ w ds
9) 2 r2

amongst all functions v which satisfy u(z,y) = +3 on I';.

2t
55
L r 4
15 1 5
4.5
r )
> 1 4
051 35
3
2 T
ot >
r 15
2

Figure 1: A semi-disk as domain in R? and a solution of a BVP

2.2 The general elliptic problem

Let Q C R? be a bounded domain with a nice boundary T, consisting of two disjoint sections I'; and I'y. For
given functions a, by, b, f and g; we seek a solution of the second order boundary value problem (BVP)

—.

—V.-(aVu—ub)+byu = f for (z,y) €
u = ¢ for (z,y) el . (1)
i-(aVu—ub) = ga+gsu for (z,y) €Dy

It is assumed that there is a unique solution . Consult your book on the theory of PDEs to determine whether
the BVP has in fact a unique solution. Examples of this type of equation are given in Section 3.1.4.
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2 THE PROBLEMS TO BE EXAMINED 10

2.3 The symmetric elliptic problem

If there is no convection contribution b in (1) one ends up with a self-adjoint problem.

-V -(aVu)+bu = f for (z,y) € Q
u = ¢ for (z,y)ely . 2)
a % = g2+g3u for (z,y) € 'y

The resulting matrix A will be symmetric and if a > 0, bp > 0 and I'y # © or by > 0, then the BVP has a unique
solution and the resulting matrix is strictly positive definite.

Using Calculus of Variations one can show that solving (2) is equivalent to minimizing the functional F’
below among all functions « vanishing on I';y.

1 1 1
F(u)://2a<Vu,Vu>+2bou2fudA 92U+§ggu2d5.
Q

s

Examples of this type are given in Sections 3.1.1, 3.1.2, 3.1.3, 9.4 and 9.16.

2.4 The symmetric eigenvalue problem

For given functions a, by, f and g3 seek values of A\ and nontrivial solutions u of the eigenvalue problem below.

—V-(aVu)+byu = Xfu for (z,y)€Q

u = 0 for (z,y) eIy (3)
a% = g3u for (z,y) €Ty

An example of this type is given in Section 3.2.

2.5 The general parabolic problem

If all functions depend on time ¢ and the spacial variables = and y consider the general dynamic heat equation.

p%u—v‘(aVu—ug)+bou = f for (x,y,t) € Qx (0,T]
u = g for (z,y,t) €'y x (0,7
u = (,9,1) € Ty x (0,7] “

n-(aVu—ub) = go+gzu  for (z,y,t) € Ty x (0,7

U = U on ) at t=0
This is an Initial Boundary Value Problem (IBVP). Mathematicians call this a parabolic problem, engineers think
of dynamic heat equations. Examples are shown in Sections 3.3 and 9.10.4.
2.6 The symmetric parabolic problem

Consider the symmetric situation of (4) to find the symmetric parabolic problem below.

p%u—V-(aVu)—i—bou = f for (z,y,t) € Qx (0,7
u = ¢ for (z,y,t) € 'y x (0,7] )
a % = got+gsu for (x,y,t) € Ty x (0,T]
u = U on Q at t=0}

If u(z,y) and A are solutions of the eigenvalue problem (3) with f = g; = g2 = 0, then the dynamic
problem (5) is solved by e u(x, 3). See also Section 6.8.2.
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2.7 The hyperbolic problem

Examine an IBVP of hyperbolic type, with the wave equation i = Aw as the typical example.

pé%u%—Qa%u—V-(aVu—ug)—kaU = f for (z,y,t) € Qx (0,7
u = ¢ for (z,y,t) €'y x (0,T]
ii-(aVu+ub) = go+gsu for (z,y,t) €Ty x (0,T] (6)
U = U on  at t=0
%u = on Q at t=0

Examples are shown in Sections 3.4, 9.2 and 9.11. The effect of eigenvalues is described in Section 6.8.4.

command type of problem section
BVP2Dsym () solve a symmetric elliptic BVP 4.4.1
BVP2D () solve a general elliptic BVP 4.4.2
BVP2Deig () solve a symmetric elliptic eigenvalue problem 4.5
IBVP2D () solve a parabolic IBVP 4.6
IBVP2Dsym () solve a symmetric parabolic IBVP 4.6
I2BVP2D () solve a hyperbolic IBVP 4.7
BVP1D () solve a static 1D BVP 4.8
IBVP1D () solve a first order 1D IBVP 4.9
I2BVP1D () solve a second order 1D IBVP 4.10
BVP1Deig () solve a 1D eigenvalue BVP 4.11
BVP1DNL () solve nonlinear 1D BVP 4.12
PlaneStress () solve a plane stress problem 4.13.1
PlaneStrain () solve a plane strain problem 4.13.1
PlaneStressEig () | solve a plane stress eigenvalue problem 4.13.2
PlaneStrainEig () | solve a plane strain eigenvalue problem 4.13.2
AxiStress () solve axially symmetric elasticity problem 4.14

Table 1: Commands to solve boundary value problems, initial boundary value problems and elasticity problems

2.8 1D boundary value problems

A 1D BVP (boundary value problem) is an ordinary differential equation for the independent variable u(x) with
z in an interval xy < x < xz,, of the form

— (a(z) v/ (@)’ + b(w) ' (z) + c() u(x) = d(z) f(2) @

with some boundary conditions at x = xg and x = x,,.

) = Dirichlet
u(z;) 175 iri ®

a(zy)u'(x;) = gni+ gneu(x;) Neumann
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2 THE PROBLEMS TO BE EXAMINED 12

The coefficient functions a(z), b(z), ¢(x) and d(x) will be evaluated at the Gauss points. The function f(z) and
the solution u(z) are evaluated (resp. determined) at the nodes.

Find examples in Sections 3.5, 5.6, 5.7 and 9.17. In Sections 9.18, 9.21, 9.22 and 9.23 nonlinear boundary
value problems are solved.

2.9 1D initial boundary value problems of order 1

The dynamic problem is of the form
w(zx) gtu(x, t) — (a(m) o (z, t))/ +b(x) v (z,t) + c(z) u(z, t) = d(x) f(z,t) )

with the initial condition u(x,0) = uo(z) and appropriate boundary conditions. These have to be independent
on time ¢.

Find examples in Sections 3.6, 5.8, 9.10.6 and 9.14.

2.10 1D initial boundary value problems of order 2

The dynamic problem is of the form
82
ot?

wa(x) u(z,t) + wi(x) ;)t u(z,t) — (a(z) W' (z, t))/ +b(x)u (z,t) + c(x) u(x, t) = d(x) f(z,t) (10)

with the initial condition u(x,0) = ug(z) and appropriate boundary conditions. These have to be independent
on time .

Find examples in Sections 3.7, 5.9, 9.12.3, 9.13 and 9.26.

2.11 1D eigenvalue value problems

For given functions a, b, ¢, w and gno seek values of A and nontrivial solutions u of the eigenvalue problem
below.
_ (a(x) u'(m)), +b(z)u'(x) + c(z) u(z) = Aw(z) u(z) (11)

with appropriate boundary conditions

u(z;)) = 0 Dirichlet
(12)
a(x) v (x;)) = gn2u(z;) Neumann
Find examples in Sections 3.2 and 9.15.
2.12 Nonlinear 1D boundary value problems
For given functions a, b, ¢ and d and a function f(z, u) or f(x,u,u’) search for solutions of
— (alz, u(@), u'(2)) o' (2)) + ba) ' (2) + c() u(z) = d(z) f (@, u(@), o' (z)) (13)

with linear boundary conditions, Dirichlet or Neumann. The leading coefficient @ may depend on v and v’ too,
ie. a(z,u(x), v (x)).

Find examples in Sections 3.8.1, 3.8.2, 9.18, 9.19, 9.20, 9.21, 9.22, 9.23, 9.24 and 9.25.
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2 THE PROBLEMS TO BE EXAMINED 13

2.13 Plane elasticity

With FEMoctave plane elasticity problems can be examined, either plane stress or plane strain.

2.13.1 Description of strain

The first goal is to determine the displacement function @ = (uq,uz). It describes the displacement of arbitrary
points (z,y) € Q C R?. Based on (x,y) the infinitesimal strain tensor is given by

Figure 2: Deformation of an elastic solid

du1 L (0w 4 Ouy
€xx Cxy | Ox 2 Oy oz
Eay  Eyy 3 (87“ + au2> 6871;}2
It contains the essential information of how a small section of the large solid is deformed, see Figure 3. Obviously
DI
C’ du1 Ay
8u2 Ay
B/
C D
A Ay
Ay U
Yy G Az

A B +—
x Az Az %Am

Figure 3: Definition of strain: rectangle before and after deformation

this can be used in the space R? too, leading to the 3 x 3 strain matrix (or tensor of order 2)

ouq 1 ouq 0 u2 1 0 Ul 0 U3
Exx Exy Euxz oz 2 ( + ) 2 +
1 0 'u1 0 u2 8 U 1 3 u2 6 ug
€xy Eyy Eyz 2 + oy 2 +
€zz Eyz Ezz % 8u1 + QU3 % ((’91@ + 8u3) 88123

and the geometric interpretations in Table 2.
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symbol formula interpretation
Exx 88% ratio of change of length divided by length in z direction
Eyy 8(9—1;2 ratio of change of length divided by length in y direction
€22 881;3 ratio of change of length divided by length in 2 direction
oy = Eyz | 3 687;1 + % the angle between the z and y axis is diminished by 2 ¢,
€z = Eux % 887;1 + 88% the angle between the x and z axis is diminished by 2 ¢,
Eyz = Eay % 881;2 + aa—?f’ the angle between the y and z axis is diminished by 2 ¢,

Table 2: Normal and shear strains in space

2.13.2 Description of stress and Hooke’s law

The deformation of the solid will lead to normal and shearing stress, with the units forces per area. Find a
graphical interpretation of the 6 strains in space R? in Figure 4 and a description in Table 3.

Toy
},‘79
Ty —Y

X

Figure 4. Components of stress in space

With FEMoctave there are three types of boundary conditions to be examined:

4 = gp on Dirichlet boundary I'y, i.e. prescibed displacement
force density = gy on Neumann boundary I's, i.e. prescibed force density (14)
force density = 0 on free boundary I's

The conditions can be set for each component, find the codes in Table 5, to be used when creating meshes by
CreateMeshRect () or CreateMeshTriangle ().

For a linear material law the connection between stresses and strains is given by Hooke’s law and uses two
material parameters:

* E: the Young’s modulus of elasticity
e p: the Poisson ratio, with 0 < v < %

FEMoctave is based on the general form of Hooke’s law for isotropic (independent on direction) materials. It
is a basic physical law', confirmed by many measurements. The shown formulation is valid as long as all stress

!One can verify that for homogeneous, isotropic materials a linear law must have this form, e.g. [ ]
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2 THE PROBLEMS TO BE EXAMINED 15

symbol | description

Oz normal stress at a surface orthogonal to x = const
oy normal stress at a surface orthogonal to y = const
o, normal stress at a surface orthogonal to z = const

tangential stress in y direction at surface orthogonal to x = const
Tay = Tyx . . L
tangential stress in x direction at surface orthogonal to y = const

tangential stress in z direction at surface orthogonal to x = const
Trz = Tax . . . .
tangential stress in x direction at surface orthogonal to z = const

tangential stress in z direction at surface orthogonal to y = const
Tys = T

yz 2y . . .
tangential stress in y direction at surface orthogonal to z = const

Table 3: Description of normal and tangential stress in space

and strains are small. Hooke’s law is the foundation of linear elasticity and any book on elasticity will show a

formulation, e.g. [ , 82217 ,§2.7], or [ , §10.1].
Exx . [ 1 v —v Oz
Eyy = E -v 1 —v oy ,
€ —-v —v 1
2z L Oz (15)
Exy 14 Tay
Exz = B Tyz
Eyz Tyz
or by inverting the matrix
Oz 5 1—v v v Eax
V| T A+v(a-2v) A N T
0, v v 1-v €2z
(16)
Try 5 Exy
Txz = 1+v Exz
Tyz Eyz
This leads to an elastic energy density of
1 Oz Exx Txy Exy
W = 5 < Oy ) Eyy >+< Trz ) Exz > (17)
Oz €zz Tyz Eyz
) 5 1—v v v Exx Exx
_ = _ . 18
sAxwa—zn ' ¥ v w || e |2 F (18)

The missing factors 2 are due to the different definition of the shear strains.
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E:Ey El'y
b ( exz |5 | €22 |V
1+v

Eyz €yz

2.13.3 The plane stress problem

For a plane stress problem it is assumed that there are no stresses in z—direction, i.e.
Oy =Tgz =Ty, = 0.

This leads to a simpler version of Hooke’s law

U:D E 1 1% O Ezz gzz == % (E-Tl' + 5yy)
Oy = m v 1 0 Eyy and Exz 0 (19)
Tzy 0 0 1—v Exy €y = 0
The energy density given by equation (17) simplifies to
Og Exx Txy Exy Og Exx
1 1
Wistress 5 < Oy ) Eyy > + < 0 ) Exz ) = 5 < Oy ’ Eyy >
0 SZZ 0 gyz 2 Txy 5961,/
1 v 0 Exx Exx
E
e m < 1% 1 0 Eyy 9 Eyy >
0 0 2(1—v) Exy Exy
E 2 2 2
= A (ehc+epy +2vemey +2(1—v)es,) . (20)

Since
Six + 532131 + 2V5m5yy = V(sa:x + 5yy)2 + (1 - V) (5%27 + 833;) Z 0

the energy density Wgess 1S assured to be positive. With this the total energy of a plane stress problem can be
written in the form?

U() = Udast +Uvor + Usury (21)
. E I v 0 - -
- //2(1—y2)< v 1 0 | Cwy ) Eyy ) dA —
0 0 2(1-v) Ezy Ezy

Q
—//f-ﬁdA—/ Gy - ads .
o I

Using the Bernoulli principle this energy has to be minimized. It is this minimization problem that is solved,
subject to the boundary conditions (14). One can verify (e.g. [ ]) that the corresponding Euler—Lagrange

3We quietly dropped the constant thickness H from all expressions.
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4

equations” are given by

u1 Ous
—div | £5 2z TV 0y = f
=2 | 1w (S 4 Ouz) !
2 oy ox (22)
_ ( v

1—v (Ou 8u2)
1 FE 2 y x _
le 17,}2 au2 + v 8“1 - f2
oy ox

If F and v are constant, i.e. a homogeneous material, use elementary, tedious operations to find a shorter notation
for the above system of PDEs.

E 140 ,
= ([ Ag -\ _
2(1+v) < “+1—yv<v“>> /

The corresponfing dynamic problem for u(x, y, t) with external force densities f; and fs is given by

du 4 4, % o2
. FE _ C
—div 12 Q?M N @) +f1i = P 5 U1
2 oy ox (23)
E PTV (% + M) 92
_div | B Y z _ 0?2
div | 52 8%,32 T, L?ﬁ + fo P 5z U2

The eigenvalue problem

5 Qui 4, Buy
—div 1-12 11?@ @) = Arm
2 ( y = Om (24)

+
1—v (Ouy Ous
i—v 7_*_7)
I FE 2 Yy r _
dw<1_”2< % 4y 80 >> -

leads to harmonic solutions of the form

cos(VAt +6) ( (@ y) )

’LLQ(ZE,y

of the dynamic problem (23) with frequency 52 = %

Find examples in Sections 3.9.1 and 9.33 .

2.13.4 The plane strain problem
For a plane strain problem it is assumed that there are no strains in z—direction, i.e.
Epz =€y, = €5, =0.

This leads to a simpler version of Hooke’s law

Oz 5 1—v v 0 Exx
o = v 1—v 0 : €
Y (14+v)(1-2v) vy (25)
Tay 0 0 1-2v Exy
. = EFv (exx + 5yy) y Toz = Ty = 0

(I+v)(1-2v)

“This author is convinced that it is easier and more efficient to work with the energy to be minimized and not the system of partial
differential equations.
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Observe that B )
. V (Ezx T Eyy)
T U+ v)(1-2v) =vi(ontoy).
Modify the material parameters v and E to
E
V=Y Sy and EF= > E. (26)
1—v 1—12
Then use elementary algebra to find
* *
1
vy = 2L 1—y=1-
14 v 14+vx 1+4v*
1-2v _ 71_2%:17V* and A ﬁy* = U**
1—v 1 -1~ 1-2v -2+ 1—-v
E = E*(1-1°
leading to a different notation for Hooke’s law for the plane strain situation.
1—v v 1 v*
Oy E 12 1__2V 0 Exx B (1 _ 1/2) 1_5* 1—0* 0 Exx
o — v 1—v 0 . € — 14 1 0 . e
y 1+v 1—2v 12w vy 1+v T—v*  1-v* vy
Try 0 0 1 Exy 0 0 1 Exy
I 1 v 0 Exa
= * .
T o) (Lt o) o Suy
0O 0 1-v* Exy

This is identical to Hooke’s law (19) for the plane stress situation, but with £* and v* instead of £ and v. The
energy density is in this case given by

1 E I-v v 0 Exx Exx
Watrain 2 (I1+v)(1-2v) ( 1=v 0 ey || ew |)
0 0 2(1-2v) Exy Ezy
E(1-v) 2 2 v 1-2v 4
2— 2—
2(1+v)(1—2v) <5m+€yy+ [y St Ty
| 1w 0 Exz Exs
= 5 1 — (U*)z < V* 1 0 6yy 5 6yy >
0 0 2(1-v% Exy Exy
E* 2 2 2
= m (6%r + Eyy + 20" Exxlyy T 2 (1 — I/*) Ezvy) 27)

Now the plane strain energy density has the same form as the plane stress energy density, but with modified
constants.

Wistress = 2) (5im +5§y+21/55m €yy+2(1 —V) 62 ) .

2(1-v vy
For a plane strain problem Bernoulli’s principle is used and the corresponding total energy minimized, similar to

expression (21). As a consequence the PDE (22), the dynamic equation (23) and the eigenvalue problem (24) can
be adapted to the plane strain situation by using £* and v*.

Find examples in Sections 3.9.2, 3.9.3 and 9.32.
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2.14 Elasticity problems for axisymmetric solids, using cylindrical coordinates

Examine a domain (z,7) = (r,z) €  C R? and revolve this domain about the z—axis to generate a volume in
space R3. Assume that the displacements are axisymmetric, i.e.

Ul(x,y, Z) 'U,T(T’, Z) cos @
us(z,y,2) | =] ur(r,2) sing
’U,3($,y,Z) UZ(T',Z)

To determine the elastic energy in this deformed solid determine” the strains in the plane ¢ = 0.

0 up 9  Ouy . sin? ¢ 0 Uy
3 = —— = COS Uy =
o ox Y or r " or
0 us .o Ou, cos?p 1
€ = —— = sin Up = — U
v dy ? or r o
. _ Ou,
0 0 0 i 0 i
28y = gi + - cos @ sin g Ur OB SIRY Uy + cos ¢ sin ¢ Ur  SIY CO8P up =0
y Ox or r or r
Jdu; Ousg Uy Ou, sinp du, Ou, Ou,
2 = _— _— = _— — =
Faz 0z + ox B, +eose or r  Odp 0z + or
Jdus Ousg . ou, . OJu, cosp Ju,
2¢e = —— +-—— =sinp-—— +sin + =0
vz 0z oy L Y or r 0y
This leads to
Exa it Err
Eyy ¥ U Epp
e | Ofta | e
Exy 0 0
L(ge + 9
5yz 0 0
Observe that the angular strain 4, is given by the displacement e,, = %ur. At nodes with » = 0 use
de I’Hotipal’s rule to conclde e, = lim,_,g “T(:’Z) = 8“:9(1?’2) = £42(0, 2).
The energy density (17) in the rz—plane at angle ¢ = 0 is given by
1 Og Exx Txy 0
W(’l“, Z) = 5 < Oy > Eyy > + ( Tez ) Exz >
Oz €2z Tyz 0
. . 1—-v v v Err Err z
= = — 1 1 2
2(1+1/)(1—21/)< v l=vow A I O A e
v v 1—v €2z €2z

>For functions f(z,y,z) = F(r, ¢, z) (i.e. the identical function written in Cartesian and polar coordinates) use the computational
rule (chain rule) to conclude
of OF singp OF of OF | cosp OF

gzcosapa— - and a—y:smgpa—&— v g
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1 E

2 1+v)(1-2v)
E

+1—|—V€”'

1 1
<(1 —v) (sfr + 532 + U U ) +2v(epes, + - up (Epr + szz))> +

To find the elastic energy in the deformed solid this expression can be integrated with respect to the angle ¢,
leading to an integral over the domain © C R2. The contributions to the total energy by the volume and surface
forces lead to similar expression, and finally to the total energy, similar to (21).

U(ﬁ) = Ugast + Uyor + USqu (28)
27rE 1 1
B 1- ; : 2 2 rr&zz — Up \Eppr 2z dA
// 2(1+v)(1-2v) (( V)(Err+€zz+TQU)+ v(epe —i—Tu(a +e ))) +

//27WE2dA //QWTf-ﬁdA— Qmrgy - dds.
'y

Some of the contributions are similar to the elastic energy for plane stress problems (20) or (21), i.e.

E

Wstress = m

(sfw + 5737; +2veppeyy +2(1 —v) Eiy) ,
but there are some more contributions. The factor  will change all expressions for the element stiffness matrices,
i.e. new, slightly more complex Octave codes are required.

Using the Bernoulli principle this energy has to be minimized. It is this minimization problem that is solved,
subject to the boundary conditions (14).
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3 Illustrative Examples

Solving a BVP (Boundary Value Problem) or an IBVP (Initial Boundary Value Problem) with FEM usually
involves three steps:

1. Generate the mesh to be used for the problem. With this step the type of element can be selected, i.e. linear,
quadratic or cubic. The type of boundary conditions are specified.

2. Define the functions describing the problem and then apply the finite element algorithm to generate an
approximate solution.

3. Visualize and analyze the obtained solution.

For all three steps FEMoctave provides tools and the following examples illustrate the procedures.

3.1 Solving elliptic problems, static heat equations
3.1.1 A symmetric problem

On a rectangle 2 = [0, 1] x [0, 2] with Dirichlet boundary I'; at z = 0 and at y = 0 and Neumann boundary Ty
atx = 1 and at y = 2 seek a solution of

—Au = 025 for (z,y) €
=0 for (z,y)el; .
g—;f =0 for (z,y) €'y

The solution is computed and displayed with the help of three commands.

* Divide the x and y axis in subintervalls of length 0.1 and generate the resulting rectangular mesh using
CreateMeshRect (). Use the options ...,-1,-2,-1,-2) to indicate the boundary conditions at
the four edges in order lower, upper, left and right. In this example use the order Dirichlet, Neumann,
Dirichlet, Neumann.

* Use BVP2Dsym () with constant coefficients to generate and solve the system of linear equation by the
FEM.

* Use FEMtrimesh () to display the solution.

| LaplaceRectangle.m |
FEMmesh = CreateMeshRect ([0:0.1:1],[0:0.1:2]1,-1,-2,-1,-2);
%%FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’); %% uncomment to use quadratic elements
$$FEMmesh MeshUpgrade (FEMmesh, ' cubic’) ; %% uncomment to use cubic elements

u = BVP2Dsym(FEMmesh,1,0,0.25,0,0,0);

| figure(l); FEMtrimesh (FEMmesh,u); xlabel(’'x’); ylabel('y’);

Find the result in Figure 5. The above code is using linear elements. To use quadratic or cubic elements uncom-
ment one of the lines with MeshUpgrade ().
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Figure 5: Solution of —Awu = 0.25 on a rectangle

3.1.2 Laplace equation in cylindrical coordinates
The Laplace operator in cylindrical coordinates is given by

82u+82u+82u_1g du i@ 0%u
0x2  0y2 022 pop p@p

Au = g
u PR TIR

Assuming that the solution is independent on the angle 6, then the Laplace equation —Au(p, z) + bo(p, 2) =

f(p, z) is given by
0 ou 0 Jou
“op (Pap> o <p6z> +pbo(p,z) =p f(p.2).

Thus it is in the form of equation (2), with z = p and y = z. As an example consider by(p,z) = 10 and
f(p,z) = 2z. The domain € to be examined is given by 0 < p < 2 and —1 < z < 2 and the boundary
conditions are

du(0
9u(0,2) = 0 symmetry for —1 < z < 2
dp
du(2
ué .2) = —1 flux out of domain for —1 < z < 2
0
u(p,—1) =u(p,2) = 0 given value for0 < p < 2

Since the coefficient functions in (2) are not constants define these functions in Octave and then use BVP2Dsym ()
to solve the problem. Observe that both Neumann boundary conditions are described by the same function
g2(p, z) = =, since g2(0, z) = 0 and g2(2, z) = —1. The code is shown below and find the result in Figure 6.

| LaplaceCylindrical.m |
FEMmesh = CreateMeshRect (linspace(0,2,20),linspace(-1,2,30),-1,-1,-2,-2);
%%FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’); %% uncomment to use quadratic elements
function res = f(rz,dummy) res = rz(:,1)*2.xrz(:,2); endfunction

function res = b0 (rz,dummy) res = 10xrz(:,1); endfunction
function res = a(rz,dummy) res = rz(:,1); endfunction
function res = g2(rz) res = —1lxrz(:,1)/2; endfunction

u = BVP2Dsym(FEMmesh,’a’,’b0’,"£",0,"g2",0);
FEMtrimesh (FEMmesh, u) ; xlabel (' \rho’); ylabel(’'z’);

SHA 9-10-23



3 ILLUSTRATIVE EXAMPLES 23

0.4
0.3
0.2
0.1

,,,«:;%iéi%ié»éi
TR RISLAITSRIISS,
SEZZ A 'e'%;‘ VA'#AVA76 S
AT ILIALATTRS
RSRTRRISFILS
ORI
LD

o -

03 S
0.4

z -0.5 0.5 p

Figure 6: Solution of the Laplace equation in cylindrical coordinates

3.1.3 Diffusion on an L-shaped domain
Examine a BVP on an L-shaped domain, as created in Section 4.1. The equation to be solved is
—Au = 1 for (z,y) €
% = —2u for (x,y)eTl
For this problem there is no Dirichlet condition and it is solved in three steps.
* Generate the L-shaped domain with the help of CreateMeshTriangle ().
* Solve the equations with BVP2Dsym ().
 Display the result with FEMt rimesh () and FEMtricontour ().

* The code below uses linear elements. Uncommenting the line with MeshUpgrade () will solve the same
problem using second or third order elements.

Find the code below and the result in Figure 7.

| DiffusionLshape.m
nodes = [0,0,-2;1,0,-2;1,1,-2;-1,1,-2;-1,-1,-2;0,-1,-21;
FEMmesh = CreateMeshTriangle (' Ldomain’,nodes, 0.02);
FEMmesh = MeshUpgrade (FEMmesh,’cubic’); %% uncomment to use cubic elements

u = BVP2Dsym(FEMmesh,1,0,1,0,0,-2);
figure(l); FEMtrimesh (FEMmesh,u); xlabel ('x'); ylabel('y’); view(-30,30)
| figure(2); FEMtricontour (FEMmesh,u); xlabel (’'x’); ylabel('y’);

3.1.4 A diffusion convection problem

Examine a steady state heat problem on the square 2 = [0, 2] x [0, 2] with constant heating (f(x,y) = +0.1) and
a strong convection in z direction (b, (z,y) = 10) and a weaker convection in y direction (b, (x,y) = 5). This

leads to the PDE 9 9
u u
—-A 10 —+5—=0.1.
U+ O + oy
The temperature on all of the boundary vanishes. This is a problem of type (1). Solve the BVP with the code

below and find the resulting level curves of the temperature in Figure 8.
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| DiffusionConvection.m
FEMmesh = CreateMeshRect (linspace(0,2,51),1linspace(0,2,51),-1,-1,-1,-1);
u = BVP2D (FEMmesh,1,0,10,5,0.1,0,0,0);

figure(l); FEMtricontour (FEMmesh,u,10);

| colorbar(); xlabel (‘x’); ylabel(’'y’); grid on

The above code uses elements of order 1. To use elements of order 2 on a similar mesh one can first generate a
mesh with linear elements and then use MeshUpgrade () to generate a mesh with elements of order 2. Convert
the mesh back to linear elements, but with the identical nodes, i.e. use MeshQuad2Linear () and then display.

| DiffusionConvection.m |
FEMmesh CreateMeshRect (linspace (0,2, 26),1linspace(0,2,26),-1,-1,-1,-1);
FEMmesh = MeshUpgrade (FEMmesh, ’‘quadratic’); %% make a mesh with elements of order 2
u = BVP2D (FEMmesh,1,0,10,5,0.1,0,0,0);
FEMmesh = MeshQuad2Linear (FEMmesh); %% convert to identical mesh with linear elements

figure(l); FEMtricontour (FEMmesh,u,10);
| colorbar(); xlabel ("x"); ylabel('y’"); grid on

3.2 Solving eigenvalue problems

As a first eigenvalue problem compute the eigenvalues and eigenfunctions of the Laplace operator on the unit
disc with Dirichlet boundary conditions, i.e. determine a scalar A and nontrivial function u such that

—Au = Au onunitdiscand u =0 on the boundary.
The goal is to compute the four smallest eigenvalues and display the fourth eigenfunction. Proceed in three steps.
* Use CreateTriangleMesh () to generate the mesh on the unit disc.
* Use BVP2Deig () with constant coefficients to generate and solve the eigensystem.
e Use FEMtrimesh () to display the fourth eigenfunction. Find the result in Figure 9.
* To use second order element, use MeshUpgrade ().

The computed eigenvalues are A\; ~ 5.7857, Ao = A3 ~ 14.6959 and Ay =~ 26.4169. These values coincide
nicely with the squares of the first zeros of the Bessel functions Jy(7), J1(r) and Ja(r), the values of the exact
problem.

| EigenvaluesDisc.m
xM = 0; yM = 0; R=1; N = 160; alpha = linspace(0,N/ (N+1)*2+pi,N)’;
b 4% [xM+Rxcos (alpha) , yM+R+sin (alpha), —ones (size (alpha))];

FEMmesh = CreateMeshTriangle(’circle’,xy,0.0005);

$%FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’) ;

%%%%%%% solve the eigenvalue problem, show the eigenvalues

[la,ve] = BVP2Deig (FEMmesh,1,0,1,0,4);

la,ve,errorbound] = BVP2Deig (FEMmesh,1,0,1,0,4);

eigenvalues = la

errorbound

exact_values = [fsolve (@ (x)besselj(0,x),2.3), fsolve(@(x)besselj(l,x),3.8),...
fsolve (@ (x)besselj(2,x),5)]1.72

figure(l); FEMtrimesh (FEMmesh,ve(:,4)); xlabel(’'x’); ylabel('y’);
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Figure 9: The fourth eigenfunction of Au = A on a disc

The result shows the first 4 eigenvalues and their corresponding error bounds. The error bounds of 10~28 for
the first eigenvalue is not to be taken too seriously, it just means accurate up to machine precision as eigenvalue
of the global stiffness matrix. Observe that these are the eigenvalues of the FEM approximation to the boundary
value problem. They are close to the eigenvalues of the continuous problem, i.e. the squares of the zeros of the
Bessel functions.

| Octave
eigenvalues = 5.7857
14.6959
14.6961
26.4169
errorbound = 2.547%e-12 1.6604e-28

2.917%e-12 7.0763e-16
3.2020e-12 7.2782e-15
3.558%e-12 2.3726e-28

| exact_values = 5.7832 14.6820 26.3746

In cylindrical coordinates the Laplace operator is given by

10 ( 8u(r,0)) 1 Ou(r,0)
- (r— )+ = —F5
r or or r2 962

For purely radial solutions the eigenvalue problem on a disk of radius R leads to

Au(r,8) =

—(rd/(r)) = Aru(r) for 0<r<R
W'(0) = 0
u(R) = 0

This equation can be solved with the help of BVP1Deig (). Find the graphical result for the first four radial
eigenfunctions in Figure 10(a). The exact values are the squares of the zeros® of the Bessel function Jy(r).

The function £solve () is used to determine the zeros. To find approximate values use a plot of the function bessel7 (0, x) .
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Obviously the first eigenvalue coincides with the above 2D approach. The other eigenvalues differ, since the
above code takes angular dependence into account, while BVP1Deig () examines radial dependence exclusively.

| EigenvaluesDisk1D.m |
R =1; N = 40; interval = linspace(0,R,N)’;
f r=20(r)r;
[r,eVal,eVec] = BVPlDeig(interval,f_r,0,0,f_r,[0,0],0,4);

figure(l); plot(r,eVec); xlabel('r’); ylabel('u’);
legend(’1’,"2’,"3",74",’location’,’southeast’)
eVal_FEM = eVal’
exact_values [fsolve (@ (x)bessel](0,x),2.3),fsolve (@ (x)bessel](0,x),5.4), ...
fsolve (@ (x)besselj(0,x),9),fsolve(@(x)besselj(0,x),12)]."2

——>
eVal_FEM = 5.7832 30.4713 74.8872 139.0416
exact_values = 5.7832 30.4713 74.8866 139.0403

0 0.2 04 06 0.8 1 0 0.2 04 06 08 1
r r

(a) pure radial dependence u(r) (b) with angular dependence u(r) sin(0)

Figure 10: The first four radial eigenmodes of the Laplace operator on a disk of radius 1, for u(r) and u(r) sin(0)

To obtain the eigenfunctions with angular dependence use separation of variables. With function f(r,0) =
u(r) sin(n 6 4 0) obtain

g, 0f(r,0) 1 0f(r0)
oo VTR e
g, 0
= (i 3 (r gr(r) —n? ?}Zu(r)> sin(nd +9) .

Afr6) = -

Thus the corresponding eigenvalue problem is

—(ru/(r)) + %nQ u(r) = Aru(r) for 0<r<R
W' (0) = 0
u(R) = 0

Find the result for n = 1 of BVP1Deig () in Figure 10(b). The exact values are the squares of the zeros of the
Bessel function J,, (7).
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| EigenvaluesDisk1D.m
n=1; n2_r = @(r)n"2./r;
[r,eVal2,eVec2] = BVPlDeig(interval,f_r,0,n2_r,f r,[0,0]1,0,4);

figure(2); plot(r,eVec2); xlabel ('r’); ylabel('u’);
legend(’1’,72’,73",74","location’,’southeast’)
eVal2_FEM = eVal2’

exact_values2 = [fsolve (@ (x)besselj(n,x),4),fsolve(d(x)besselj(n,x),7),...
fsolve (@ (x)besselj(n,x),10),fsolve (@ (x)besselj(n,x),13)]."2

—>

eVal2_FEM = 14.682 49.219 103.500 177.523

| exact_values2 14.682 49.218 103.499 177.521

3.3 Solving parabolic problems, dynamic heat equations

As an example solve the dynamic heat equation

ou ou ou
— — A 10— +5—=0.1 fi 0 2
5 U+ 6x+ oy or <z, y<

with zero Dirichlet boundary conditions and the initial temperature

The solution is computed at 7 equally spaced times ¢; between 0 and 0.1. In-between 10 steps are taken, but the
solution is not returned. Find the result of the code below in Figure 11. At time 0 the maximal value is attained
at (z,y) = (3,1). The convection term +10 % +5 %;j then moves the point of maximal temperature to the
upper right section of the square. For large times ¢ the solution will converge to the steady state solution shown
in Figure 8 in Section 3.1.4.

| HeatDynamic.m
%% generate the mesh
FEMmesh = CreateMeshRect (linspace(0,2,31),1linspace(0,2,31),-1,-1,-1,-1);
x = FEMmesh.nodes(:,1);y = FEMmesh.nodes(:,2);
%% setup and solve the initial boundary value problem
m=1; a=1; b0=0; bx=10; by=5; f=0.1; gD=0; gN1=0; gN2=0;
t0=0; tend=0.1 ; steps = [6,10];
u0 = zeros(length (FEMmesh.nodes),1);
ul0 = 0.005% (2-x) ."2.xx.*y.x (2-y) ;
[u_dyn,t] = IBVP2D(FEMmesh,m,a,b0,bx,by, £f,9D,gN1l,gN2,u0,t0,tend, steps);
%% show the animation on screen
u_max = max(u_dyn(:));
for t_ii l:1length(t)

figure(2); FEMtrimesh (FEMmesh,u dyn(:,t_ii))

xlabel ('x"); ylabel ('y’); caxis([0,u_max]); axis([0 2 0 2 0 u_max]); drawnow();
figure(3); FEMtricontour (FEMmesh.elem,x,y,u_dyn(:,t_1ii),linspace(0,0.99xu_max,11))
xlabel ("x"); ylabel ('y’); caxis([0,u_max]); drawnow();

pause (1)

| endfor

3.4 Solving hyperbolic problems, wave equations

As an example solve the wave equation
0% u

W—AUZO for 22 +y?> <6
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with zero Dirichlet boundary conditions, the initial displacement
u(0,2,y) = uo(w,y) = 0.1 exp(—(z — 1)* = y*) (R* —a® — y*) /R

and zero initial velocity vg = 0. This assures compatible initial values, i.e. the boundary condition is satisfied
at time ¢ = 0. The solution is computed at 15 equally spaced times ¢; between 0 and 7. In-between 30 steps
are taken, but the solution is not returned. The solution is returned at 15 times, leading to Figure 12. This initial
hump is traveling towards the boundary of the circle with speed 1, where it is reflected. More examples are shown
in Sections 9.2 and 9.12.

| WaveDynamic.m
%% generate a circle
alpha = linspace(0,2*pi,101)’; alpha = alpha(l:end-1); R = 6;
xy = [Rxcos(alpha),R*xsin(alpha),-ones(size(alpha))];
if 1 %% linear elements
FEMmesh = CreateMeshTriangle (’Circle’,xy,0.03);
else %% quadratic elements
FEMmesh = CreateMeshTriangle(’Circle’,xy,4x0.03);
FEMmesh = MeshUpgrade (FEMmesh) ;
endif

x = FEMmesh.nodes(:,1); y = FEMmesh.nodes(:,2);

v0 = zeros(size(x));

u0 0.1xexp (=1 ((x-1).72+y."2)); u0 = ul0.x(R"2-x."2-y."2) /R"2;

% setup and solve the initial boundary value problem

m=1; d=0; a=1; b0=0; bx=0; by=0; £f=0; gD=0; gN1=0; gN2=0;

t0=0; tend=7 ; steps=[14,30];

tic();

[u_dyn,t] = I2BVP2D (FEMmesh,m,d, a,b0,bx,by, f,gD,gN1,gN2,u0,v0,t0,tend, steps);
toc()

o\°

figure(l) %% show the animation on screen
for t_ii = l:length(t)
FEMtrimesh (FEMmesh,u_dyn(:,t_ii))
xlabel ("x"); ylabel('y’); axis([-R R =R R -0.05 0.05])

caxis([-0.05 0.05]); text (4,-2,0.04,sprintf (' t=%2.1f’,t (t_1i1)))
drawnow () ; pause(0.3)

endfor

—>

Elapsed time is 0.93231 seconds.

3.5 Solving 1D steady state boundary value problems
To solve the BVP

—u'(z) = (1-2)2 for 0<z<3
u(0) = 2
u(3) = -2

on an interval with 19 nodes use the code in ODE1 . m, leading to Figure 13(a).

* The initial grid consists on N — 1 = 9 subintervals. The algorithm adds the midpoints and thus there are
2-9+ 1 = 19 nodes.

* The Dirichlet condition u(0) = 2 allows to remove one equation and consequently A will be a 18 x 18
matrix.
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Figure 12: Solution of a wave equation
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* Of the possible 18 - 18 = 324 entries in the stiffnes matrix A only 68 are different from zero. The nonzero
entries are in a band of width 5 around the diagonal of A, visible in Figure 13(b). This figure was generated
by (temporarily) adding a command spy (A) in the code BVP1D.m.

| ODEl.m
N = 10; x = linspace(0,3,N);
[xn,u] = BVP1D(x,1,0,0,1,Q(x) (1-x)."2,2,[-2,01);
figure(l); plot(xn,u)

xlabel ("x"); ylabel("u’)

3.4 ‘ ‘ ‘ ; ‘ l —
32} ] L
3 ] S M
28 [ : : : * *
> * x o»
26 B 1 10 - * * ok
24 IR
22 B - 15 - * »
2 L L L L L ‘ ‘ ‘ > e o
0 05 1 15 2 25 3 0 5 10 15
X nnz = 68
(a) the solution u(x) (b) the sparsity of A

Figure 13: The solution for a simple 1D boundary value problem and the sparsity of the matrix A

The constant and uniform heating of a ball of radius R can be described by a boundary value problem. The
constant f indicates how much thermal energy is added to the ball per volume and time.

N

—%(rzagy) = r2f for 0<r<R
& u(0)
u(R) =

This BVP determines the steady state solution. The code below and the resulting Figure 14(a) confirms that the
maximal temperature is attained at the center of the ball.

| HeatBall1D.m
R=5; f£=23; N=10; r = linspace(0,R,N);
[r,u] = BVP1D(r,@Q(r)r."2,0,0,@(r)r."2,£,[0,0],0);
figure(l); plot(r,u); xlabel(’radius r’); ylabel ('temperature u’)

The thermal energy generated inside the radius r is given by f 4{ 3 and should be equal to the flux through

the sphere with radius , i.e. 4712 agg)' The code below and the resulting Figure 14(b) confirms this observa-

tion.
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Figure 14: The solution of a steady state heat problem and the heat flux across spheres of radius r

| HeatBall1D.m
r_fine = linspace(0,R,1001);
[u_fine,du_fine] = pwquadinterp(r,u,r_fine);

figure(2); plot(r_fine, fx4/3xpi*r_fine."3,r_fine,-4xpixr_fine. 2.+du_fine)
xlabel (' radius r’); ylabel(’thermal energy’)
legend(’energy generated’,’energy flux’,’location’,’northwest’)

3.6 Solving 1D dynamic initial boundary value problems of order 1, a heat equation

The initial boundary value problem describing the dynamics of heating a ball with radius R and initial temperature
u(r,0) = up(r) = 0 is given by

2 % u(z,t) — % (r2 Zu(r,t) = r2f(r,t) for 0<r<R and t>0
% u(0,t) = 0 for t>0
u(R,t) = 0 for t>0
u(r,0) = 0 for 0<r<R

This assumes that the temperature u(, t) depends on time ¢ and radius 7 only and the temperature on the boundary
r = R1is kept at 0 . Find the graphical output of the code below in Figures 15 and 16.

| HeatingBallRadial.m |
R = 3; BCleft = [0,0]; BCright = 0; f = 1;
u0 = 0; t0 = 0; t_end = 3;

steps = [10,10]; dinterval = linspace(0,R,11);
r_square = @(r) r."2;
[r,u,t] = IBVP1D(interval,r_square,r_square,0,0,r_square, £f,BCleft,BCright, ...

u0,t0,t_end, steps);

figure(l); plot(r,u(:,end))

xlabel (' radius r’); ylabel ('temperature u at t=t_{end}’)
figure(2); plot(t,u(l,:))

xlabel ("time t’); ylabel ('temperature u at r=R’)
figure(3); mesh(t,r,u)
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xlabel ("time t’); ylabel(’radius r’); zlabel ('temperature u’)
figure(4); contour(t,r,u, [0.25:0.25:1.5])
xlabel (‘time t’); ylabel(’radius r’');

N
N

3 «
R 15}
= ©
S >
(0]
% 1+ E 11
© ©
= [0}
So05¢ 205/
5 8
0 T 0 e
0 05 1 15 2 25 3 0 05 1 15 2 25 3
radius r time t
(a) at final time t = teng (b) at borderr = R

Figure 15: The solution of dynamic heating of a ball, u as function of r or ¢

temperature u

t|me t 0 05 1 15 2 25
time t

radius r

Figure 16: The solution of dynamic heating of a ball, u as function of 7 and ¢. The contours are at levels u = 0.25,
0.50, 0.75, 1.00 and 1.25.

3.7 Solving 1D dynamic initial boundary value problems of order 2, a wave equation

The initial boundary value problem describing the dynamics of a vibrating string with initial displacement

sin(z) for 0<ax<m

u(z,0) = ug(z) = {

0 for 1<z <37
and initial velocity
0 —cos(x for 0<z<m
—u(z,0) =uy(z) = (@)
ot 0 for mt<z<37w
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is given by
2 u(a,t) — Lyu(a,t)) = 0 for 0<z<3m and ¢>0
u(0,t) = 0 for t>0
Lu(3m,t) 0 for t>0
u(z,0) uo(x) for 0<z<3m
% u(z,0) = wui(x) for 0<zx<37

Find the graphical output of the code below in Figures 17 and 18.

| WavelD.m
a=1;, b=0; ¢c=0; d=1; £ = 0;
w2 = 1; wl = 0; BCleft = 0; BCright = [0,0];
t0 = 0; tend = 25; steps = [100,20];
interval = linspace(0,3*pi,51)’;
ul = @(x)sin(x) .* (x<=pi); ul = @ (x)-cos(x).*x (x<=pi);

[x,u,t] = I2BVP1D (interval,w2,wl,a,b,c,d, f,BCleft,BCright,u0,ul,t0,tend, steps);

figure(l); mesh(t,x,u); xlabel (‘time t’); ylabel('position x’); zlabel('u’)
xlim([min(t),max(t)]); ylim([min(x),max(x)])

figure(2); contour(t,x,u,21l); xlabel (‘time t’); ylabel('position x’);
colorbar

I |

The initial hump of the form sin(z) for 0 < x < 7 is moving to the right with speed ¢ = 1. At the border at
x = 3 the pulse is reflected, caused by the Neumann boundary condition a% u(Bm,t) = 0. Then is is moving
back toward the border at x = 0. There it is reflected again, but with the negative of the amplitude, caused by the
Dirichlet boundary condition u(0,¢) = 0.

position x 2 S 5 fime

Figure 17: The amplitude of a vibrating string, u as function of z and ¢, the surface
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Figure 18: The amplitude of a vibrating string, w as function of x and ¢, the contour lines

3.8 Solving nonlinear 1D boundary value problems
3.8.1 A nonlinear 1D BVP solved by BVP1DNL ()

As example consider the boundary value problem

—% u(z) = 3+a(ru(z)+sin(u(z)) for—1<z<2
u(=1) = 1
u(+2) = 4
with the parameter a = 0.1 . The right hand side and its partial derivative are given by
1
flz,u) = 5 to (xu(x) + sin(u(x)))
0
— f(z,u) = 04 a(x—cos(u(x)))

ou

and as initial guess for the solution use ug(z) = 1 + . This nonlinear problem is then solved by the code below
in NL_Newton.m . The iteration stopped after 3 steps. The progress of the iteration is displayed and the size of
the last correction applied is ~ 5- 1077 .

| NL _Newton.m
interval = linspace(-1,2,40)’;
al = +0.1;
f = {@(x,u)0.5+alx (x.~xu+tsin(u)), @(x,u)+alx(x-cos(u))};

BCleft = 1; BCright = 4;

ul = @(x)2+x;

[x,u,inform] = BVP1DNL(interval,1,0,0,1, f,BCleft,BCright,ul,’Display’,’iter’);
inform

figure(l); plot(x,u); xlabel(’'x’); ylabel('u’)

—>

iteration 1, RMS(correction) = 1.456674e-02, RMS(phi) = 1.695340e-02
iteration 2, RMS (correction) 8.392369e-05, RMS (phi) 9.773978e-05
iteration 3, RMS(correction) = 4.809044e-07, RMS(phi) = 5.599476e-07

inform = scalar structure containing the fields:
info =1
iter =3

AbsError = 4.8090e-07
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3.8.2 A nonlinear 1D BVP solved by successive substitution

To find the shortest connection of the form y = u(z) between two points at z = a and x = b the length functional

b
L(u) = / V1+ (W(2))? dz

has to be minimized. The corresponding Euler—Lagrange equation is

d 1 d
- Un)) (29)
dr \ \/1+ (u/(2))? du
As example search the connection between (z,y) = (0,1) and (1, 2), i.e. with the two boundary conditions
u(0)=1 and wu(l)=2

The straight line is easily determined by BVP1DNL () .

| ShortestConnection.m
interval = linspace(0,1,21)";
a = @(x,u,du) 1./sgrt(l+du.”2);
u0 = @(x)2-cos (2+pix*x);
[x,u,inform] = BVPI1DNL(interval,a,0,0,1,0,1,2,u0,’Tol’,1le-4);
figure(l); plot(x,u); xlabel ('x’); ylabel('u’)

inform

—>

inform = scalar structure containing the fields:
info = 1
iter = 8

AbsError = 1.1468e-04

Since the coefficient 1

1+ (u/)?

depends on 1’ a successive substitution is used and it takes many iteration to converge.

a(z,u,u') =

As second problem search for the shortest connection with ©(0) = 1 and a(v/(1)) v/(1) = «, i.e.

1

Jirwap T

For a = 0.5 the code below generates the result with 7 iterations. At the end of the code the values of u(1), u/(1)
and the boundary condition are computed.

| ShortestConnection.m |
interval = linspace(0,1,21)';
a = Q(x,u,du) 1./sqgrt(l+du.”2);
alpha = 0.5;
ul0 = @(x)1+x-0.3* (1-cos (2*pix*x));
[x,u,inform] = BVP1DNL(interval,a,0,0,1,0,1, [alpha,0],u0,
"tol’, le-6,"'MaxIter’,50,’tol’,le-4,’'Display’,’iter’);
figure(l); plot(x,ul(x),x,u); xlabel('x’); ylabel('u’)
legend(’u_0’,’u’,’location’, 'northwest’)
inform
du = FEMlDEvaluateDu(x,u) ;
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u_end_du_end = [u(end) du(end) du(end)*a(0,0,du(end)) ]
—>
iteration 1, RMS of correction = 2.424606e-01
iteration 2, RMS of correction = 3.402180e-02
iteration 3, RMS of correction = 1.014111e-02
iteration 4, RMS of correction = 2.689617e-03
iteration 5, RMS of correction = 6.834600e-04
iteration 6, RMS of correction = 1.715824e-04
iteration 7, RMS of correction = 4.294086e-05
inform = scalar structure containing the fields:
info =1
iter = 7

AbsError = 4.2941e-05

u_end du end = 1.5774 0.5774 0.5000

It is easy to see’ that for o > 1 there is no solution. The above code for a = 0.9 will converge only after 28
iterations. For a > 1 it will not converge!

3.9 Plane elasticity
In this section a typical plane stress situation is examined and the related commands illustrated. This is followed
by a similar plane strain situation.
3.9.1 A plane stress example
On a trapezoidal domain visible in Figure 19(a) a plane stress problem is set up.
* The material parameters £ and v describe copper.

* At the lower edge at y = 0 the displacements are zero, i.e. uj(z,0) = ug(x,0) = 0 for —0.05 < z <
+0.05.

* The other edges are force free.

* On all of the domain a force density of f = (0, %) ~ (0, 3333) is given. Thus the solid is pushed in
gy direction.

* An initial mesh is generated with the help of t riangle and then upgraded to a mesh with second order
elements.

With a call of PlaneStress () the displacements #; and s are computed and then displayed, leading to
Figure 19.

| PlaneStressExample.m
W= 0.1; H= 0.3; Load = 100; E = 110e9; nu = 0.35; %% copper
FEMmesh = CreateMeshTriangle (' Examplel’, ...
[-w/2 0, -11; +W/2 0 -22; W/4 H -22; -W/4 H -22]1,0.0001);
figure(l); FEMtrimesh (FEMmesh)
xlabel ("x’); ylabel('y"); axis equal

"The Euler-Lagrange equation implies that u'(x) = # is a constant. Then the equation ﬁi = = « has to be solved, leading to
B = — The monotonous increasing function f(z) = T with the limits lim,_, 1o f(z) = &1 shows that the BVP has a

solution for —1 < a < +1.
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(a) the domain (b) the displacement w1 (c) the displacement uz
Figure 19: The computational domain and the two displacement functions u; and ug
FEMmesh = MeshUpgrade (FEMmesh, "quadratic’); %% uncomment for second order elements
f = {0,Load/ (H#W) }; gb = {0,0}; gN = {0,0};
[ul,u2] = PlaneStress (FEMmesh, E,nu, £,gD,gN) ;

figure(2); FEMtrimesh (FEMmesh,ul)

xlabel ("x'); ylabel ('y’); zlabel('u_1"); view([50,301])
figure(3); FEMtrimesh (FEMmesh,u2)
xlabel ("x’); ylabel('y’); zlabel('u_2’); view([50,30])

With EvaluateStrain () the three strains €., €,y and ., are determined at the nodes and displayed,
leading to Figure 20. The Saint—Venant’s principle at the lower edge y = 0 is clearly visible.

5e-10 1e-08 6e-09
0 8e-09 | 4e-09
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Figure 20: The normal strains €, £y, and the shearing strain €,
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| PlaneStressExample.m
[eps_xx,eps_yy,eps_xy] = EvaluateStrain (FEMmesh,ul,u?2);
figure(4);

subplot (1,3,1);
subplot (1,3,2);

subplot (1, 3, 3);

FEMtrimesh (FEMmesh, eps_xx)
xlabel ("x"); ylabel('y");
FEMtrimesh (FEMmesh, eps_yy)
xlabel ("x"); ylabel('v");
FEMtrimesh (FEMmesh, eps_xy)
xlabel ("x"); ylabel('v");

zlabel (" \epsilon_{xx}’); view([50,30])

zlabel (" \epsilon_{yy}’); view([50,307])

zlabel (" \epsilon_{xy}’); view([50,30])

With EvaluateStress () the three stresses o, o, and 7., are determined at the nodes and displayed,
leading to Figure 21. The Saint—Venant’s principle at the lower edge y = 0 is again clearly visible.
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Figure 21: The normal stresses o, and o, and the shearing stress 7,

[sigma_x, sigma_y,tau_xy]

figure(5);
subplot (1,3,1);

subplot (1,3,2);

subplot (1,3, 3);

PlaneStressExample.m
EvaluateStress (FEMmesh,ul,u2, E, nu) ;

FEMtrimesh (FEMmesh, sigma_x)
xlabel (' x"); ylabel('y’); zlabel(’\sigma_x');
FEMtrimesh (FEMmesh, sigma_y)
xlabel ('x’); ylabel('y’); zlabel (’\sigma_y’);
FEMtrimesh (FEMmesh, tau_xy)

view([50,30])

view([50,301)

xlabel (' x"); ylabel ('y’); zlabel (’\tau_{xy}’); view([50,30])

With the two commands EvaluateVonMises () and EvaluateTresca () the von Mises stress and the
Tresca stress are computed and displayed, leading to Figure 22. At the end of the code the two principal stresses
o1 and o9 are computed, but not displayed.

i
» 1000
[72]
g 800 \
3 600 | '
& 400
= 200 L
p > o
0506/”7"”»vm, 2
0150, e 684 X
y a-250@_35 0.8
(a) von Mises stress (b) Tresca stress
Figure 22: The von Mises and Tresca stress
| PlaneStressExample.m
vonMises = EvaluateVonMises (sigma_x, sigma_y,tau_xy);

figure(6); FEMtrimesh (FEMmesh,vonMises)
xlabel ('x’); ylabel(’'y’); zlabel(’von Mises stress’); view([120,30])

SHA 9-10-23



3 ILLUSTRATIVE EXAMPLES 41

Tresca = EvaluateTresca(sigma_x, sigma_y,tau_xy) ;
figure(7); FEMtrimesh (FEMmesh, Tresca)

xlabel ("x’); ylabel(’'y’); zlabel(’Tresca stress’); view([120,30])
[sl,s2] = EvaluatePrincipalStress(sigma_x,sigma_y,tau_xy);

3.9.2 A plane strain example
On the trapezoidal domain visible in Figure 19(a) a plane strain problem is set up.
* The material parameters ' and v describe copper.

* At the lower edge at y = 0 the displacements are zero, i.e. u;(z,0) = u2(x,0) = 0 for —0.05 < z <
+0.05.

* At the upper edge at y = 0.3 the horizontal displacements is set to +0.01 and the vertical displacement is
zero.

* The edges on the side are force free.

—

* There is no volume force applied to the domain, i.e. f = 0.

* An initial mesh is generated by deforminag a regular, rectangular mesh, and then upgraded to a mesh with
second order elements.

With a call of PlaneStrain () the displacements u; and 4o are computed and then displayed, leading to
Figure 23. A corser mesh on the same domain is generated and then used to display the original and deformed
domain. Find the result in Figure 23(a) with the original domain in green and the deformed domain in red.

0.3
0.25 0.002
0.2 0.001
> o 0
0.15 >
-0.001 g
0.1 \
-0.002 g )
0.05 0.6
o Yoo 9 \///0@93
02 01 0 01 02 x "qgoe g 0Py
X
(a) the original and deformed domain (b) the displacement w1 (c) the displacement uz

Figure 23: The computational domain and the two displacement functions u; and ug

| PlaneStrainExample.m
W=20.1; H=0.3; E=110e9; nu = 0.35; %% copper

FEMmesh = CreateMeshRect (linspace (-W/2,W/2,10),1linspace(0,H,30),-11,-11,-22,-22);
function xy_new = Deform(xy)

xy_new = [xy(:,1).*(1-0.5/0.3*xy(:,2)) , xy(:,2)1;
endfunction
FEMmesh = MeshDeform (FEMmesh,’Deform’) ;
CMesh = CreateMeshRect (linspace(-W/2,W/2,6),linspace(0,H,20),-11,-11,-22,-22);
CMesh MeshDeform(CMesh, 'Deform’ ); %% create a course mesh on the same domain
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FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’);

f =1{0,0}; gN = {0,0};
function res = gD (xy)

res = +(xy(:,2)>0.1)%0.01;
endfunction

[ul,u2] = PlaneStrain(FEMmesh,E,nu,f, {"gD’,0},gN);

uli = FEMgriddata (FEMmesh,ul,CMesh.nodes(:,1),CMesh.nodes(:,2));
u2i FEMgriddata (FEMmesh, u2,CMesh.nodes(:,1),CMesh.nodes (:,2));
figure(l); ShowDeformation(CMesh,uli,u2i,?2)

axis equal; xlabel (‘x’); ylabel(’'y’); ylim([0,0.35])
figure(2); FEMtrimesh (FEMmesh,ul)

xlabel ("x’); ylabel ('y’); zlabel('u_1"); view([50,30])
figure(3); FEMtrimesh (FEMmesh,u2)

xlabel ("x"); ylabel('y"); zlabel('u_2’); view([50,30])

With EvaluateStrain () the three strains €., €,y and ., are determined at the nodes and displayed,
leading to Figure 24.

0015 4 0.04 0.015
0.005 | 0.02 / 0.01 |
-0.015 ‘ B
-0.02 -0.04 0005 | %

° %6%2 5@350 6%2 9553’35
%2%406 00@5 59 0%2% 00@5 %2% 00@5 5@

Figure 24: The normal strains €., €4, and the shearing strain €,

ng) 38 %6%2

| PlaneStrainExample.m

[eps_xx,eps_yy,eps_xy] = EvaluateStrain (FEMmesh,ul,u?2);
figure(4);
subplot (1,3,1); FEMtrimesh (FEMmesh, eps_xx)

xlabel ('x"); ylabel ('y’); zlabel (' \epsilon_{xx}’); view([50,30])
subplot (1, 3,2); FEMtrimesh (FEMmesh, eps_yy)

xlabel ('x’); ylabel ('y’); zlabel(’\epsilon_{yy}’); view([50,30])
subplot (1, 3,3); FEMtrimesh (FEMmesh, eps_xy)

xlabel ('x’); ylabel ('y’); zlabel(’\epsilon_{xy}’); view([50,30])

With EvaluateStress () the three stresses o, o, and 7., are determined at the nodes and displayed,
leading to Figure 25. Observe that the function EvaluateStress () is called with for four return arguments,
including o,. This assures that the plane strain expressions are used for the computations.

| PlaneStrainExample.m
[sigma_x,sigma_y,tau_xy,sigma_z] = EvaluateStress (FEMmesh,ul,u2,E, nu);
figure(5); title(’stress’)

SHA 9-10-23



3 ILLUSTRATIVE EXAMPLES 43

2e+09 6+09 1.5e+09

1e+09 4e+09 |
0 ‘ { 26+09 / 1e+09 ;;

& -1e+09 & 0 ’ F 5e+08 !

2e+09 f -2e+09 0 a8

-3e+09 -4e+09 10 |

-4e+09 -6e+09 -5e+08 | W L P

_0 0 7 \§
By et W ey g

Be o 088 e 0008 Bte 0088y

Figure 25: The normal stresses o, and o, and the shearing stress 7,

subplot (1,3,1); FEMtrimesh (FEMmesh, sigma_x)

xlabel ('x’); ylabel ('y’); zlabel (’\sigma_x’'); view([50,30])
subplot (1, 3,2); FEMtrimesh (FEMmesh, sigma_y)

xlabel ('x"); ylabel ('y’); zlabel(’\sigma_y’); view([50,30])
subplot (1, 3,3); FEMtrimesh (FEMmesh, tau_xy)

xlabel (' x"); ylabel ('y’); zlabel (’\tau_{xy}’); view([50,30])

With the two commands EvaluateVonMises () andEvaluateTresca () the von Mises stress and the
Tresca stress are computed and displayed, leading to Figure 22. Observe that four input arguments are given for
the functions EvaluateVonMises () and EvaluateTresca (), including o.. This assures that the plane
strain expressions are used for the computations. At the end of the code the two unknown principal stresses o
and o9 are computed, but not displayed.

(a) von Mises stress (b) Tresca stress

Figure 26: The von Mises and Tresca stress

PlaneStrainExample.m
vonMises = EvaluateVonMises (sigma_x, sigma_y,tau_xy,sigma_z) ;
figure(6); FEMtrimesh (FEMmesh,vonMises)

xlabel ("x'); ylabel ('y’); zlabel("von Mises stress"); view([120,30])
Tresca = EvaluateTresca(sigma_x,sigma_y,tau_xy,sigma_z);
figure(7); FEMtrimesh (FEMmesh, Tresca)

xlabel ("x'); ylabel('y’); zlabel("Tresca stress"); view([120,30])
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[sl,s2] = EvaluatePrincipalStress(sigma_x, sigma_y,tau_xy);

3.9.3 A plane stress eigenvalue problem

Examine an Aluminum beam of length | = 0.2, height H = 0.01 and width W = 0.01. The beam is clamped on
the left at z = 0 and the other boundaries are free. According to the Euler beam theory® the frequency of the first

eigenmode is given by
2VEI

2m\/pHW L?

With FEMoctave use the command PlaneStressEig () to determine the first eigenvalue and the corre-
sponding eigenmode. A mesh with 80 second order elements is used. The code determines the frequency and the
horizontal and vertical displacements, see Figure 27.

freq = ~ 205.63 Hz .

| EulerBeamModel.m
clear
L =0.20; H=0.01;
E = 70e9; nu = 0.33;
I2 = 1/12H"3xW;

W 0.01; rho = 2.7e3;

%% Aluminum

f = @(z) 1l+cos(z) .xcosh(z); %% clamped at x=0, free at x=L

z0 = fsolve(f,pi/2);

fregEuler = z0"2+sqrt (ExI2/ (rho*HxW)) / (2+pi*L"2)

Nx = 20; Ny = 2;

Mesh = CreateMeshRect (linspace (0,L,Nx+1),linspace (0, +H,Ny+1),-22,-22,-11,-22);
Mesh = MeshUpgrade (Mesh, 'quadratic’);

[la,ul,u2] = PlaneStressEig(Mesh,E,nu,rho,1);

fregFEM = sqgrt (la)/ (2*pi)

ul = ul/max(abs(u2))/100; u2 = u2/max(abs(u2))/100;

figure(l) ;FEMtrimesh (Mesh,ul); xlabel ('x’); ylabel('y’); zlabel('u_1")
figure(2) ;FEMtrimesh (Mesh,u2); xlabel(’x’); ylabel('y’); zlabel('u_2')

—>
fregEuler = 205.63
fregfEM = 205.69

3.10 An axially symmetric elasticity example

A rectangular domain 0 < r =2 < R=0.1and —2 R < z < 2 R is rotated about the z—axis and on the middle
section —R < z < R of the surface an external pressure of the form

P(R?—2%) for|z| <R
p(z) =
0 for |z| > R

is applied. The aim is to determine the radial displacement w, and the z—displacement w, as function of x = r
and z.

* Due to the symmetry only the upper half of the cylinder has to be examined, with the boundary condition
u, = 0 in the plane z = 0.

* Along the z—axis the boundary condition is u, = 0.

$The coefficient zo ~ 1.8751 is the first zero of the function f(z) = 1 — cos(z) cosh(z) and I = &5 W H? is the second moment of
the cross section.
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(a) displacement u; in z—direction (b) displacement uz in y—direction

Figure 27: The first eigenmode of a bending beam

* The upper edge is force free.
* Along the right edge at » = R the external pressure is applied.

As a first step create the mesh, define the pressure funcation and the matreial parameters. Then solve the problem
using the function AxiStress ().

| AxiSymmetricExample.m

R=20.1;
if 0 %% nonuniform mesh

Mesh = CreateMeshTriangle (’AxiSymm’, [0 O —=21; R 0 =32; R 2%R -22; 0 2xR -12],1e-4);
else

Mesh = CreateMeshRect (linspace(0,R,10),linspace(0,2%*R,20),-21,-22,-12,-32);
endif
Mesh = MeshUpgrade (Mesh, 'quadratic’);

function res = force(rz)
R =0.1; P = le5; res = -P+xmax(R"2-rz(:,2).72,0);
endfunction

E =1e9; nu=0.3; £ = {0,0}; gb = {0,0}; gN = {"force’,0};
[

| ur,uz] = AxiStress (Mesh,E,nu, f,gD,gN);

With this solution the original and deformed mesh can be displayed, leading to the left part of Figure 28.

| AxiSymmetricExample.m |
factor = 0.1+R/max(sqgrt (ur.”2+uz."2));
figure(l); ShowDeformation (Mesh,ur,uz,factor); xlabel('r’); ylabel(’z’); axis equal;

|
With the displacements u, and u, evaluate stresses by using the functions EvaluateStressAxi () and
EvaluateVonMisesAxi ().

| AxiSymmetricExample.m
[sigma_x,sigma_y, sigma_z,tau_xz] = EvaluateStressAxi (Mesh,ur,uz,E,nu);
figure(12); FEMtrimesh (Mesh, sigma_x)
xlabel ("r’"); ylabel('z")

figure(13); FEMtrimesh (Mesh,sigma_y)
xlabel ("r’); ylabel("z")

; zlabel (! \sigma_x')

; zlabel (" \sigma_y’)
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Figure 28: The original and deformed domain and the von Mises stress for an axially symmetric setup

figure(14); FEMtrimesh (Mesh, sigma_z)
xlabel ('r"); ylabel(’z’); zlabel (’\sigma_z’)

vonMises = EvaluateVonMises (sigma_x,sigma_y,sigma_z,tau_xz);
figure(15); FEMtrimesh (Mesh,vonMises)
xlabel ("r’); ylabel(’z’); zlabel(’von Mises’); view(-125,30])
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Figure 29: Stresses for an axially symmetric setup
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4 The Commands of FEMoctave

In this section find the documentation for the commands provided by FEMoctave. A considerable part of this
documentaion is also available by using the command he1p within Octave, e.g. help BVP2D.

4.1 Commands for 2D meshes: creation and modification
4.1.1 Structure of a mesh

The main information of a mesh, as shown in Section 6.1 is given by the position of the nodes (points), the
corresponding triangles and the boundary edges. A mesh consists of

Nn  nodes, with their (x,y) coordinates,
Ne elements, with 3 (or 6) nodes forming one triangle,
Nb boundary edges, with 2 (or 3) nodes forming one edge.
In FEMoctave this information is stored as a structure with an arbitrary name, but the elements of the structure

require specific names, as shown in Table 4. The first 6 of these elements can be modified by the user and contain
all the necessary information on the mesh to be used.

* type: astring indicating the order of the element, currently 1 inear, quadratic or cubic.

* nodes: this Nn x 2 matrix contains the coordinates (z;,y;) of the nodes numbered by 1 < i < Nn. The
entries are real numbers.

* nodesT: this Nn vector of integers contains the information of the type of nodes. If the entry in row ¢
equals O then node 7 is a DOF, i.e. the value of the solution is not prescribed. If the entry in row ¢ equals
1 then node i is a Dirichlet node and the value of the solution is determined by the given function. For
elasticity problems this is a Nn X 2 matrix with the information on both components.

* elem: for first order meshes this Ne X 3 matrix of integers contains in each row the numbers of three
nodes forming one linear element (triangle). The triangles have a positive orientation. For second order
elements it is a Ne x 6 matrix of integers. For third order elements it is a Ne x 10 matrix of integers.

* elemT: types of elements is not used yet.

* edges: this Nb x 2, Nb x 3 or Nb x 4 matrix of integers contains in each row the numbers of two, three
or four nodes forming a boundary edge.

* edgesT: this Nb vector of integers contains the information of the type of edges. If the entry in row
equals —1 then edge ¢ is part of the Dirichlet boundary, i.e. the value of the solution is prescribed. If the
entry in row ¢ equals —2 then edge i is part of the Neumann boundary, i.e. the value of the solution is not
yet known. For elasticity problems this is a Nb X 2 matrix with the information on both components. See
Table 5 for the codes.

All other elements of a mesh structure can be derived or computed from the above data.
* elemArea: this vector of real numbers contains the area of the individual triangles.

* GP: this matrix of reals contains the coordinates of all Gauss points for the numerical integration. There
are 3 (or 7) Gauss points for each triangle.

* GPT: this vector of integer contains the type for each Gauss point. Currently not used.
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Name Size Information
type string type of element, “linear”, “quadratic” or “cubic”
nodes Nn x 2 coordinates of nodes
nodesT Nn x {1,2} type of nodes, either O (free) or 1 (fixed)
elem Ne x {3,6,10} | list of nodes that make up the triangles
Ne x 3 for first order elements
Ne x 6 for second order elements
Ne x 10 for third order elements
elemT Ne x 1 type of elements
edges Nb x {2,3,4} | list of nodes that make up the boundary edges
edgesT Nbx {1,2} type of boundary edge, Dirichlet, Neumann or elasticity
elemArea Ne x 1 area of the triangles
GP coordinates of the Gauss integration points
3-Nex?2 for first order elements
7-Nex?2 for second and third order elements
GPT (3or7)- Ne x 1 | type of the Gauss integration points
nDOF 1x{1,2} total number of DOF of the system
node2DOF Nn x {1,2} | renumbering from nodes to DOF

* nDOF': this integer gives the total number of degrees of freedom (DOF) for the system to be solved.

Table 4: Elements of a mesh structure

* node2DOF: This vector (or matrix for elasticity problems) gives for each node the number of the corre-
sponding DOF. If the number equals O then it is a Dirichlet node.

The commands CreateMeshRect () and CreateMeshTriangle () create meshes with this structure.
The codes for the boundary conditions in Table 5 for elasticity problems might ask for a few examples of
boundary conditions.

-11 : at this node the displacements are given by u;(x,y) = gD1(x,y) and uz(x,y) = gD2(x,y).
-22 : at this node there are no surface forces, i.e. the node is on a free section of the boundary.
-12 : at this node the z—displacement u; (x,y) = gD1(x, y) is given and there is no surface force in y—direction.

-31 : at this node the y—displacement uz(x,y) = gD2(x,y) is given and surface force in z—direction is given
by gN1(z,y).

-23 : at this node there is no surface force in x—direction and the surface force in y—direction is given by
gN2(z,y).

4.1.2 Create a uniform mesh on a rectangle: CreateMeshRect ()

With the command CreateMeshRect (x,y,Blow, Bup,Bleft,Bright) you can create a mesh on a
rectangle. The function takes 6 input arguments.
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code for scalar problems

-1 Dirichlet condition , u = g; given

-2 Neumann condition , a a% U=gs+gou

for elasticity problems

code in z—direction in y-direction

-1* | displacement u; = gD given *

-*1 * displacement us = gD given
-2% force free section *

-*¥2 * force free section
-3% force density g/N7 given *

-*3 * force density g/No given

Table 5: Codes for the boundary conditions

* The ordered vectors x and y contain the x and y coordinates of the mesh to be generated.

* For scalar problems the variables Blow, Bup, Bleft and Bright indicate the boundary condition on
the corresponding edges. If the index is -1 then the edge is part of the Dirichlet boundary I'; and thus the
value of the function is prescribed. If the index is -2 then the edge is part of the Neumann boundary I'y and
thus information about the outer normal derivative is known, but not the value of the solution.

* For elasticity problems the variables Bl1ow, Bup, Bleft and Bright indicate the boundary condition
according to the codes in Table 5.
Examples of the usage are given in Sections 3.1.1 and 3.1.2.

| CreateMeshRect()
Mesh = CreateMeshRect (X, Y,BLOW, BUP, BLEFT, BRIGHT)

Create a rectangular mesh with nodes at (x_i,y_j) with linear elements

parameters:
* X,Y are the vectors containing the coodinates of the nodes to be generated.
* BLOW, BUP, BLEFT, BRIGHT indicate the type of boundary condition at lower,
upper, left and right edge of the rectangle
* for scalar problems

* Bx = —1: Dirichlet boundary condition
* Bx = —2: Neumann or Robin boundary condition
« for elasticity problems
* bi = —-xy : with two digits for x and y directions
* x/y = 1 : given displacement
* x/y = 2 : force free
* x/y = 3 : given force density

return values
* MESH is a a structure with the information about the mesh.
The mesh consists of n_e elements, n_n nodes and n_ed edges.
* MESH.TYPE a string with the type of triangle: linear
* MESH.ELEM n_e by 3 matrix with the numbers of the nodes forming triangular elements
+ MESH.ELEMAREA n_e vector with the areas of the elements
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MESH.ELEMT n_e vector with the type of elements (not used)

MESH.NODES n_n by 2 matrix with the coordinates of the nodes

MESH.NODEST n_n vector with the type of nodes

MESH.EDGES n_ed by 2 matrix with the numbers of the nodes forming edges
MESH.EDGEST n_ed vector with the type of edge

MESH.GP n_ex3 by 2 matrix with the coordinates of the Gauss points

MESH.GPT n_ex3 vector of integers with the type of Gauss points

MESH.NDOF number of DOF, degrees of freedom

MESH.NODE2DOF n_n vector or n_n by 2 matrix of integers, mapping nodes to DOF

L S . S S S

Sample call:
Mesh = CreateMeshRect (linspace(0,1,10),linspace(-1,2,20),-1,-1,-2,-2)
will create a mesh with 200 nodes and 0<=x<=1, -1l<=y<=+2

With CreateMeshRect () generate meshes with elements of order 1. With the help of MeshUpgrade ()
(Section 4.1.5) you can upgrade to the same mesh with elements of order 2 or 3.
4.1.3 Using triangle: CreateMeshTriangle () and ReadMeshTriangle ()

With the command CreateMeshTriangle (name, xy, area) you can create a mesh with the outer borders
given in xy. The mesh will satisfy a minimal angle condition of 30° to avoid distorted triangles. The function
takes 3 or 4 input arguments.

* The string ' name’ is the file name to be used to store the information.

* The matrix xy contains the edge points of the domain and the information on the boundary conditions.

* area is the typical are of the triangles to be used.

* The optional argument opt ions can specify more flags to the external call of the program triangle.

The mesh can then be read by calling Mesh = ReadMeshTriangle (' name.1l’). Examples of the usage
are given in Sections 3.1.3 and 3.2 and in many of the examples in Section 9 starting on page 208.

| CreateMeshTriangle()
MESH = CreateMeshTriangle (NAME, XY, AREA, OPTIONS)

Generate files with a mesh with linear elements using the external code triangle

parameters:
* NAME the base filename: the file NAME.poly will be generated then
triangle will generate files NAME.l.x with the mesh
* XY vector containing the coordinates of the nodes forming the outer boundary.
The last given node will be connected to the first given node to create a closed curve.
The format for XY is [x1,yl,bl;x2,y2,b2;...;xn,yn,bn] where
* x1 x-coordinate of node i
* yi1 y-coordinate of node i
* bi boundary marker for segment from node i to node i+l
* for scalar problems
* bi = -1 Dirichlet boundary condition
* bi = -2 Neumann or Robin boundary condition
x for elasticity problems
* Bx = —xy : with two digits for x and y directions
* x/y = 1 : given displacement
* x/y = 2 : force free
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* x/y = 3 : given force density
*+ AREA the typical area of the individual triangles to be used
* OPTIONS additional options to be used when calling triangle.
The options "pa" and the area will be added automatically.
Default options are "g", resp. "gpa". To suppress the verbose information use "Q"

More options are available to adapt mesh sizes and create holes.
See the documentation in FEMdoc.pdf

The information on the mesh generated is written to files and returned
in the structure MESH, if the return argument is provided.

* The information can then be read and used by Mesh = ReadMeshTriangle ('NAME.1’);
* MESH is a structure with the information about the mesh.

The mesh consists of n_e elements, n_n nodes and n_ed edges.

* MESH.TYPE a string with the type of triangle: linear, quadratic or cubic

* MESH.ELEM n_e by 3 (or 6/10) matrix with the numbers of the nodes
forming triangular elements
MESH.ELEMAREA n_e vector with the areas of the elements
MESH.ELEMT n_e vector with the type of elements (not used)
MESH.NODES n_n by 2 matrix with the coordinates of the nodes
MESH.NODEST n_n vector with the type of nodes (not used)
MESH.EDGES n_ed by 2 (or 3/4) matrix with the numbers of the nodes forming edges
MESH.EDGEST n_ed vector with the type of edge
MESH.GP n_ex (3/7) by 2 matrix with the coordinates of the Gauss points
MESH.GPT n_ex (3/7) vector of integers with the type of Gauss points
MESH.NDOF number of DOF, degrees of freedom
MESH.NODE2DOF n_n vector of integer, mapping nodes to DOF

L S S e S S

Sample call:
Mesh = CreateMeshTriangle(’Test’, [0,-1,-1;1,-1,-2;1,2,-1;0,2,-2],0.01)
will create a mesh with O<=x<=1l, -1l<=y<=+2 and a typical area of 0.01 for each triangle

| Could be read by Mesh = ReadMeshTriangle(’'Test.l’)

* With CreateMeshTriangle () generate meshes with elements of order 1. With the help of the com-
mand MeshUpgrade () (Section 4.1.5) you can upgrade to the same mesh with elements of order 2 or 3.

* If areturn argument for CreateMeshTriangle () is provided, the mesh is returned.

* If no return argument is provided, the information is written to files. The generated mesh is then read by
calling the function ReadMeshTriangle ().

This function can also be used to read meshes generated by direct call of the external program t riangle. This
allows to use all features of t riangle and not only the very restricted setup used by CreateMeshTriangle ().
In Section 4.1.4 find the options to generate meshes with holes and adapted mesh sizes. To find more about the
features of t riangle use the web page www.cs.cmu.edu/~quake/triangle.html or compile and install the code
and then run triangle -h to examine the built-in help.

| ReadMeshTriangle()
FEMMESH = ReadMeshTriangle (NAME.1)
read a mesh generated by CreateMeshTriangle (NAME)
parameter: NAME.l the filename
return value: FEMMESH the mesh stored in NAME

Sample call:
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CreateMeshTriangle(’ Test’, [0,-1,-1;1,-1,-2;1,2,-1;0,2,-2]1,0.01)

Mesh = ReadMeshTriangle(’'Test.l’);

will create a mesh with 0<=x<=1, -1<=y<=+2
and a typical area of 0.01 for each triangle

Find an example in Section 9.8.

With CreateMeshTriange () and ReadMeshTriangle () one can only generate meshes with ele-

ments of order 1. With the help of MeshUpgrade () (see Section 4.1.5) you can upgrade to the same mesh with
elements of order 2 or 3.

4.14 Adapting meshes and creating holes by using options of CreateMeshTriangle ()

Give CreateMeshTriangle () more arguments to use some of the features of t riangle to locally create
finer meshes or generate domains with holes. If more than 4 arguments are provided, then line segments, point
with mesh sizes or holes can be generated. Each of the additional arguments is a structure with a name as first
entry. There are four types of options:

* Segment: to create additional line segments, used to modify mesh sizes. Besides the mandatory entry

name=’' Segment’ one additional entry border has to be provided. It lists the  and y coordinates of
the points forming the segment, and the third entry 0 for each point.

Segl.name = ’Segment’; %% mandatory name
Segl.border = [0 0 O; 1 0 0; 1 2 0] %% the points on the segment

* MeshSize: to specify the mesh size in one part of the domain. Besides the entry name="MeshSize’

two additional entries have to be provided. where with the z and y coordinates of the points where the
maximal mesh size is given and area with the desired mesh size, i.e. the maximal area of the triangles.

Pointl.name = ’'MeshSize’; %% mandatory name
Pointl.where = [1.5 0.2]; %% the point at which the mesh size is applied
Pointl.area = 0.01; %% maximal area in the selected area

* Hole: to create a hole in the domain. Besides the mandatory entry name=’Hole’ two additional entries

border and point have to be provided. border lists the x and y coordinates of the points forming
the hole, with the third entry indicating the type of boundary condition, according to Table 5. The entry
point has to contain the coordinates of one point inside the hole.

Holel.name "Hole’ mandatory name
Holel.border [1 1 -22; 3 2 =22; 34 -22; 1 2 =22] border of the hole
Holel.point = [1.1 1.1]; one point in the hole

o\

o
o
o
o

o\°

o\°
o

* Option: to give more options, not documented yet.

There are a few points to watch out for when using the above optional arguments to CreateMeshTriangle ():

* The lines created by Segment shall not interfere with the holes.

* If Segment is used to divide the domain into multiple sections, the endpoints of the segments have to be

exactly on the borders of the domain, but you can (often) not use the points defining the borders of the
domain. A possible way out is described in Example 4-2 below.
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4-1 Example : As a first example for the additional options for the command CreateMeshTriangle ()
examine a domain with a hole in the middle section and a finer mesh at the lower edge. Find the result of the
code below in Figure 30. In most parts of the domain the area of the triangles is approximately 0.001. Close to
the hole the narrow section leads to smaller triangle and close to the lower edge the optional Segment leads to
a finer mesh, visible in Figure 30(b).

I
MeshBorder = [0 0 -11; 0.1 0 -22; 1.1 1 -23; 1 1 -22]; %% outer boundary of the domain

Hole.name "Hole’; %% a hole in the middle section
Hole.border [0.5+0.02 0.5 -22; 0.5+0.08 0.5 -22;0.6+0.08 0.6 -22; 0.6+0.02 0.6 —-22];
Hole.point = [0.522 0.501];

Segment .name = ’Segment’; %% close to the lower edge
Segment .border [0.01 0.01 0; 0.09 0.01 0];

Mesh = CreateMeshTriangle (’Meshl’,MeshBorder,0.01/9, Hole, Segment);
figure(l); FEMtrimesh (Mesh); axis equal

1

0.8 |
0.1+

0.6

04 r 0.05 -

0.2 ¢

0O 02 04 06 08 1 0 0.05 0.1
(a) the domain with a hole (b) the finer mesh at the lower edge

Figure 30: A domain with a hole and a finer mesh at the lower edge

The above domain can be used for an elasticity computation. The lower edge is fixed and at the upper edge
a vertical force is applied. At the lower edge Saint—Venant’s principle applies, i.e. shearing is expected and
thus a finer mesh should be used. Find the graphical result in Figure 31. In addition the transversal deflection
(ug — u1)/+/2 along the center line is displayed. The result shows that the lever is behaving like a bending beam.

I I
Mesh = MeshUpgrade (Mesh,’quadratic’); E = 100e9; nu = 0.3; £ = 1;
[ul,u2] = PlaneStress(Mesh,E,nu, {0,0}, {0,0},{0,£f});

figure(2);clf; scale = 0.1/max(u2);
ShowDeformation (Mesh,ul,u2,scale); axis([0 1.2 0 1.2])

yi = linspace(0,1); xi = yi+0.05;

uli = FEMgriddata (Mesh,ul,xi,yi); u2i = FEMgriddata (Mesh,u2,xi,vyi);
bend = (u2i-uli) /sqrt(2);

figure(3); plot(yi,bend); =xlabel(’'x’); ylabel(’ (u_2-u_1)/sqrt(2)’)
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2.5e-08
1+ 2e-08
~
0.8 ! £ 1.5e-08
7
06 1 ,\-_\| 1e-08
?
04t 5 5e-09 /
02! 0
o ‘ | | | -5e-09
0 02 04 06 08 1 0 02 04 § 06 08 1

(a) the deformed lever (b) bending of the center line

Figure 31: The deformed lever and the bending of the center line

¢

4-2 Example : In this example a mesh with different size triangles is created on a unit square, see Figure 32. The
first section of the code below generates the file Mesh?2 .poly, in which the two corners (0,0) and (1, 1) are
listed twice. This causes FEMoctave to issue a warning matrix singular to machine precision
when solving the resulting linear system. To avoid this problem edit the file Mesh2.poly, remove the two
“extra” points and modify the connection of points 1 and 3.

08

06

04

0.2t

0O 02 04 06 08 1

Figure 32: A domain with a two different mesh sizes

| Mesh2.poly
# nodes
6201
1 0.000000000000 0.000000000000 -1
2 1.000000000000000e+00 0.000000000000000e+00 -1
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HFE NP N H O H= 0D WD OHEOO D W

1.000000000000000e+00 1.000000000000000e+00 -2
0.000000000000000e+00 1.000000000000000e+00 -1
0.000000000000000e+00 0.000000000000000e+00 0
1.000000000000000e+00 1.000000000000000e+00 0
segments

1

12 -1
2 3 -2
34 -2
4 1 -1
560
holes

area markers

0.100000 0.900000 0 0.100000
0.900000 0.100000 0 0.002000
generate mesh by : triangle -Qpg30a Mesh2.poly

Save the new file as Mesh2_mod.poly and run triangle, either by triangle -pg30a Mesh2.mod.poly

from a command line or by system (' triangle -Qpg30a Mesh2 mod.poly’) within Octave.

H NN PR N FH= O FH 0D W N OH D WDN WD

nodes
201

0.000000000000 0.000000000000 -1
1.000000000000000e+00 0.000000000000000e+00 -1
1.000000000000000e+00 1.000000000000000e+00 -2
0.000000000000000e+00 1.000000000000000e+00 -1
segments

1

12 -1
2 3 -2
34 -2
4 1 -1
130
holes

area markers

0.100000 0.900000 0 0.100000
0.900000 0.100000 0 0.002000

generate mesh by : triangle —-Qpg30a Mesh2_mod.poly

Mesh2 _mod.poly

Then read the new mesh by Mesh = ReadMeshTriangle ('Mesh2 mod.1’). The resulting mesh avoids
the Octave warning.

4.1.5 Converting meshes: upgrading and downgrading

%

Given a mesh MeshLin with first order elements one can generate the same mesh with elements of order 2 by
calling the command MeshUpgrade (MeshLin, ' quadratic’). The numbering of the nodes of the linear

elements is preserved in the mesh with the quadratic elements. The new nodes are placed at the midpoints of

the edges of the triangles. With MeshUpgrade (MeshLin, ' cubic’) a mesh with 10 node cubic elements

is generated. Examine Figure 67 on page 137 on how the nodes are placed within the triangles.
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| MeshUpgrade()
MESHNEW = MeshUpgrade (MESHLIN, TYPE)
convert a mesh MESHLIN of order 1 to a mesh MESHNEW of order 2 or 3
parameters:
* MESHLIN the input mesh of order 1
* TYPE is a string, either ’"quadratic’ or ’cubic’
the default is ’"quadratic’
return value: MESHNEW the output mesh of order 2 or 3

As example generate a mesh with elements of order 1 on the rectangle 0 < z, y < 2 with Dirichlet conditions
on three edges and a Neumann condition on the upper edge at y = 2. In Figure 33 find the mesh with the types
of nodes indicated and the numbering of the resulting degrees of freedom.

N = 3;
FEMmeshl = CreateMeshRect (linspace(0,2,N+1),1linspace(0,2,N+1),-1,-2,-1,-1);

| FEMmeshQ = MeshUpgrade (FEMmeshl, ' quadratic’);

0 5 6 0 0 23 5 26 6 29 0

0 25 28 0

0 15 18 21 0

0 17 20 0

0 7 10 13 0

0 9 12 0

0 0 0 0 0

(a) linear elements (b) quadratic elements

Figure 33: The same mesh with linear or quadratic elements. The types of the nodes are marked in
Dirichlet nodes are marked by —1, Neumann nodes by —2 and interiour nodes by +1. The numbering of the
resulting degrees of freedom is shown in blue. For Dirichlet nodes a DOF of 0 is used.

Using MeshQuad2Linear () one can convert a mesh of order 2 to a mesh of order 1. The nodes will
remain unchanged, but there will be a factor of 4 more elements. With this function one can compare results
based on first or second order elements, using exactly the same degrees of freedom.

| MeshQuad2Linear()
MESHLIN = MeshQuad2Linear (MESHQUAD)
convert a mesh MESHQUAD of order 2 to a mesh MESHLIN of order 1
parameter: MESHQUAD the input mesh of order 2
return value: MESHLIN the output mesh of order 1

An example is shown in Section 3.1.4.

Using MeshCubic2Linear () one can convert a mesh of order 3 to a mesh of order 1. The nodes will
remain unchanged, but there will be a factor of 9 more elements. With this function one can compare results
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based on first or third order elements, using exactly the same degrees of freedom.

| MeshCubic2Linear()
MESHLIN = MeshCubic2Linear (MESHCUBIC)
convert a mesh MESHCUBIC of order 3 to a mesh MESHLIN of order 1
parameter: MESHCUBIC the input mesh of order 3
return value: MESHLIN the output mesh of order 1

4.1.6 Use delaunay () to create a mesh: Delaunay2Mesh ()

It is possible to use the Octave command delaunay () to generate a triangulation of a convex domain and then
Delaunay2Mesh () to generate a mesh to be used by FEMoctave.

* The generated mesh consists of elements of order one. Use MeshUpgrade () to work with elements of
order two or three.

* At first all boundary points are marked as Dirichlet points. Change the type description in the mesh if you
want Neumann points.

| Delaunay2Mesh()
FEMMESH = Delaunay2Mesh (TRI, X,Y)
generate a mesh with elements of order 1, using a Delaunay triangulation
parameters:
+ TRI the Delaunay triangulation
* X,Y the coodinates of the points
return value

| «+ FEMMESH is the mesh to be used by FEMoctave |

Observe that the quality of the mesh might be very poor, e.g. triangles with very small angles. As example
have a look at the upper edge on the right of the mesh in Figure 34. For almost all cases t riangle will generate
meshes of better quality. To generate the domain and the solution in Figure 34 use the code below.

| TestDelaunay.m
[x,y] = meshgrid(linspace(-1,1,20)); x =x(:); v =v(:);
ind = find(y<1-0.5%x+0.001); x = x(ind); v = y(ind);
ind = find(x+y>-0.001); X = x(ind); y = y(ind);

tri = delaunay(x,Vy);
figure(l); triplot(tri,x,y); hold on; plot(x,y,’*"); hold off
xlabel ("x"); ylabel('y");
FEMmesh = Delaunay2Mesh (tri,x,y); FEMmesh = MeshUpgrade (FEMmesh, ’'quadratic’);

u = BVP2Dsym (FEMmesh,1,0,4,0,0,0);
figure(2); FEMtrimesh (FEMmesh, u) xlabel ("x"); ylabel ('y’); view([100,45])
figure(3); FEMtricontour (FEMmesh,u); xlabel('x’); ylabel('y’);

4.1.7 Deforming meshes by MeshDeform ()

With the function MeshDeform () the nodes of a linear mesh can be deformed.

| MeshDeform()
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Figure 34: A mesh generated by a Delaunay triangulation and the solution of a BVP

MeshDeformed = MeshDeform (MESH, DEFORM)
Deform the nodes of MESH by the transformation DEFORM
parameters:
* MESH the initial mesh with linear elements
this has to be a mesh with linear elements
* DEFORM the transformation formula
the function DEFORM takes one argument XY, a n by 2 matrix with the

x and y components in colums and returns the result in a n by 2 matrix.

return value
* DEFORMEDMESH the deformed mesh consistes of linear elements
use MESHUPGRADE to generate quadratic or cubic elements

One should pay attention to not deform the triangles in the mesh too badly by MeshDeform (), as this
might decrease the accuracy of the solutions. The mesh generated by MeshCreateTriangle () will respect
the condition of minimal 30° angles. After calling MeshDeform () this condition could be violated. Another
option is to deform the borders of the mesh first, and then call CreateMeshTriangle (). In this case the

minimal angle condition is respected.
To generate the quarter of a ring in Figure 49 on page 110 use polar coodinates

T T - COS Y i
= with 1<r<2 and 0<p<
] r-sin g

b 3

FEMmesh = CreateMeshTriangle(’Test’,[1,0,-1;2,0,-1;2,pi/2,-2;1,pi/2,-11,0.172);
function xy_new = Deform(xy) %% use polar coordinates
xy_new = [xy(:,1).xcos(xy(:,2)), xy(:,1).xsin(xy(:,2))]1;
endfunction
FEMmesh = MeshDeform (FEMmesh,’Deform’) ;

| FEMtrimesh (FEMmesh)

Find an example in Section 9.1.
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4.2 Evaluation and displaying results
4.2.1 Display results on meshes, FEMtrimesh (), FEMtrisurf (),and FEMtricontour ()

To display the results of the computations very elementary wrappers around trimesh (), trisurf () and
tricontour () are provided.9

* With FEMt rimesh () display a function u as a 3D mesh. If no values for u are provided, the 2D mesh is
displayed.

* With FEMtrisurf () display a function u as a 3D surface. The syntax is identical to FEMt rimesh ().
* With FEMtricontour () display level curves of a function . The syntax similar to the above.
All functions accept meshes with linear, quadratic or cubic elements.

* For quadratic elements the 6 nodes in each element are connected by straight lines, i.e. as if one second
order triangle would be composed of 4 first order triangles.

* For cubic elements the 10 nodes in each element are connected by straight lines, i.e. as if one third order
triangle would be composed of 9 first order triangles.

| FEMtrimesh()
FEMtrimesh (MESH, U)
display a solution U on a triangular mesh
parameters:
* MESH is the mesh
* U values of the function to be displayed
if U is not given, then the mesh is displayed in 2D

| FEMtrisurf() |
FEMtrisurf (MESH, U)
display a solution U as surface on a triangular mesh
parameters:
* MESH is the mesh
x U values of the function to be displayed

| FEMtricontour() |
FEMtricontour (MESH, U, V)
display contours of a solution U on a triangular mesh
parameters:
* MESH is the mesh
* U values of the function to be displayed
* V contours to be used, default value is 21
if V is scalar, it is the number of contours
if V is a vector, it is the levels of the contours

4.2.2 Evaluate the gradient of a function at the nodes: FEMEvaluateGradient ()

Given the values u of a function at the nodes, the two components of the gradient can be computed with the
function FEMEvaluateGradient ().

°It is obviously possible to improve the wrappers, as non of the advanced features of t rimesh () or trisurf () is passed through.
If you want to use those, have a look at the elementary code in the FEMt ri « functions and copy the necessary lines in to your code.
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| FEMEvaluateGradient()
[UX,UY] = FEMEvaluateGradient (MESH, U)

evaluate the gradient of the function u at the nodes

parameters:
* MESH is the mesh describing the domain and the boundary types
* U vector with the values of the function at the node

return value
* UX x component of the gradient of u
* UY y component of the gradient of u

the values of the gradient are determined on each element
at the nodes the average of the gradient of the elements is used

I |
The gradient is determined on each of the elements, using either linear, quadratic or cubic interpolation. Then
at each node the average of the values of the gradient of the neighboring triangles is returned. This is different
from the results generated by FEMgriddata (). Examples are given in Sections 5.1, 9.3, 9.4, 9.5 and 9.9. Due
to using broadcasting in the Octave code (bsxfun () ) the code is fast! This function could be used (or is that
abused?) to evaluate derivatives of functions given on an irregular grid!

4.2.3 Evaluate a function and its gradient at the Gauss points: FEMEvaluateGP ()

Given the values u of a function at the nodes, the values of u and its gradient can be computed at the Gauss
points by calling FEMEvaluateGP (). For first order elements a piecewise linear interpolation is used, thus
the gradients will be constant on each triangular element. For second order elements a quadratic interpolation is
used. For third order elements a cubic interpolation is used.

| FEMEvaluateGP()
[UGP,GRADUGP] = FEMEvaluateGP (MESH, U)
evaluate the function and gradient at the Gauss points
parameters:
* MESH is the mesh describing the domain and the boundary types
* U vector with the values of at the nodes

return values
* UGP values of u at the Gauss points
* GRADUGP matrix with the values of the gradients in the columns

Examples are given in Sections 9.7 and 9.9.

4.2.4 Integrate a function over the domain: FEMIntegrate ()

Given a function name, the values of a function at the nodes or at the Gauss points one can integrate this function
over the domain given by the mesh. There are different methods used, all based on the Gauss integration presented
in Section 6.3.2.

* If a function name is specified, then this function will be evaluated at the Gauss points and then integrated.
* If a scalar value is given, then the function is assumed to be constant.

* If a column vector is given with as many components as nodes in the mesh, then an element wise interpo-
lation is used to obtain the values at the Gauss points. The function FEMEvaluateGP () is used to find
the values at the Gauss points.

* If a column vector is given with as many components as Gauss points in the mesh, then these are used as
values at the Gauss points.
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| FEMlIntegrate()
NUMINTEGRAL = FEMIntegrate (MESH,U)
integrate a function u over the domain given in Mesh
parameters:
* MESH is the mesh describing the domain
+ U the function to be integrated
can be given as function name to be evaluated or as scalar
value, or as a vector with the values at the nodes or the Gauss points.
return value
* NUMINTGERAL the numerical approximation of the integral

As a simple example integrate the function u(z,y) = xy> over the unit square 0 < x,y < 1. The exact
integral equals %, but you have to subtract the exact value to see the difference to the numerical evaluation with
the Gauss points. This is not unusual, since the Gauss integration leads to very accurate approximations, if the
function is smooth. Linear elements use 3 integration points in each triangle, quadratic and cubic meshes use 7
integration points in each triangle. Thus integrations using a linear mesh might not be as accurate.

N = 40; Mesh

CreateMeshRect (linspace(0,1,N),linspace(0,1,N),-2,-2,-2,-2);

function res = f_int(xy) res = xy(:,1).*xy(:,2)."3; endfunction

integrall = FEMIntegrate (Mesh,’f_int’) % using the function name

uGP = feval (' f_int’,Mesh.GP);

integral2 = FEMIntegrate (Mesh,uGP) % using the values at the Gauss points
——>

integrall = 0.12500

| integral2 = 0.12500

To determine the area of a domain © C R? one can integrate the constant 1 over the domain. More examples
are given in Sections 5.1, 9.1, 9.7 and 9.9.

4.2.5 Evaluation at arbitrary points or along curves, integration along curves: FEMgriddata ()

Given a function by the values at the nodes of a mesh use the command FEMgriddata () to evaluate the
function at arbitrary points.

* The value of the function and the partial derivatives can be evaluated.
* Depending on the mesh provided either a piecewise linear, quadratic or cubic interpolation is used.

* If a point (z;, y;) is on the edge of a triangle it is a matter of rounding which of the neighboring triangles is
used for the interpolation. Since all elements used by FEMoctave are C° conforming, this has no influence
on the value of the function. The elements are not C'' conforming and thus the partial derivatives will jump
across element boundaries. See also Section 5.3 starting on page 105.

» If a point (z;, y;) is not in a triangle, then NaN is returned.
* The evaluation is very fast, even for large numbers of elements and interpolation points.

* Evaluation along arbitrary curves is possible, and fast. Then use trapz () to integrate along curves. Find
examples in Sections 9.5 and 9.16.
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| FEMgriddata()
[UI,UXI,UYI] = FEMgriddata(MESH,U,XI,YI)
evaluate the function (and gradient) at given points by interpolation
parameters:
* MESH is the mesh describing the domain
If MESH consists of linear elements, piecewise linear interpolation is used.
If MESH consists of quadratic elements, piecewise quadratic interpolation is used.
If MESH consists of cubic elements, piecewise cubic interpolation is used.
* U vector with the values of the function at the nodes
* XI, YI coordinates of the points where the function is evaluated
return values:
* UI values of the interpolated function u
x UXI x component of the gradient of u
* UYI y component of the gradient of u

The values of the function and the gradient are determined on each element by
a piecewise linear, quadratic or cubic interpolation.
If a point is not inside the mesh NaN is returned.

| |

This function is similar to FEMEvaluateGradient (), but allows to evaluate at arbitrary points. At the
nodes the value of the gradient in one of the triangles is returned. As a consequence the results generated by
FEMEvaluateGradient () look smoother on occasion.

The code below evaluates a function on an L-shaped domain on a rectangular grid. Find the result in Fig-
ure 35.

I I
nodes = [0,0,-2;1,0,-2;1,1,-2;-1,1,-2;-1,-1,-2;0,-1,-21;
Mesh = CreateMeshTriangle (' Ldomain’,nodes, 0.002)
X = Mesh.nodes(:,1); y = Mesh.nodes(:,2);

4

function res = f_int2(xy) res = sin(pixxy(:,1))."2.xxy(:,2)+1; endfunction

u = feval (' f_int2’,Mesh.nodes);
N = 51; [xi,yi] = meshgrid(linspace(-1,1,N)); %% generate the uniform grid
tic(); ui3 = FEMgriddata (Mesh,u,xi,yi); toc()

figure(l); mesh(xi,yi,ui3)

xlabel ("x"); ylabel('y"); zlabel(’'u’)
——>
Elapsed time is 0.0075829 seconds.

Examples are given in Sections 5.3, 9.3, 9.5, 9.8, 9.10 and 9.16.

4.3 How to define functions
There are three basic techniques to define functions in Octave to be used with FEMoctave.
* If the function is a constant you can simply use this scalar as input argument.

* You may provide the function name of the function to be called to compute the values of the function.
Observe that the function has to be vectorized'’. Due to a recent change in Octave the script versions

!%Function on the boundary are actually called for one point at a time, but this might change. Thus it is advisable to write all functions
vectorized.

SHA 9-10-23



4 THE COMMANDS OF FEMOCTAVE 63

Figure 35: A function evaluated on a uniform grid

should use a dummy second argument''. The function can be implemented as a name . m Octave function
or as dynamically linked function name . oct, written in C++.

* You can provide a vector of the correct size with all the values of the function at the Gauss integration
points of the mesh.

Section 9 contains many examples or you may examine the examples below.

4.3.1 Functions for static problems

The functions BVP2D (), BVP2Dsym () and BVP2Deig () accept the coefficient functions as input parameters.
These functions accept (currently) one parameter, a matrix with two columns. The first (resp. second) column
contains the x (resp. y) coordinates of the points at which the function is to be evaluated.

As a first example consider the function f(z,y) = 7. There are three options:
1. Pass the constant 7 as scalar to the FEMoctave function. This is the preferred approach.

2. Define a function

I Octave
function res = ff (xy,dummy)
res = 7+ones(size(yz) (1),1);
endfunction

I
and then pass the string ’ ££’ to the FEMoctave function.

3. Determine the vector of the correct size by

| Octave |

"n the script files (FEMEquation.m and similar) the function is called with the node types as second argument, to be used for
different sections in the domain. If you only use the compiled versions (FEMEquation.oct and similar) the dummy argument is not
required. I might remove this “feature” in a next release.
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ffVec = 7 x ones(size (mesh.GP) (1),1);
I

and then pass the vector £ fVec to the FEMoctave function.

For the second example function
flz,y) =7T+2x

the option constant is not applicable. There are two equally valid methods.

1. Define a function

| Octave
function res = ff (xy,dummy)
res = 7 + 2*xy(:,1);
endfunction

I
and then pass the string ' ££’ to the FEMoctave function.

2. Determine the vector of the correct size by

I Octave |
ffVec = 7 + 2*xy(:,1);
I |

and then pass the vector £ £Vec to the FEMoctave function.

To implement the function
fla,y) = Jo(r) = Jo(Va? + y?)

to be passed to the FEMoctave command use

| Octave
function y = f (xy)
y = besselj(0,sqgrt(xy(:,1). 2+xy(:,2).72));
endfunction

| |
With this definition pass the string ’ £’ to the FEMoctave function. Alternatively you can first compute the
column vector £Vec of this function at the Gauss points of the mesh by

| Octave |

| fVec = f (mesh.GP);

and then pass the vector £Vec to the FEMoctave function.

4.3.2 Functions for dynamic problems

The only change is the additional time ¢, to be passed as a second argument, i.e. £ (xy,t)=....

4.4 Solving elliptic problems

The first few commands shown in Table 1 can be used to solve elliptic problem on a bounded domain  C R2.
In the next two sections the commands to solve a symmetric and a non-symmetric elliptic BVP are shown.
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4.4.1 Symmetric elliptic problems: BVP2Dsym ()

Equations given in the form of (2)

-V (aVu)+byu = f for (z,y) €
u = g for (z,y) eIy
a % = g2t+gsu for (z,y) €Ty
is solved by
| Octave |

| u = BVP2Dsym(mesh, a, b0, £,91,92,93)

where the coefficient functions can be given as described in Section 4.3.1, as constants, strings or vectors. The
return value u is a vector with the values of the solution at the nodes.

| BVP2Dsym()
U = BVP2Dsym (MESH, A, BO, F, GD, GN1, GN2)
Solve a symmetric, elliptic boundary value problem

—div(axgrad u)+ bOxu = £ in domain
u = gD on Dirichlet boundary
n* (axgrad u) gN1+gN2+u on Neumann boundary

parameters:
+ MESH is the mesh describing the domain and the boundary types
« A,BO,F,GD,GN1,GN2 are the coefficients and functions describing the PDE.
Any constant function can be given by its scalar value.
The functions A,BO and F may also be given as vectors with the
values of the function at the Gauss points.
return value
+ U is the vector with the values of the solution at the nodes

Find examples in Sections 3.1.1, 3.1.2, 3.1.3, 9.4, 9.5, 9.7 and 9.16.

4.4.2 General elliptic problems: BVP2D ()

Equations given in the form of (1)

—.

-V .-(aVu—ub)+bu = f for (z,y) €
u = ¢ for (z,y) el
i (aVu—ub) = go+gsu for (z,y) €Ty
is solved by
| Octave |

| u = BVP2D (mesh, a,b0,bx, by, £,91,92,g3)

where the coefficient functions can be given as described in Section 4.3.1, as constants, strings or vectors. The
expressions bx and by denote the two components of the convection vector b. The return value u is a vector with
the values of the solution u at the nodes. Find an example in Section 3.1.4.
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| BVP2D()
U = BVP2D (MESH, A, B0, BX, BY, F, GD, GN1, GN2)

Solve an elliptic boundary value problem

—div(axgrad u - ux (bx,by))+ bOxu = £ in domain
u = gD on Dirichlet boundary
n* (axgrad u — ux (bx,by)) = gN1+gN2xu on Neumann boundary
parameters:

* MESH is the mesh describing the domain and the boundary types
* A,BO,BX,BY,F,GD,GN1,GN2 are the coefficients and functions describing the PDE.
Any constant function can be given by its scalar value.
The functions A,B0,BX,BY and F may also be given as vectors
with the values of the function at the Gauss points.
return value
« U is the vector with the values of the solution at the nodes

4.5 Solving 2D eigenvalue problems: BVP2Deig ()

To solve an eigenvalue problem of the form (3)

—V-(aVu)+byu = Xfu for (x,y) €N

u = 0 for (z,y) eI}
a g—g = g3u for (z,y) €Ty
use
| Octave |

[Eval,Evec,errorbound] = BVP2Deig(mesh, a,b0, £,gN2,nVec, tol);

where the coefficient functions can be given as described in Section 4.3.1, as constants, strings or vectors.

* The function can be called with one (Eval) or two ([Eval, Evev]) return arguments. A possible third
return argument ([Eval, Evec, errorbound]) is of limited use, since with newer versions of FEMoc-
tave eigs () is used, instead of an inverse power iteration.

— The first return value Eval is a column vector containing the estimated values of the eigenvalues \;.

— If the second return value Evec is asked for, then a matrix will be returned. Each column contains
the values of a normalized eigenfunction at the nodes.

— The third return argument errorbound will return a matrix with two columns, containing infor-
mation on the error bound of the eigenvalues. Observe the the error of the eigenvalue computation
is given, not the error of the overall FEM problem. The error of the FEM discretization has to be
estimated by other tools. Some mathematical details are given in Section 6.9.

+ The first column contains a conservative error estimate. The actual error of the eigenvalue is
guaranteed to be smaller.

* The second column contains a more aggressive error estimate. Under most circumstances the
estimate is valid. For highly clustered eigenvalues the error is overestimated.. There are cir-
cumstances when the error of the largest eigenvalues is underestimated. If the error is extremely
small, the estimate might indicate an even smaller error. Keep in mind the the error is always
larger than machine accuracy permits.
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* The integer parameter nVec indicate the number of smallest eigenvalues to be be computed.

* The parameter t ol will lead to the iteration stopping if the relative change from one step to the next is
smaller than t o1. If the parameter is not given, then a default value of 1075 is used.
An example of an eigenvalue problem is given in Section 3.2.

| BVP2Deig()
[EVAL, EVEC, ERRORBOUND] = BVP2Deigq (MESH, A, B0, W, GN2, NVEC, TOL)

determine the smallest eigenvalues EVAL and eigenfunctions EVEC for the BVP

—div(axgrad u)+ bOxu = Evalxwxu in domain
u=20 on Dirichlet boundary
n* (axgrad u) gN2+xu on Neumann boundary

parameters:

+ MESH is the mesh describing the domain and the boundary types

« A,BO,W,GN2 are the coefficients and functions describing the PDE.
Any constant function can be given by its scalar value.
The functions A,BO and W may also be given as vectors with the
values of the function at the Gauss points.

+ NVEC is the number of smallest eigenvalues to be computed

«+ TOL optional tolerance for the eigenvalue iteration, default le-5

return values:

* EVAL is the vector with the eigenvalues

+ EVEC is the matrix with the eigenvectors as columns

+ ERORBOUND is a matrix with error bounds of the eigenvalues

In Sections 6.8.2 and 6.8.4 find the consequences of the eigenvalues to solutions of dynamic heat and wave
equations.

4.6 Solving parabolic problems: IBVP2D () and IBVP2Dsym ()

To solve an initial boundary value problem (IBVP) of the form (4)

p%u—V-(aVU—ug)ijou = f for (z,y,t) € Qx (0,T]
u = g for (z,y,t) €'y x (0,7]
i-(aVu—ub) = go+gsu for (z,y,t) €Ty x (0,T]

u = U on  at t=0

use the command IBVP2D (). Find an example in Section 3.3 and a description of the algorithm in Section 6.8.1.

I IBVP2D() l
[U,T] = IBVP2D(MESH,M,A,B0,BX,BY,F,GD,GN1,GN2,U0,T0, TEND, STEPS, OPTIONS)
Solve an initial boundary value problem

m+xd/dt u - div(a*grad u-ux* (bx,by)) + bOxu = f in domain
u = gD on Dirichlet boundary
n* (axgrad u —ux (bx,by)) = gNl+gN2+u on Neumann boundary
u(t0) = ul initial value

parameters:
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* MESH is the mesh describing the domain and the boundary types
* M,A,B0,BX,BY,F,GD,GN1,GN2 are the coefficients and functions
describing the PDE. Any constant function can be given by its scalar value.
The functions M,A,B0,BX,BY and F may also be given as vectors
with the values of the function at the Gauss points.
* F may be given as a string for a function depending on (x,Vy)
and time t or a a vector with the values at nodes or as scalar.
If F is given by a scalar or vector it is independent on time.
% U0 is the initial value, can be given as a constant, function
name or as vector with the values at the nodes
* TO, TEND are the initial and final times
* STEPS is a vector with one or two positive integers.
If STEPS = n, then n Crank Nicolson steps are taken and the results returned.
If STEPS [n,nint], then nxnint steps are taken and (nt+l) results returned.
* OPTIONS additional options, given as pairs name/value. Currently only the stepping
algorithm can be selected as "SOLVER" and the possible values
* "CN" the standard Crank-Nicolson (default)
* "IMPLICIT" the standard implicit solver
* "EXPLICIT" the standard explicit solver
x "RK" an L-stable, implicit Runge-Kutta solver

return values
* U is a matrix with n+l columns with the values of the solution at the nodes
at different times T
* T is the vector with the values of the times at which the solutions are returned.

I |

If there is no convection term b = 0, then the resulting matrix A is symmetric and (most often) positive
definite. Thus one can use a Cholesky factorization for the time stepper. This is (or should be) faster. The
structure of IBVP2Dsym () is almost identical to IBVP2D ().

| IBVP2Dsym()
IBRVP2Dsym (MESH, M, A, BO, F, GD,GN1,GN2,U0, TO, TEND, STEPS)
Solve a symmetric initial boundary value problem

mxd/dt u - div(axgrad u) + bOxu = f in domain
u = gD on Dirichlet boundary
n* (axgrad u) = gN1l+gN2+u on Neumann boundary
u(t0) = u0 initial value

4.7 Solving hyperbolic problems: T2BVP2D ()
Examine an IBVP (6) of hyperbolic type.

pé%u%—Qa%u—V-(aVu—ug)—kaU = f for (z,y,t) € Qx (0,7
u = ¢ for (z,y,t) €'y x (0,T]
ii-(aVu—ub) = go+gsu for (z,y,t) €Ty x (0,T]

U = U on Q at t=0

%u = on  at t=0

To solve this wave type equation use the command I2BVP2D (). Find examples in Sections 9.2 and 9.12 and a
description of the algorithm in Section 6.8.3.
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I2BVP2D()

[U,T] = I2BVP2D(MESH,M,D,A,BO,BX,BY,F,GD,GN1,GN2,U0,V0,T0, TEND, STEPS, OPTIONS)

Solve an initial boundary value problem

mxd"2/dt"2 u + 2+dxd/dt u - div(ax*grad u-ux (bx,by)) + bO*xu = £ in domain

u = gD on Dirichlet boundary
n* (axgrad u —ux (bx,by)) = gN1l+gN2+u on Neumann boundary
u(t0) = ul initial value
d/dt u(t0) = vO initial velocity

parameters:

*

*

MESH is the mesh describing the domain and the boundary types

M, D, A, BO,BX,BY,F,GD,GN1,GN2 are the coefficients and functions

describing the PDE.

Any constant function can be given by its scalar value.

The functions M,D,A,B0,BX,BY and F may also be given as

vectors with the values of the function at the Gauss points.

F may be given as a string for a function depending on (x,Vy)

and time t or a a vector with the values at nodes or as scalar.

If F is given by a scalar or vector it is independent on time.

U0,V0 are the initial value and velocity, can be given as a constant,
function name or as vector with the values at the nodes

TO, TEND are the initial and final times

STEPS is a vector with one or two positive integers.

* If STEPS = n, then n steps are taken and the n+l results returned.

+ If STEPS = [n,nint], then n*nint steps are taken and (n+l) results returned.
OPTIONS additional options, given as pairs name/value. Currently only

the stepping algorithm can be selected as "SOLVER" and the possible values
« "IMPLICIT" the standard implicit solver (default)

* "EXPLICIT" the standard explicit solver

return values

*

*

U is a matrix with n+l columns with the values of the solution at the nodes
at different times T
T is the vector with the values of the times at which the solutions are returned

4.8 Solving 1D steady state problems, BVP 1D ()

To solve a steady state boundary value problem (7), i.e.

— (a(z) v/ (x)) + b(z) v/ (z) + c(z) u(z) = d(z) f(z)

with boundary conditions (8) at z = zg and z = z,,

use the
For

u(zi)) = gp Dirichlet

a(z;)u'(x;) = gni+ gneu(x;) Neumann

command BVP1D ().
acall of BVP1D ()

[x, u] = BVPID(interval, a, b, c, d, f, BCleft, BCright)

the following parameters are required:
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command purpose

BVP1D () solve a static boundary value problem in 1D

IBVP1D () solve a first order initial boundary value problem in 1D
I2BVP1D () solve a second order initial boundary value problem in 1D
BVP1Deig () solve an eigenvalue problem in 1D

BVP1DNL () solve a nonlinear boundary value problem in 1D
GenerateFEMI1D () generate the matrices for BVP1D ()

pwquadinterp () piece—wise quadratic interpolation

FEM1DEvaluateDu () evaluate the first derivative at the nodes
FEM1DGaussPoints () | determine the coordinates of the Gauss points and interpolation
GenerateWeight1D () | weight matrices for the dynamic 1D problems

Table 6: Commands to solve and examine 1D boundary value problems

* interval: the interval on which the BVP will be solved. It has the form interval = [z, z1, 29, ..., Zy).
On each subinterval [x;, z;;+1] the midpoint L;C“’l will be added and then quadratic function on the
subinterval will be used for the computations.

* a, b, c and d: these coefficient functions can be given either as constant scalar value, as vector or as
function handle'” to determine the values.

— The scalar constant will be used as value at the Gauss points.
— The vector has to contain the values at the Gauss points.
— The function handle will be evaluated at the Gauss points.

2

The code has to be vectorized, e.g. to describe the coefficient a(x) = 2= use the vectorized function handle

a = @Q(x)x.N2.

» f: this function can be given as constant scalar, as vector or as a vectorized function handle. £ will
determine the values of the function f(x) at the nodes, i.e. the end- and mid-points of the subintervals.

— The scalar constant will be used as value at all of the nodes.
— The vector has to contain the values at the nodes.

— The function handle will be evaluated at the nodes.

* There are two ways to define the inhomogeneous contribution d(z) f(x) for a BVP. Except for quadratic
functions the results will be slightly different. E.g. for the BVP —u”(z) = sin(x) the expression sin(z)
can be given by d(z) = sin(x) and f(z) = 1 ord(z) = 1 and f(z) = sin(x).

1. Ford(xz) = sin(z) and f(x) = 1 use the arguments d=@ (x) sin (x) and £=1. With this description
sin(x) will be evaluated at the Gauss points and then used for the RHS of the linear system. This is
the approach preferred by this author.

2. Ford(z) = 1and f(z) = sin(x) use the arguments d=1 and £=@ (x) sin (x). With this description
sin(x) will be evaluated at the nodes (end- and mid-points of the subintervals) and with a quadratic
interpolation the values at the Gauss points will be determined and then used for the RHS of the linear
system. This approach can be useful for iterative procedures.

"2 This is different from the way to define functions for the 2D codes in FEMoctave.
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* BCleft and BCright: with these parameters the boundary conditions are specified. If it is a single
scalar Dirichlet conditions are used. If it is a vector of two scalars, Neumann conditions are used. E.g.

— BCleft
— BCleft

3 describes the boundary condition u(xo) = 3

[3, -2] describes the boundary condition a(zg) u'(x¢) = 3 — 2u(xo)
There are two return arguments:
* x is a vector with the coordinates of the nodes, i.e. all end- and mid—points of the subintervals.
* uis a vector with the values of the (approximate) solution u(z) at the nodes.

Internally BVP1D () will call the function GenerateFEM1D () to approximate the solution of the boundary
value problem by a linear system A« = M f. The code in BVP1D () implements the different boundary condi-
tions.

| BVP1D()
[X,U] = BVP1D(INTERVAL,A,B,C,D,F,BCLEFT, BCRIGHT)

solve a 1D boundary value probme (BVP)
—(a(x)*u’ (x))" + b(x)+*u’ (X) + c(x)*u(x) = d(x)*f(x)
with boundary conditions at the two endpoints

* Dirichlet: u(x) = g_D

* Neumann: a(x)#*u’ (x) = g_N1 + g_N2*u(x)

parameters:

* INTERVAL the discretized interval for the BVP
A constant, vector or function handle to evaluate a(x)
B constant, vector or function handle to evaluate b(x)
C constant, vector or function handle to evaluate c(x)
D constant, vector or function handle to evaluate d(x)
F constant, vector or function handle to evaluate f (x)
BCLEFT and BCRIGHT the two boundary conditions
* for a Dirichlet condition specify a single value G_D
* for a Neumann condition specify the values [G_N1,G_N2]

b S .

return values
* X the nodes in the given inteval
* U the values of the solution at the nodes

The function GenerateFEM1D () is used by BVP1D (), IBVP1D () and I2BVP1D () to generate the
matrices required to solve the BVP and IBVP.

| GenerateFEM1D()
[A, M, XNEW] = GenerateFEMID (X,A,B,C,D)

generate the matrices A and M to discretize the expression
-d/dx (a(x) d/dx u(x)) + b(x)=*d/dx u(x) + c(x)*u(x) — d(x)*f(x)
by Axu — Mxf

parameters:
* A function handle to evaluate the coefficient a(x

(x), vectorized
B function handle to evaluate the coefficient b(

(

(

xX), vectorized
, vectorized

*
* C function handle to evaluate the coefficient c(x
* , vectorized

D function handle to evaluate the coefficient d(x

)
)
)
)
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return values
* A matrix discretizing the expressions involving u(x)
* M matrix discretizing the evalaution of d(x)*f (x)
* XNEW vector with the grid points

| for an elementary demo use "demo GenerateFEM1D"

|

BVP1D () will determine the values of the solution at the nodes. If more values are required use a piece—
wise quadratic interpolation, i.e. the command pwquadinterp (). The values of the function and the first and
second derivatives can be evaluated.

| pwquadinterp()
yi = pwquadinterp(xdata,ydata, xi) % evaluate the values of the function
[vi, vi_x, yi_xx] = pwquadinterp(xdata,ydata,xi)% evaluate first and second derivatives

Use the data (xdata,ydata) to determine a piecewise quadratic function
and then evaluate this function at the points xi.
With multiple return arguments derivatives are evaluated.
The function requires that:
there are an odd number of data points,
xdata and xi are both in increasing order,
| the xi values lie between xdata(l) and xdata(end) .
The above command will evaluate at arbitrary points in the interval. If the values of the derivative are only
required at the notes, use the command FEM1DEvaluateDu ().

| FEM1DEvaluateDu()
DU = FEMIlDEvaluateDu (X, U)
evaluate the first derivative at the nodes x

parameters:
* X coordinates of the nodes, generated by BVP1D()
*+ U values of the function at the nodes
return values
| * DU the values of the derivative at the nodes

For some problems the locations of the Gauss points are required. Use the function FEM1DGaussPoints ().
This function also returns matrices to interpolate the values of a function and its derivative at the Gauss points,
using the values at the nodes. See Section 7.2 for the details, equation (69) interpolates the values of the function.

| FEM1DGaussPoints() |
[XGAUSS, NODES2GAUSSU, NODES2GAUSSDU] = FEMIDGaussPoints (X)

determine the coordinates of the Gauss points and interpolation matrices

parameters:
* X coordinates of the nodes, generated by BVP1D ()

return values
* XGAUSS coordinates of the Gauss points
* NODES2GAUSSU matrix to evaluate u at the Gauss points
| * NODES2GAUSSDU matrix to evaluate u’ at the Gauss points

The commands IBVP1D () and T2BVP1D () use the internal command GenerateWeight 1D () to solve
dynamic 1D problems.
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| GenerateWeight1D()
[XNEW, WIMAT, W2MAT] = GenerateWeightlD (X, W1, W2)

generate the weight matrices WIMAT and W2MAT

parameters:

* Wl constant, vector or function handle to evaluate the coefficient wl(x), vectorized
* W2 (optional) constant, vector or function handle to evaluate the coefficient w2 (x),

vectorized

return values
* XNEW vector with the grid points
* WIMAT weight matrix discretizing Wl
* W2MAT (optional) weight matrix discretizing W2

4.9 Solving 1D dynamic problems of order 1, IBVP1D ()

To solve a dynamic boundary value problem (9), i.e.

w(zx) gtu(x, t) — (a(x) o/ (z, t))/ +b(x) v (z,t) + c(x) u(z, t) = d(x) f(z,t)

with boundary conditions as in (8)
u(zi) = gp Dirichlet
a(zi)u'(z;) = gn1+ gnou(z;) Neumann

and an initial condition u(z, ty) = uo(x) use the command IBVP1D ().

Most of the parameters for a call of

[x, u, t] = IBVP1D( interval, w, a, b, c, d, f, BCleft, BCright, u0, t0, tend, steps, varargin)

are very similar to the above call of BVP1D ().

* w: is the coefficient function for the weight w(z) and can be given as scalar value, vector of values at the

Gauss points or function handle.

* f: this function can be given as constant scalar, as vector or as a vectorized function handle of the form £
= @(x,t). £ will determine the values of the function f(x,t) at the nodes, i.e. the end- and mid-points

of the subintervals.

* u0: the initial value u(z,ty) = ug(x), either as single scalar, vector of values at the nodes or a function

handle.
e £0: tend: initial and end time.

* steps: number of steps to be taken by the time stepping algorithm.

- If steps = nis asingle, positive integer, then n steps will be taken and thus n 4 1 results returned,

including the initial value ug(x).

— If steps = [n nint] is a vector of two positive integers, then n steps will be taken and thus
n + 1 results returned. In between the returned results nint additional steps will be performed, such

that the time step At will be smaller.
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The length of one time step is given by At =

tend—t0
ns«nint °

* With the optional argument the type of time stepping algorithm can be selected. Use the string "solver"
as name for the option and a string for the name of the algorithm. Find information on these time steppers
in Section 7.6, starting on page 184.

— "CN": the standard Crank—Nicolson algorithm. This is the default algorithm. It is consistent of
order 2 and unconditionally stable, but not L—stable.

— "implicit": the standard implicit solver. It is consistent of order 1, unconditionally stable and

L—stable.

— "explicit™": the standard explicit solver. It is consistent of order 1, only conditionally stable and
certainly not L—stable. It is not recommended to use this solver on real problems. If instabilities are
very likely to show up, FEMoctave issues a warning message. It can be used to demonstrate the
effect of conditional stability, see page 184.

— "RK": an implicit Runge—Kutta algorithm. It is consistent of order 2, unconditionally stable and
L—stable. The computational effort is larger than for the other algorithms, but still small for 1D

problems.

There are three return arguments:

* x is a vector with coordinates of the nodes, i.e. all end- and mid—points of the subintervals.

* u is a matrix with the values of the (approximate) solutions u(x) at the nodes. The first column contains

the initial values. Each column contains the values for one time, given in the return argument t.

e t is a vector with the times at which the values are returned in u.

Internally IBVP1D () will call the function GenerateFEM1D () to approximate the solution of the initial
boundary value problem by a linear system of ordinary differential equations W % u(t)+Au(t) = M f(t). The
code in IBVP1D () implements the boundary conditions and the time steppers.

IBVP1D()

[X,U, T] = IBVP1D(INTERVAL,W,2A,B,C,D,F,BCLEFT, BCRIGHT, U0, TO, TEND, STEPS, OPTIONS)

solve a 1D initial boundary value problem (IBVP)

w(x)*d/dt u(x,t) - (a(x)*u’ (x,t))’ + b(x)*u’ (x,t)
with initial condition u(x,t0) = ul(x)

* Dirichlet: u(x,t) = g_D

* Neumann: a(x)*u’ (x,t) = g N1 + g_N2*u(x)
parameters:

*

b S . S

INTERVAL the discretized interval for

constant, vector
constant, vector
constant, vector
constant, vector
constant, vector
constant, vector
BCLEFT and BCRIGHT

Mo QW s

* for a Dirichlet condition specify a single value G_D
* for a Neumann condition specify the values

or
or
or
or
or
or

function
function
function
function
function
function

handle
handle
handle
handle
handle
handle

the BVP

to
to
to
to
to
to

evaluate
evaluate
evaluate
evaluate
evaluate
evaluate

the two boundary conditions

+ c(x)*u(x,t)

f(x)

[G_N1,G_N2]

U0 constant, vector with the initial values at the nodes or a

d(x)*f(x,t)

and boundary conditions at the two endpoints
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function handle to evaluate u(t0)
* TO, TEND are the initial and final times
* STEPS is a vector with one or two positive integers.
x» If STEPS = n, then n steps are taken and the n+l results returned.
* If STEPS = [n,nint], then n*nint steps are taken and (n+l) results returned.
* OPTIONS additional options, given as pairs name/value.
Currently only the stepping algorithm can be selected as "SOLVER"
and the possible values
"CN" the standard Crank-Nicolson (default)
"IMPLICIT" the standard implicit solver
"EXPLICIT" the standard explicit solver
"RK" an L-stable, implicit Runge-Kutta solver

* % % o

return values
* X the nodes in the given interval
* U is a matrix with n+l columns with the values of the solution at
the nodes at different times T
* T is the vector with the values of the times at which the solutions are returned.

4.10 Solving 1D dynamic problems of order 2, T2BVP1D ()

To solve a dynamic boundary value problem (10), i.e.
82

5 U z,t) — (a(z) v/ (z, t))/ +b(x) v (z,t) + c(x) u(x, t) = d(z) f(z,t)

(2 ) + wn(z) 2

wa(x) g u(

again with Dirichlet or Neumann boundary conditions and an initial value u(x,ty) = ug(x) and initial velocity
% u(z,t)0) = uy(z) use the command I2BVP1D (). The syntax is similar to the above IBVP1D (). The only
essential difference is the specification of the initial velocity u; (x). As time stepper select either the uncondition-

ally stable implicit solver or the conditionally stable explicit solver. Both are consistent of order 2 .

| I2BVP1D()
[X,U,T] = I2BVP1D (INTERVAL,W1,A,B,C,D,F,BCLEFT, BCRIGHT, U0, U1, TO, TEND, STEPS, OPTIONS)

solve a second order 1D initial boundary value problem (IBVP)

w2 (x)*d"2/dt"2 u(x,t) + wl(x)*d/dt u(x,t) — (a(x)=*u’ (x,t))’ +
b(x)*u’ (x,t) + c(x)*u(x,t) = d(x)*xf(x,t)

with initial condition u(x,t0) = ul0(x) and d/dt u(x,t0) = ul and
boundary conditions at the two endpoints

x Dirichlet: u(x,t) = g_D

* Neumann: a(x)*u’ (x,t) = g_N1 + g_N2*u(x)

parameters:

INTERVAL the discretized interval for the BVP

W2 constant, vector or function handle to evaluate w2 (x)
W1l constant, vector or function handle to evaluate wl (x)
constant, vector or function handle to evaluate a(x
constant, vector or function handle to evaluate b(x
constant, vector or function handle to evaluate c(x
constant, vector or function handle to evaluate d(x
constant, vector or function handle to evaluate the f(x,t)
BCLEFT and BCRIGHT the two boundary conditions

*+ for a Dirichlet condition specify a single value G_D

*

b S . S S S S
Mg QW
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* for a Neumann condition specify the values [G_N1,G_N2]
* UO constant, vector with the initial values at the nodes or a
function handle to evaluate u(t0)
% Ul constant, vector with the initial velocitiesat the nodes or
a function handle to evaluate u(t0)
+ TO, TEND are the initial and final times
* STEPS is a vector with one or two positive integers.
x» If STEPS = n, then n steps are taken and the n+l results returned.
* If STEPS [n,nint], then nxnint steps are taken and (n+l) results returned.
* OPTIONS additional options, given as pairs name/value. Currently only the
stepping algorithm can be selected as "SOLVER" and the possible values
* "IMPLICIT" the standard implicit solver (default)
* "EXPLICIT" the standard explicit solver

return values
* X the nodes in the given interval
* U is a matrix with n+l columns with the values of the solution
at the nodes at different times T
* T is the vector with the values of the times at which the solutions are returned.

4.11 Solving 1D eigenvalue problems: BVP1Deig ()

To solve an 1D eigenvalue problem of the form (11)

— (a(z) ' () 4+ b(x) v/ (x) + c(z)u(z) = Iw(x)u(z) forzg <z <
u(z;)) = 0 Dirichlet BC
a(z;)u'(z;) = gn2u(x;) Neumann BC
use
I Octave |

[x,eVal,eVec,errorbound] = BVP1Deig(interval,a,b,c,w,BCleft,BCright,nVec,tol)

where the coefficient functions can be given as described in Section 4.8, as constants, vectors or function handles.
There are (possibly) two additional arguments

* The integer parameter nVec indicates the number of smallest eigenvalues to be be computed.

* The optional parameter t ol will lead to the iteration stopping if the relative change from one step to the
next is smaller than t o1. If the parameter is not given, then a default value of tol= 1077 is used.

The function can be called with two (x, Eval) or three ([x, Eval, Evev]) return arguments. A possible fourth
return argument ([ x, Eval, Evec, errorbound]) is of limited use, since with newer versions of FEMoctave
eigs () is used, instead of an inverse power iteration.

* The first argument x contains the nodes at which the solutions are evaluated.

* The second return value eVal is a column vector containing the estimated values of the eigenvalues A;.

If the third return value eVec is asked for, then a matrix will be returned. Each column contains the values
of a normalized eigenfunction at the nodes.

The fourth return argument e rrorbound is similar to the command BVP2Deig () (Section 4.5, page 66).

Examples of 1D eigenvalue problem are given in Section 3.2 and 9.15.
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| BVP1Deig()
[X,EVAL, EVEC, ERRORBOUND] = BVP1Deig (INTERVAL, A, B, C, W, BCLEFT, BCRIGHT, NVEC, TOL)

determine the smallest eigenvalues EVAL and eigenfunctions EVEC for the BVP

—(a(x)*u’" (x))" + b(x)*u’ (x) + c(X)*u(x) = eVal*w(x)*u(x)
u = 0 on Dirichlet boundary
axu’ = g_N2%u on Neumann boundary
parameters:

INTERVAL the discretized interval for the BVP

* A constant, vector or function handle to evaluate a(x)
* B constant, vector or function handle to evaluate b (x)
* C constant, vector or function handle to evaluate c(x)
* d(x)
*

*

W constant, vector or function handle to evaluate
BCLEFT and BCRIGHT the two boundary conditions

* for a Dirichlet condition specify a single value G_D

* for a Neumann condition specify the values [G_N1,G_N2]

NVEC the number of smallest eigenvalues to be computed

* TOL optional tolerance for the eigenvalue iteration, default le-5

*

return values
* X the nodes in the given interval
* EVAL the eigenvalues of the solution at the nodes
* EVEC the matric of eigenvectors of the solutions at the nodes
* ERRORBOUND a matrix with error bounds of the eigenvalues

4.12 Solving nonlinear 1D boundary value problems: BVP1DNL ()

Search for solutions of nonlinear boundary value problems given in equation (13)

= (alz, u(x), v/ () o/ ()" + b(w) ' (x) + e(x) u(w) = d(z) f(z,u(@), o' (x))
with linear Dirichlet of Neumann boundary conditions.

* For the dependence on the function f Newton’s method is used, based on the linear Taylor approximation

of ,, of ,

f(x,u—i—cb,u'—l—qﬁ')%f(x,u,u') %¢+%

o If the coefficient a depends on u or v’ a partial substitution method is used.

* If a and f are nonlinear, a combination of Newton and substitution is used. The basic idea is spelled out in
Algorithm 1. Find more details in Section 7.8.

| BVP1DNL()
[X,U] = BVP1DNL(INTERVAL,A,B,C,D,F,BCLEFT, BCRIGHT, U0, OPTIONS)

solve a nonlinear 1D boundary value problem (BVP)
—(a(x,u,u’)*u’ (x))" + b(x)*xu’ (x) + c(x)*ru(x) = d(x)*f£(x,u,u")

with boundary conditions at the two endpoints
* Dirichlet: u(x) = g_D
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Algorithm 1: The algorithm of BVP1DNL()
evaluate a,, = a(z, uo(z),uj(x)) and fo = f(z,up(x), uy(z))
solve —(an uy,)" + bu;, + cup = fo
repeat

Set Upld = Unp

evaluate f,, = f($a Un(x)a u%(z)), Ju= ('%f(xaun($)vu;z($)) and f,r = %f(l‘a un(aj),u'(:n))
evaluate the coefficients b, =b—d f,and ¢, = c—d f

solve —(ap @) + bp ¢ + ¢ ¢ = +(apul,) — bpul, — chuy +d fr

set u, = u, + ¢, i.e. one Newton step

evaluate a,, = a(x, up(x),u,(z)) and f, = f(x,u,(z),u, (z))

solve (an ul,) + bul, + cuy, = d fy, i.e one substitution step

until RMS of uy1q — uy small enough or too many iterations;
return the results

*

Neumann: a(x,u,u’)*u’ (x) = g_N1 + g_N2*u(x)

parameters:

*

*

* ok ko

INTERVAL the discretized interval for the BVP

A constant, vector or function handle to evaluate a(x), a(x,u) or a(x,u,u’)
at the Gauss points.

* A a constant or vector of values of a(x).

* A = @(X) a function handle to evaluate f (x).

* A = {@(X,U), @(X,U)} assumes that the function a(x,u) depends on x and u.
The two function handles evaluate a(x,u) and the partial derivative a_u(x,u) .
* A = {@(X,U,U0"), Q@(X,U,U") , @(X,U0,U0")} assumes that a(x,u,u’) depends on

%, u and u’. The three function handles evaluate a(x,u,u’) and the partial
derivatives a_u(x,u,u’) and a_u’ (x,u,u’).

B constant, vector or function handle to evaluate b(x) at Gauss points
C constant, vector or function handle to evaluate c(x) at Gauss points
D constant, vector or function handle to evaluate d(x) at Gauss points
F constant, vector or function handle to evaluate f(x), f(x,u) or

f

(x,u,u’") and the partial derivatives at nodes
* F a constant or vector of values of f(x) at the nodes.
* F = @(X) a function handle to evaluate f(x) at the nodes.

* F = {@(X,U), @(X,U)} assumes that the function f depends on x and u.
The two function handles evaluate f(x,u) and the partial derivative f_u(x,u).
* F = {@(X,0,0"), @(X,U,U") , @(X,0,U0")} assumes that f depends on x, u and u’.

The three function handles evaluate f(x,u,u’) and the partial derivatives
f_u(x,u,u’") and f_u’ (x,u,u’).

BCLEFT and BCRIGHT the two boundary conditions

x for a Dirichlet condition specify a single value G_D

* for a Neumann condition specify the values [G_N1,G_N2]

U0 constant, vector or function handle to evaluate u0O(x) at the nodes.

This is the starting value for the iteration.

OPTIONS additional options, given as pairs name/value.

« "TOL" the tolerance for the iteration to stop, given as pair [TOLREL, TOLABS]
for the relative and absolute tolerance. The iteration stops if the
absolute or relative error is smaller than the specified tolerance.

RMS (root means square) values are used. If only TOLREL is specified
TOLABS = TOLREL is used. The default values are TOLREL = TOLABS = 1E-5.
* "MAXITER" the maximal number of iterations to be used. The default value is 10.
* "DISPLAY" should information be displayed for the iterations
« "OFF" no display, default
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* "ITER" display the number of the iteration and the RMS size of the update

return values
* X the nodes in the given interval
* U the values of the solution at the nodes
* INFORM a structure with information on the performance of the algorithm
* INFORM.INFO = 1 if the algorithm converged with the desired tolerance, -1 if not.
* INFORM.ITER the number of iterations used.
* INFORM.ABSERROR the RMS value of the last correction applied.

4.13 Plane elasticity problems

For a plane stress problem the total energy (21) is

) B 1 v 0 Exx Exx
O //2(1—y2)< vl 0 | oew | 0| ew |2 A=
Q 0 0 2(1—-v) Eay Eay

—//f-ﬁdA—/ Gy i ds,
Q T

respecting the boundary conditions (14)

U = gp on Dirichlet boundary I'y, i.e. prescibed displacement
force density = gy on Neumann boundary I's, i.e. prescibed force density
force density = 0 on free boundary I's

The corresponding Euler—Lagrange equations are shown in (22). For a plane strain problem the total energy in
expression (79)

U(ﬁ> - Uelast + UVol + USurf
. 5 1—v v 0 Exa €z
= — — . dA —
//2(1+V)(1—2y)< v l-v 0 e || ew )
Q 0 0 2(1-2v) Exy Exy

—//f-ﬁdA—/ Gy - ds
Q T2

. 5 1 v 0 Ex Exx
_ - * . dA —
[[aawm vt o Nk
Q 0 0 2(1—-v" Exy Exy

—//f-ﬁdA— Gy - ds .
Q T

is minimized, again respecting the boundary conditions (14). Thus the resulting Euler-Lagrange euations are
very similar to (22), but with £* and v*, given in (26) by
N E

14
V:1_7]/>V and E*:l—y2>E.
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4.13.1 Solving plane stress and plane strain problems: PlaneStress (), PlaneStrain ()

To solve a plane stress problem use the command PlaneStress ().

| PlaneStress()
[U1,U2] = PlaneStress (MESH, E,NU, F, GD, GN)
solve an plane stress problem

plane stress equation in domain
u = gD on Gamma_l

force density = gN on Gamma_2
force density = 0 on Gamma_3

parameters:
«+ MESH is the mesh describing the domain and the boundary types
* E,NU Young’s modulus and Poisson’s ratio for the material
* F = {F1,F2} a cell array with the two components of the volume forces
* GD = {GD1,GD2} a cell array with the two components of the
prescribed displacements on the boundary section Gamma_l
* GN = {GN1,GN2} a cell array with the two components of the
surface forces on the boundary section Gamma_2
* Any constant function can be given by its scalar value
* Any function can be given by a string with the function name
+ The functions E, NU, F1l and F2 may also be given as vectors
with the values of the function at the Gauss points
return values
* Ul vector with the values of the x-displacement at the nodes
* U2 vector with the values of the y-displacement at the nodes

The code for P1laneStrain () is almost identical to PlaneStress () .

| PlaneStrain()
[U1,U2] = PlaneStrain (MESH, E,NU, F, GD, GN)
solve an plane strain problem

plane strain equation in domain
u = gD on Gamma_l

force density = gN on Gamma_2
force density = 0 on Gamma_3

parameters:
«+ MESH is the mesh describing the domain and the boundary types
* E,NU Young’s modulus and Poisson’s ratio for the material
* F = {F1,F2} a cell array with the two components of the volume forces
+ GD = {GD1,GD2} a cell array with the two components of the
prescribed displacements on the boundary section Gamma_l
* GN = {GN1,GN2} a cell array with the two components of the
surface forces on the boundary section Gamma_2
*+ Any constant function can be given by its scalar value
* Any function can be given by a string with the function name
«+ The functions E, NU, Fl and F2 may also be given as vectors
with the values of the function at the Gauss points
return values
* Ul vector with the values of the x-displacement at the nodes
* U2 vector with the values of the y-displacement at the nodes
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4.13.2 Eigenvalue problems, PlaneStressEig(),PlaneStrainEig()

For a domain €2 and material parameter F, v and the density p the eigenvalue problem (24)

Ouq p Quo
R E ozr dy _
div 1—12 1—v (8u1 + ug) )\,Oul
2 Yy oz
1—v (Qus 4 OQug
—div [ £ 2 (B + %52) = Apuz
1-v2 dug +V8u1
y T

is examined by the command PlaneStressEig ().

| PlaneStressEig()
[LA,U1,U2] = PlaneStressEig (MESH, E, NU, W, NVEC, TOL)

solve a plane stress eigenvalue problem

Axu = laxwxu in domain, plane stress equation
u=0 on Gamma_1l
force density = 0 on Gamma_2
force density = 0 on Gamma_3

parameters:
* MESH is the mesh describing the domain and the boundary types
* E,NU Young’s modulus and Poisson’s ratio for the material
* W the material density
* Any constant function can be given by its scalar value
« Any function can be given by a string with the function name
* The functions E, NU and W may also be given as vectors
with the values of the function at the Gauss points
* NVEC the number of smallest eigenvalues to be determined
* TOL optional tolerance for for the eigenvalue iteration, default le-5

return values
* LA the eigenvalues
* Ul matrix with the values of the x-displacement at the nodes
* U2 matrix with the values of the y-displacement at the nodes

Examples are given in Sections 3.9.3, 5.12, 5.13, 9.33 and 9.34 .

The command PlaneStrainEig () is very similar. The only difference is the usage of the plane strain
assumption.
4.13.3 Evaluating plane stress and plane strain solutions

In Table 7 find the commands related to solving plane elasticity problems and analyzing their solutions. The func-
tions EvaluateStress (), EvaluateStrain(),EvaluateVonMises (), EvaluateTresca () and
EvaluatePrincipalStress () determine the values at the nodes of the mesh. Thus for many applications
these function have to be followed by a call of FEMgriddata () to evaluate at arbitrary points.

Observe that the two computational paths

1. Evaluate the partial derivative % by a piecewise interpolation of the values of u; at the nodes.
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2. Evaluate the normal strain €., at the nodes, followed by a piecewise interpolation to determine the value
at the arbitrary point (z,y).

will NOT generate identical results. The difference should be small, but can be substantial, in particular for first
order elements.

1. The value of eps_xx_1 is evaluated using the values of u; at the nodes and then a piecewise linear or

quadratic interpolation leads to the value of the partial derivative % at the point (z, y).

2. The second option eps_xx_2 will first find values of the strain £, at the nodes, by taking an average of

the partial derivatives % at the node in the different triangles touching the node. Then a piecewise linear

or quadratic interpolation of the values of €., at the nodes is used to estimate ., = % at the point (z, y).

[T,eps_xx_1, ] = FEMgriddata (FEMmesh,ul, x,Vy)
[eps_xx,eps_yy,tau_xy] = EvaluateStrain (FEMmesh,ul,u?2);
eps_xx_2 = FEMgriddata (FEMmesh, eps_xx, X, V)

command purpose

PlaneStress () solve a plane stress problem

PlaneStrain () solve a plane strain problem

PlaneStressEig () solve a plane stress eigenvalue problem
PlaneStrainEig () solve a plane strain eigenvalue problem
PStressEquationM () generate plane stress equations, order 1
PStressEquationQuadM/() script to generate plane stress equations, order 2
PStressEquationCubicM () generate plane stress equations, order 3
PStressEquationWM () generate plane stress eigen equations, order 1
PStressEquationQuadWM () generate plane stress eigen equations, order 2
PStressEquationCubicWM () generate plane stress eigen equations, order 3
ShowDeformation () display the original and deformed domain
EvaluateStrain () given the displacement evaluate the strains at the nodes
EvaluateStress () given the displacement evaluate the stresses at the nodes
EvaluateVonMises () evaluate the von Mises stress at the nodes
EvaluatePrincipalStress () | evaluate the three principal stresses at the nodes
EvaluateTresca () evaluate the Tresca stress at the nodes

Table 7: Commands to solve and examine plane elasticity problems

4.13.4 Displaying the deformed domain, ShowDeformation ()

With the command ShowDeformation () the original and deformed domain are displayed.

| ShowDeformation()
ShowDeformation (MESH, Ul, U2, FACTOR)
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display the original domain and the deformed domain

parameters:
* MESH is the mesh describing the domain

* Ul vector with the values of the x-displacements at the nodes
* U2 vector with the values of the y-displacements at the nodes
* FACTOR is the scaling factor for the displacements Ul and U2

4.13.5 Evaluation of basic strain and stress: EvaluateStrain (), EvaluateStress ()

Given the displacements i; and s with the corresponding mesh use the function EvaluateStrain () to
determine the normal and shearing strains at the nodes of the mesh. The same function can be used for plane
stress and plane strain problems. The missing normal strain €, in z—direction can be determined independently.

* For a plane stress setup use €., = 1= (€zz + Eyy)-

* For a plane strain setup the assumption is €., = 0.

| EvaluateStrain()
[EPS_XX,EPS_YY,EPS_XY] = EvaluateStrain (MESH,Ul,U2)

evaluate the normal and shearing strains at the nodes

parameters:
* MESH is the mesh describing the domain

* Ul vector with the values of the x-displacements at the nodes
* U2 vector with the values of the y-displacements at the nodes

return values:

* EPS_XX values of normal strain in x direction at the nodes
* EPS_YY values of normal strain in y direction at the nodes

*+ EPS_XY values of shearing strain at the nodes

Given the displacements ; and @ with the corresponding mesh use the function EvaluateStress ()
to determine the normal and shearing stresses at the nodes. Since Hooke’s law is used to determine the stresses
the material parameters &/ and v have to be provided. Use the same function for plane stress and plane strain

problems, but with different arguments.

* For a plane stress setup ask for three return arguments o, oy and 7,,. All other components of the stress

tensor are zero, based on the plane stress assumption.

e For a plane strain setup ask for four return arguments o, 0, 7,y and .. Based on Hooke’s law the other

shearing stresses are given by 7,, = 7, = 0.

| EvaluateStress()

[SIGMA X,SIGMA_Y,TAU_XY,SIGMA Z] = EvaluateStress(MESH,Ul,U2,E,NU)

evaluate the normal and shearing stresses at the nodes, using

Hooke’s law for plane stress or plane strain setups

* [SIGMA_X,SIGMA_Y,TAU_XY] = EvaluateStress (MESH,Ul,U2,E,NU)
with three return arguments assumes a plane stress situation

* [SIGMA_X,SIGMA Y, TAU XY,SIGMA 7] = EvaluateStress(MESH,Ul,U2,E,NU)
with four return arguments assumes a plane strain situation
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parameters:

*

*
*
*

MESH is the mesh describing the domain

Ul vector with the values of the x-displacements at the nodes
U2 vector with the values of the y-displacements at the nodes
E Young’s modulus of elasticity, either as constant or as
string with the function name

NU Young’s modulus of elasticity, either as constant of as
string with the function name

return values:

*

*
*
*

SIGMA X values of normal stress in X direction at the nodes
SIGMA_Y values of normal stress in y direction at the nodes
TAU_XY values of shearing strain at the nodes

SIGMA_Z values of normal stress in z direction at the nodes,
only for plane strain situations

4.13.6

Evaluation of stress expressions: EvaluateVonMises (), EvaluatePrincipalStress ()
and EvaluateTresca ()

There are many expressions used for post processing elasticity problems. The following commands allow to

evaluate

a few of them at the nodes of the given mesh.

The von Mises stress o) is useful as an indicator for material failure for ductile materials, e.g. most metals.

It is one

of the most common output expressions used for mechanical FEM simulations. It is a measure for the

differences of the principals stresses, since

* Fo

012\4: ((0’1—0'2)2+(02—0'3)2+(0'3—0'1)2) .

r a plane stress setup use 0, = 7., = 7, = 0 to simplify the expression for the von Mises stress.

0]2\/[ = ((ax — ay)2 + (oy — 02)2 + (0, — am)Q) +3 (Tgy + TyQZ + fo)

N =N =

((Ux - Uy)2 +J§ +0§) +37’§y = 0923 -I—O'Z —O'yO'i +3T§y

e For a plane strain setup use 7., = 7, = 0 to simplify the expression for the von Mises stress slightly.

((ax — ay)2 + (oy — 0.)? 4 (0, — ax)2) + 37§y

N =

0 =

Select the plane stress or plane strain setup by calling the function EvaluateVonMises () with three or four
input arguments.

e If the three arguments o, o, and 7, are given, then a plane stress situation is used.

* If the four arguments o, 0y, 7,y and o, are given, then a plane strain situation is used.

EvaluateVonMises()

VONMISES = EvaluateVonMises (SIGMA_X, SIGMA_Y, TAU_XY, SIGMA_Z)

evaluate the von Mises stress at the nodes

* VONMISES = EvaluateVonMises (SIGMA_X, SIGMA Y, TAU_XY)
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with three input arguments assumes a plane stress situation

* VONMISES = EvaluateVonMises (SIGMA_X, SIGMA_Y, TAU_XY,SIGMA_Z)
with four input arguments assumes a plane strain situation

parameters:
* SIGMA_X values of normal stress in x direction at the nodes
* SIGMA_Y values of normal stress in y direction at the nodes
*+ TAU_XY values of shearing strain at the nodes
* SIGMA_7Z values of normal stress in z direction at the nodes,

only for plane strain situations
return values:
| * VONMISES values of the von Mises stress at the nodes

By selecting an appropriate (local) coordinate system the shearing stresses will vanish and only the three
principal stresses o1, o3 and o3 are used. They are the eigenvalues of the stress matrix

Or Taxy Txz
Tey Oy  Tyz

Trz Tyz Oz

* For a plane stress problem determine the principal stresses o; and o2 by solving a quadratic equation.

o T
0 = det Y = 02— 0 (0y +0y) + 0p0y — Tgy

012 = ((O‘m +o0y) = \/(O';E +o0y)? — 400y + 4T§y>

((O’x +o0y) £ \/(O'x —oy)? + 47’33/)

N — DN -

For a plane stress problem the third principal stress is given by o3 = 0.

* For a plane strain setup the first two of the above principal stresses remain unchanged. The values of o3
are determined by

Ev(ega +eyy)
03 =0, = (1+1/)xf1—;y1/) =v(o1+02) =v(oy+0y).

and returned by the function EvaluateStress ().

Thus there is no need for code to compute the values of 3.

| EvaluatePrincipalStress()
[SIGMA_1,SIGMA_2] = EvaluatePrincipalStress (SIGMA_ X, SIGMA Y, TAU_XY)

evaluate the first two principal stresses at the nodes

parameters:
* SIGMA_X values of normal stress in x direction at the nodes
* SIGMA_Y values of normal stress in y direction at the nodes
* TAU_XY values of shearing strain at the nodes

return values:
x SIGMA_1 first principal stress at the nodes
* SIGMA_2 second principal stress at the nodes

SHA 9-10-23



4 THE COMMANDS OF FEMOCTAVE

86

The Tresca stress is another indicator for material failure for ductile materials. The Tresca stress measures

the differences of the principal stresses and is given by

or = max{|o1 — 03|, |02 — 03], |03 — 01|} .

Select the plane stress or plane strain setup by calling the function EvaluateTresca () with three or four

input arguments.
e If the three input arguments o, oy, and 7, are given, then a plane stress situation is used.

* If the four input arguments o, oy, 7, and o, are given, then a plane strain situation is used.

| EvaluateTresca()
TRESCA = EvaluateTresca (SIGMA_X,SIGMA_Y, TAU_XY,SIGMA_Z)

evaluate the Tresca stress at the nodes

* TRESCA = EvaluateTresca (SIGMA_X,SIGMA_Y, TAU_XY)
with three input arguments assumes a plane stress situation
* TRESCA = EvaluateTresca(SIGMA X, SIGMA_Y,TAU_XY,SIGMA 7Z)
with four input arguments assumes a plane strain situation
parameters:
* SIGMA_X values of normal stress in x direction at the nodes
* SIGMA_Y values of normal stress in y direction at the nodes
* TAU_XY values of shearing strain at the nodes
* SIGMA_7 values of normal stress in z direction at the nodes,
only for plane strain situations

return values:
* TRESCA Tresca stress at the nodes

4.14 Solving axisymmetric elasticity problems, AxiStress ()

By minimizing the energy given by equation (28) on page 20 an axisymmetric elasticity problem can be solved.
The construction of the elements is shown in Section 8.6 starting on page 200. The commands to solve axially

symmetric problems and analyze their solutions are shown in Table 8.

4.14.1 Evaluating axisymmetric solutions

To determine the radial displacement w, and the z—displacement u, use the command AxiStress ().

| AxiStress()
[UR,UZ] = AxiStress (MESH,E,NU, F,GD, GN)

solve an axisymmetric elasticity problem

plane stress equation in domain
u = gD on Gamma_1l

force density = gN on Gamma_2
force density = 0 on Gamma_3

parameters:

SHA 9-10-23



4 THE COMMANDS OF FEMOCTAVE 87

MESH is the mesh describing the domain and the boundary types

E,NU Young’s modulus and Poisson’s ratio for the material

F = {F1,F2} a cell array with the two components of the volume forces

GD = {GD1,GD2} a cell array with the two components of the

prescribed displacements on the boundary section Gamma_1l

* GN = {GN1,GN2} a cell array with the two components of the
surface forces on the boundary section Gamma_2

* Any constant function can be given by its scalar value

» Any function can be given by a string with the function name

* The functions E, NU, Fl and F2 may also be given as vectors

with the values of the function at the Gauss points

Xk X %

return values
* UR vector with the values of the r-displacement at the nodes
| * UZ vector with the values of the z-displacement at the nodes

command purpose

AxiStress () solve an axially symmetric elasticity problem
AxiStressEquationM() generate the equations, elements of order 1
AxiStressEquationQuadM () generate the equations, elements of order 2
AxiStressEquationCubicM () generate the equations, elements of order 3
EvaluateStrainAxi () given the displacement evaluate the strains at the nodes
EvaluateStressAxi () given the displacement evaluate the stresses at the nodes
EvaluateVonMisesAxi () evaluate the von Mises stress at the nodes
EvaluatePrincipalStressAxi () | evaluate the three principal stresses at the nodes
EvaluateTrescalAxi () evaluate the Tresca stress at the nodes

Table 8: Commands to solve and examine axially symmetric elasticity problems

4.14.2 Evaluation of strains and stress for axisymmetric problems

Based on Section 2.14 the strains for an axisymmetric problem with displacements w,(r, z) and u.(r, z) in the
plane y = 0 are given by

0 1,0 0
Exx Eaxy Exz anrr 0 5( 81? aqj‘z)
- 1
Ery Eyy Eyz | = 0 = Uy 0
1/0ur ol o)
oz Eyz €z 2T+ %) 0 5
Using Hooke’s law this leads to the stresses
o 1—v v v Exx
= 1
o = v -v v | e
Y (14+v)(1-2v) vy
o, | v v 1—v | Ezz
l—v v v 881?4
E ) 1
= v -v v l su
(I1+v)(1-2v) ror
v v 1—v —86“2
L _ z
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E 1 0u. Ou,
Taw = 1+v 5( 0z + Br)

Based on this the stresses and strains for axisymmetric problems can be evaluated. The codes are

corresponding codes for plane elasticity problems, see Section 4.13.3 starting on page 81.

similar to the

| EvaluateStrainAxi()

[EPS_XX,EPS_YY,EPS_Z77Z,EPS_XZ] = EvaluateStrainAxi (MESH, UR,UZ)
evaluate the normal and shearing strains at the nodes

parameters:

*+ MESH is the mesh describing the domain

* UR vector with the values of the r-displacements at the nodes

* UZ vector with the values of the z-displacements at the nodes
return values:

* EPS_XX values of normal strain in x direction at the nodes

*+ EPS_YY values of normal strain in y direction at the nodes

* EPS_Z77Z values of normal strain in z direction at the nodes

* EPS_XZ values of shearing strain at the nodes

| EvaluateStressAxi()
[SIGMA_X, SIGMA_Y,SIGMA_Z,TAU_XZ] = EvaluateStressAxi (MESH,UR,UZ, E,NU)

evaluate the normal and shearing stresses at the nodes, using Hooke’s law

parameters:
«+ MESH is the mesh describing the domain
* UR vector with the values of the r-displacements at the nodes
* UZ vector with the values of the z-displacements at the nodes
* E Young’s modulus of elasticity, either as constant or as
string with the function name
* NU Young’s modulus of elasticity, either as constant or as
string with the function name
return values:
* SIGMA_X values of normal stress in x direction at the nodes
*+ SIGMA_Y values of normal stress in y direction at the nodes
* SIGMA 7 values of normal stress in z direction at the nodes
« TAU_XZ values of shearing strain at the nodes

I EvaluateVonMisesAxi()

VONMISES = EvaluateVonMisesAxi (SIGMA_X,SIGMA_Y,SIGMA_7, TAU_XZ)
evaluate the von Mises stress at the nodes

parameters:
* SIGMA X values of normal stress in x direction at the nodes
* SIGMA Y values of normal stress in y direction at the nodes
* SIGMA_Z values of normal stress in z direction at the nodes
*+ TAU_XZ values of shearing strain at the nodes

return values:
* VONMISES values of the von Mises stress at the nodes
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¢ Based on the stress matrix

Ter 0 0,

two principal stresses are given by solving a quadratic equation.

Oy — 0O Trz

0 = det 202_0(Ux+02)+010z_7327z
Tz 0, —0O
1 2 2
012 = 5 ((Ua;-f-tfz)ﬂ:\/(az-i-az) —4U$UZ+4T:EZ)
1
= 3 ((am +o0,)+ \/(Ux —0.)%+ 4T§Z>

The third principal stress is given by o3 = o,.

| EvaluatePrincipalStressAxi()
[SIGMA_1,SIGMA_2] = EvaluatePrincipalStressAxi (SIGMA_X,SIGMA_Z, TAU_XZ)
evaluate two principal stresses at the nodes

parameters:
* SIGMA_X values of normal stress in x direction at the nodes
+ SIGMA_ 7 values of normal stress in z direction at the nodes
«+ TAU_XZ wvalues of shearing strain at the nodes

return values:
« SIGMA 1 first principal stress at the nodes
* SIGMA 2 second principal stress at the nodes

| EvaluateTrescaAxi() |
TRESCA = EvaluateTrescalAxi (SIGMA_X,SIGMA_Y,SIGMA 7, TAU_XZ)
evaluate the Tresca stress at the nodes

parameters:
* SIGMA_X values of normal stress in x direction at the nodes
*+ SIGMA_Y values of normal stress in y direction at the nodes
* SIGMA_ 7 values of normal stress in z direction at the nodes
* TAU_XZ values of shearing strain at the nodes

return values:
* TRESCA Tresca stress at the nodes

4.15 Internal commands in FEMoctave

In this section a few internal commands are documented. Usually these commands are not used when solving
boundary value problems or elasticity problems. But the contain the essential codes to generate the matrices and
vectors required to solve the problems. The coding is based on the algorithms shown in Section 6, starting on
page 134. They can also be useful to illustrate the essential steps of finite element algorithms, e.g. individual
element stiffness matrices.
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4.15.1 Linear elements: FEMEquation.cc and FEMEquation.m
This is the fundamental function that transforms a BVP to a system of linear equations. First order triangular
elements are used. To speed it up it is written in C++, leading to the file FEMEquation.oct.

| FEMEquation() |
[A,B] = FEMEquation (MESH, A, B0, BX,BY,F,GD,GN1, GN2)

sets up the system of linear equations for a numerical solution of
a PDE using a triangular mesh with elements of order 1

—div(axgrad u - ux (bx,by))+ bOxu = £ in domain
u = gD on Dirichlet boundary
n*x (axgrad u — ux (bx,by)) gN1+g2N+u on Neumann boundary

parameters:
*+ MESH triangular mesh of order 1 describing the domain and the
boundary types
* A,BO,BX,BY,F,GD,GN1,GN2 are the coefficients and functions
describing the PDE.
Any constant function can be given by its scalar value.
The functions A,B0,BX,BY and F may also be given as vectors
with the values of the function at the Gauss points.
return values:
* A, B: matrix and vector for the linear system to be solved, Axu-B=0

I |
The script function FEMEquation.m perfoms the same task and is easier to read and understand, but
considerably slower than the compiled code.

4.15.2 Quadratic elements: FEMEquationQuad.cc and FEMEquationQuad.m

This is the fundamental function that transforms a BVP to a system of linear equations. Second order triangular
elements are used. To speed it up it is written in C++.

| FEMEquationQuad()
[A,B] = FEMEquationQuad (MESH, A,BO,BX,BY,F,GD,GN1,GN2)
sets up the system of linear equations for a numerical solution of

a PDE using a triangular mesh with elements of order 2

—div(axgrad u - ux (bx,by))+ bOxu = £ in domain
u = gD on Dirichlet boundary
n*x (axgrad u — ux (bx,by)) gN1+g2N+u on Neumann boundary

parameters:
* MESH triangular mesh of order 2 describing the domain and the
boundary types
* A,BO,BX,BY,F,GD,GN1,GN2 are the coefficients and functions
describing the PDE.
Any constant function can be given by its scalar value.
The functions A,B0,BX,BY and F may also be given as vectors
with the values of the function at the Gauss points.
return values:
* A, B: matrix and vector for the linear system to be solved, Axu-B=0

I |
The script function FEMEquat ionQuad.m performs the same task and is easier to read and understand, but
considerably slower than the compiled code.
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4.15.3 Cubic elements: FEMEquationCubic.cc and FEMEquationCubic.m

These two commands are very similar to the above section, but use triangular elements of order 3.

4.15.4 Effect of right hand side for dynamic problems: FEMInterpolWeight ()

For the time stepping in parabolic and hyperbolic problems many systems of linear equations have to be solved
using the RHS f(¢, x,y) for different values of the time ¢. Thus a function to keep track of the influence of f
is useful, FEMInterpolWeight (). This function returns a sparse matrix wlMat such that the RHS of the
system to be solved is given by wMat f

FEMInterpol Weight()

WMAT = FEMInterpolWeight (FEMMESH, WFUNC)

create the matrix to determine the contribution of wxf to a IBVP or BVP
the contribution of wxf is the determined by wMatxf, where f is the
vector with the values at the "free" nodes

—div(axgrad u)+ bOxu wxf in domain
u = gD on Dirichlet boundary
n* (axgrad u) gN1+gN2+u on Neumann boundary

parameters:
«+ MESH is the mesh describing the domain and the boundary types
* WEUNC is the weight function w
It may be given as a function name, a vector with the wvalues
at the Gauss points or as a scalar value

return value
* WMAT is the sparse weight matrix

This function is used in IBVP2D (), I2BVP2D () and IBVP2Dsym ().

4.15.5 Effect of the Dirichlet values: FEMInterpolBoundaryWeight ()

If the same system has to be solved for many different Dirichlet values gD on the boundary, one can generate the
equation once and the only recompute the changes for different gD.

FEMlInterpolBoundaryWeight()

WMAT = FEMInterpolBoundaryWeight (FEMMESH, A, BO)

create the matrix to determine the contribution of gD to a IBVP or BVP
the contribution of gD is the determined by wMatxgD, where gD is
the vector with the values at the Dirichlet nodes

—div(axgrad u)+ bOxu = f in domain
u = gD on Dirichlet boundary
n* (axgrad u) = gN1l+gN2+u on Neumann boundary
parameters:

* FEMMESH is the mesh describing the domain and the boundary types.

+ A,BO are the coefficients and functions describing the PDE.
return value:

* WMAT is the sparse weight matrix
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4.15.6 Determine a few small eigenvalues: eigSmall ()

In the function BVP2Deig () afew small eigenvalues are determined with the help of the wrapper eigSmall ()
for the Octave function eigs (). Usually generalized eigenvalues are used in FEMoctave.

| eigSmall()
[Lambda, {Ev,err}] = eigSmall(A,V,tol)
solve AxEv = Evsdiag(Lambda) standard eigenvalue problem

[Lambda, {Ev,err}] = eigSmall (A,B,V,tol)
solve AxEv = BxEvxdiag(Lambda) generalized eigenvalue problem

A is a (sparse) mxm matrix
is a (sparse) mxm matrix
\Y% is either n, the number of desired eigenvalues
or a mxn matrix, the initial eigenvectors for the iteration
tol is the relative error, used as the stopping criterion

[o3]

X is a column vector with the eigenvalues
EV is a matrix whose columns represent normalized eigenvectors
err is a vector with the aposteriori error estimates for the eigenvalues

this implementation is based on using eigs{()

4.15.7 Generating the equations for elasticity problems

The codes PStressEquationM.m, PStressEquationQuadM.m and PStressEquationCubicM.m
generate the linear system of equations to be solved for plane stress and plane strain problems. They are used in
PlaneStress () and PlaneStrain (). The Octave codes are based on the algorithms in Section 8 (starting
on page 190) and easier to read and understand than C++ code, which is not writte (yet).

| PStressEquationM.m |
[gMat,gVec] = PStressEquationM(Mesh, EFunc, nuFunc, fFunc, gDFunc, gNFunc)
setup the equation for a plane stress problem with linear elements

| PStressEquationQuadM.m |

[gMat,gVec] = PStressEquationQuadM (Mesh, EFunc, nuFunc, fFunc, gDFunc, gNFunc)
setup the equation for a plane stress problem with quadratic elements

| PStressEquationCubicM.m |
[gMat,gVec] = PStressEquationCubicM(Mesh, EFunc, nuFunc, fFunc, gDFunc, gNFunc)
setup the equation for a plane stress problem with cubic elements

| |

A similar set of functions will generate the matrices for the elastic eigenvalue problmes. The codes are
PStressEquationWM.m,PStressEquationQuadWM.mand PStressEquationcubicWM.mand they
are used in PlaneStressEig () and PlaneStrainEig ().

For axially symmetric problems similar commands are used, i.e. the script files AxiStressEquationM.m,
AxiStressEquationQuadM.mand AxiStressEquationCubicM.m.

| AxiStressEquationM.m
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[gMat, gVec] = AxiStressEquationM(Mesh, EFunc, nuFunc, fFunc, gDFunc, gNFunc)
[gMat,gVec] = AxiStressEquationM (Mesh, EFunc, nuFunc, fFunc, gDFunc, gNFunc)

o0 o° o
0% oo o

setup the equation for an axisymmetric problem with linear elements

| AxiStressEquationQuadM.m |

[gMat,gVec] = AxiStressEquationQuadM (Mesh, EFunc, nuFunc, fFunc, gDFunc, gNFunc)
[gMat,gVec] = AxiStressEquationQuadM (Mesh, EFunc, nuFunc, fFunc, gDFunc, gNFunc)

o° oo oo
o0 0P o°

setup the equation for an axisymmetric problem with quadratic elements

| AxiStressEquationCubicM.m |

[gMat,gVec] = AxiStressEquationCubicM (Mesh,EFunc, nuFunc, fFunc, gDFunc, gNFunc)
[gMat,gVec] = AxiStressEquationCubicM (Mesh, EFunc, nuFunc, fFunc, gDFunc, gNFunc)

o° o oe
o° o° oe

setup the equation for an axisymmetric problem with cubic elements

These Octave codes might be replaced by a compiled code for speed reasons.

4.16 External programs
To construct nonuniform triangular meshes FEMoctave uses an external program.

* Triangle to generate a good mesh. The source code is given in FEMoctave. Find documentation on the
web page www.cs.cmu.edu/~quake/triangle.html.

e CuthillMcKee to obtain a good numbering. Not necessary any more, since the sparse factorizations do a
better job.

* tricountour.m is a code by Duane Hanselman available at the Mathworks web site mat labcentral. It
was used by previous versions of the function FEMt ricontour (). The current version of FEMoctave
contains a simple implementation of tricontour.m. Neither code is able to generate good labels for
the contours.
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5 Tools for Didactical Purposes

In this section a few effects of FEM are illustrated. This could be useful to teach a class on the FEM.

5.1

5.2

53

54
5.5

5.6

5.7
5.8
59
5.10

5.12

5.13

5.1

The convergence of the solutions as h — 0 is examined, using an example. Find the orders of convergence
for linear, quadratic and cubic elements.

Some element stiffness matrices are examined. A path from FEM to a finite difference approximation is
shown.

The behavior of FEM solutions within an element is examined. Find a visualization of the accuracy of
linear, quadratics or cubic element.

The number of nodes, triangles and their effect on the sparsity of the global stiffness matrix is examined.

Elements of order 1, 2 or 3 are used to solve the same problem. The sizes of the resulting matrices and
error are examined.

A few examples illustrate the second order elements are not C''—conforming, i.e. the first derivative might
jump across borders of elements.

The effect of superconvergence is illustrated using a 1D boundary value problem.
The stability of four different time steppers for dynamic heat problems is visualized.
The stability condition for time steppers for the wave equation is illustrated.

The effect of shear—locking for elasticity problems, solved with the help of linear elements, is explained
and visualized. It is shown why quadratic elements do not suffer from possible shear-locking.

The standard problem of a bending Euler beam is solved with elements of order 1, 2 and 3 and on different
meshes. The results are compared.

Eigenmodes of a slender bending beam are examined. The effect of different elements, mesh sizes and
dimensions can be observed.

The (bad) effect of missing boundary constraints for elasticity problems is explained with the help of an
example.

Observe the convergence of the error as h — 0

Consider the unit square 2 = [0,1] x [0,1]. One can verify that the function u.(z,y) = sin(z) - sin(y) is the
exact solution of the boundary value problem

-V -Vu = —2sin(x) - sin(y) for 0<uz,y<1
%2’1) = —sin(x) - cos(1) for 0<z<1 and y=1
u(z,y) = ue(x,y) on the other sections of the boundary

Let A > 0 be the typical length of a side of a triangle. For second order elements 2 h is used and for third order
elements 3 h, such that the computational effort is comparable to first order elements. Nonuniform meshes are
used, to avoid superconvergence. By choosing different values of / one should observe smaller errors for smaller
values of h. The sizes of the matrices vary (approximately) from 50 x 50 to 58’000 x 58000. The error is
measured by computing the Lo norms of the difference of the exact and approximate solutions, for the values
of the functions and its partial derivative with respect to y. These are the expressions used in the theoretical
convergence estimates stated in Section 6.7. A double logarithmic plot leads to Figure 36.
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4 J

logyo(difference)
&

—+linear, u-ue
-+ linear, d/dy (u-ug)
quad, u-ue

-10 - —quad, d/dy (u-ue) |]
—+ cubic, u-ue
cubic, d/dy (u-ue)
-12 ‘
-2.5 -2 -1.5 -1 -0.5

log10(h)

Figure 36: Convergence results for linear, quadratic and cubic elements

* For linear elements:
— The slope of the curve for the absolute values of u(x,y) — ue(z,y) is approximately 2 and thus
conclude that the error is proportional to h2.
— The slope of the curve for the absolute values of a% (u(z,y) — ue(z,y)) is approximately 1 and thus
conclude that the error of the gradient is proportional to h.
* For quadratic elements:
— The slope of the curve for the absolute values of u(x,y) — ue(z,y) is approximately 3 and thus
conclude that the error is proportional to h>.

— The slope of the curve for the absolute values of 8% (u(x,y) — ue(x,y)) is approximately 2 and thus
conclude that the error of the gradient is proportional to h2.

¢ For cubic elements:

— The slope of the curve for the absolute values of u(x,y) — ue(z,y) is approximately 4 and thus
conclude that the error is proportional to h*.

— The slope of the curve for the absolute values of 8% (u(z,y) — ue(z,y)) is approximately 3 and thus
conclude that the error of the gradient is proportional to h3.

These observations confirm the theoretical error estimates in Section 6.7 on page 169. It is rather obvious from
Figure 36 that higher order elements generate more accurate solutions for a comparable computational effort.

| TestConvergence.m
a=1; b0 =0; gN2 =0; N = 6;
Npow = 6; % use Npow = 6 for final run

function res = u_exact (xy,dymmy) res = sin(xy(:,1)) .*sin(xy(:,2)); endfunction
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function res = f (xy,dummy) res = 2+xsin(xy(:,1)) .*sin(xy(:,2)); endfunction
function res u_y (xy) res = sin(xy(:,1)) .*cos(xy(:,2)); endfunction

for ii = 1:Npow
Ni = N*2" (1i-1); h(ii) = 1/ (Ni); area = 0.5/ (N1i) "2;
FEMmeshl = CreateMeshTriangle (' TestConvergence’, [0 0 -1;1
FEMmesh2 = CreateMeshTriangle (' TestConvergence’, [0 0 1
FEMmesh2 = MeshUpgrade (FEMmesh?2, 'quadratic’);
FEMmesh3 CreateMeshTriangle (' TestConvergence’, [0 0 -1;1 0 -1;1 1 -2;0 1 -1], 9%xarea);
FEMmesh3 = MeshUpgrade (FEMmesh3, ' cubic’);

2;
2;

01 -1],area);
01 -1],4*area);

%$%% solve with first order elements
ul = BVP2Dsym(FEMmeshl, a,b0,’f", u_exact’,’'u_y’,gN2);
Difference(ii) = sqrt (FEMIntegrate (FEMmeshl, (ul-u_exact (FEMmeshl.nodes)) . 2));
[ux,uy] = FEMEvaluateGradient (FEMmeshl,ul);
DifferenceUy(ii) = sqrt (FEMIntegrate (FEMmeshl, (uy-u_y (FEMmeshl.nodes))."2));

%%% now for second order elements
u2 = BVP2Dsym(FEMmesh?2,a,b0,’f’,’u_exact’,’u_y’,gN2);
DifferenceQ(ii) = sqgrt (FEMIntegrate (FEMmesh2, (u2-u_exact (FEMmesh2.nodes))."2));
[ux,uy] = FEMEvaluateGradient (FEMmesh2,u2);
DifferenceUyQ(ii) = sgrt (FEMIntegrate (FEMmesh2, (uy-u_y (FEMmesh2.nodes)) . 2));

%$%% now for third order elements

u3 = BVP2Dsym(FEMmesh3,a,b0,’f’,’u_exact’,’u_y’,gN2);

DifferenceC(ii) = sqgrt (FEMIntegrate (FEMmesh3, (u3-u_exact (FEMmesh3.nodes))."2));

[ux,uy] = FEMEvaluateGradient (FEMmesh3,u3) ;

DifferenceUyC(ii) = sgrt (FEMIntegrate (FEMmesh3, (uy-u_y (FEMmesh3.nodes)) . 2));
endfor
figure(l); plot(loglO(h),loglO (Difference), ’"+-',1ogl0(h),logl0 (Differencely), '+-',
loglO(h),logl0O (DifferenceQ),’+-",10ogl0(h),logl0 (DifferencelyQ),’+-",
loglO(h),logl0 (DifferenceC),’+-",10ogl0(h),logl0 (DifferenceUyC),’+-")
xlabel ("1log_{10} (h)"); ylabel ('log_{10} (difference)’)
legend(’linear, u-u_e’,’linear, d/dy (u-u_e)’,
"quad, u-u_e’,’quad, d/dy (u-u_e)’,’cubic, u-u_e’,’cubic, d/dy (u-u_e)’,
"location’,’southeast’); xlim([-2.5,-0.5])

—

5.2 Some Element Stiffness Matrices
5.2.1 Element contributions for equilateral triangles

Generate the trivial mesh consisting of a single equilateral triangle with the help of CreateMeshTriangle ().
The code in CreateTriangle.m generates the mesh and Figure 37.

| CreateTriangle.m
%% corners of an equilateral triangle
corners = 1+[0,0,-2;1,0,-2;0.5,sqrt(3)/2,-21;
mm = CreateMeshTriangle(’one_triangle’,corners,max(corners(:).”2))
plot ([mm.nodes(:, 1) ;mm.nodes(1l,1)], [mm.nodes(:,2);mm.nodes(1,2)],"o-xr’,
mm.GP(:,1), mm.GP (:,2), bx")

| xlabel ("x'); ylabel('y’); title(’triangle, with Gauss points’); axis equal

For the PDE —Awu = 1 generate the element stiffness matrix A and the element vector f by using the
command FEMEquation ().
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triangle, with Gauss points

1
3
+2 -1 -1 2
V3
A = ? -1 —|—2 -1 0.6 *
1 -1 42 >
041
-1 —1
- V3 area of triangle 02}
b = — | -1 |=—F""] -1 . *
4-3 3 2
-1 —1 0

0 0.2 0.4 0.6 0.8 1
X

Figure 37: An linear, equilateral triangle, the Gauss integration points and the element stiffness matrix

[A,f] = FEMEquation (mm,1,0,0,0,1,0,0,0);
Element_Matrix = full (A)

Element_Vector = f

—>

Il
o

.57735 -0.28868 -0.28868
-0.28868 0.57735 -0.28868
-0.28868 -0.28868 0.57735

Element_Matrix

Il
|
o

.14434
-0.14434
-0.14434

Element_Vector

This result corresponds to the exact result for the element stiffness matrix in Figure 37.

Using the same idea one can examine the contributions of the different terms to the element stiffness matrix.
As example consider the term caused by by v = 1 u in the PDE.

B = FEMEquation (mm,0,1,0,0,0,0,0,0);
B = full(B)

—>

B = 0.072169 0.036084 0.036084

0.036084 0.072169 0.036084
0.036084 0.036084 0.072169

The result confirms

oo 2
area of triangle
p - acaotmange 1o,
12
11 2

Examine a mesh consisting of equilateral triangles, as shown in Figure 38. Then examine the linear equation
corresponding to an interior point at (x;, y;).

* The node is corner of 6 triangles, thus the coefficient a; ; of the global stiffness matrix consists of 6 contri-

butions found on the diagonal in the element stiffness matrix A in Figure 37,i.e. a;; = 6 2*—\/25 = %.
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Figure 38: Uniform meshes consisting of equilateral triangles

e If a node at (x;,y;) shares two triangles with (z;,y;) then the entry a; ; in the global stiffness matrix
consists of 2 contributions found off the diagonal in the element stiffness matrix A in Figure 37, i.e.
-1

L —9o9 =1 _
a;j =2 35 = 5
o If the function f in —V?u = f is constant, then there will be 6 contributions from the six neigh-

boring triangle. If the length of one side of a triangle equals h, then the area is % h?. Thus find
area of triangle
by = 6 ACAOLMANEC (_py — _V3p2 f

As a result find the equation for the node at (z;, y;).

1 [ 6 1 V3
|y 2L ) | = 5
neigbours
1 1 1
72 U(l’hyi)_g S ulziy) | = +1f
neigbours

This is somewhat similar to a finite difference approximation. For each row of the global stiffness matrix the
entry on the diagonal and 6 more will be different from 0.

One can examine second order elements and the resulting element stiffness matrix and vector for quadratic
elements for the PDE —Aw = 1. The triangular, equilateral element and the matrix are shown in Figure 39. The
vector is given by

0
- V3 0 __ area of triangle
43 3 —1
-1 -1
-1 -1

For the global stiffness matrix for the very regular mesh in Figure 38
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99

6 1
1 6
11
A:\l/s 0 —4
4 0
4 4

1 -4 —4
1 -4 0 -4
6 -4 -4 0
-4 24 -8 -8

B 0.8 r

triangle, with Gauss points

0.6 r

0.4

0.2 1

0 0.2 0.4 0.6 0.8 1
X

Figure 39: An equilateral, quadratic triangle, the Gauss integration points and the element stiffness matrix

* on each row of the matrix corresponding to a corner of the triangle the entry on the diagonal and 12 more
will be different from 0. If the mesh is not as regular even 19 entries on each row might be different from

ZEro.

* on each row of the matrix corresponding to a midpoint of a side of the triangle the entry on the diagonal
and 6 more will be different from 0. If the mesh is not as regular even 9 entries on each row might be
different from zero.

5.2.2 From FEM to a finite difference approximation

Generate the trivial mesh consisting of a single right triangle with the help of CeateMeshTriangle. The
code in CreateTriangle.m generates the mesh and Figure 40. For the PDE —Awu = 1 generate the element
stiffness matrix A and the element vector b by using FEMEquation () or FEMEquationM().

%% corners of a right triangle
corners = 1%[0,0,-2;1,0,-2;0,1,-21;

CreateTriangle.m

CreateMeshTriangle ('one_triangle’,corners,max (corners(:).”2))
mm = ReadMeshTriangle(’one_triangle.l’);
[A, £] = FEMEquation (mm,1,0,0,0,1,0,0,0); %% using compiled code
Element_Matrix = full (A)
Element_Vector = £
—>
Element_Matrix = 1.00000 -0.50000 -0.50000
-0.50000 0.50000 0.00000
-0.50000 0.00000 0.50000
Element_Vector = -0.16667
-0.16667
-0.16667

Based on elements of the above type there is a connection of FEM to the finite difference method. Generate
a rectangular grid, shown in Figure 41. Examine the PDE —Aw = 7 with Neumann boundary conditions. Use
the command FEMEquat ion to generate the matrix A and the vector b, then the linear equation A @ + b has to
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triangle, with Gauss points

1,
0.8}
+1 —05 —05 —1 06
L1 >
A=|-05 +1 0 |, b=g| -1 04l
-05 0 41 ~1
0.2+ - -
O,

0 02 04 06 08 1
X

Figure 40: A right triangle, the Gauss integration points and the element stiffness matrix

2 L
Im 8 9
1t 051
0 R 1 5 6
-0.5¢
-1r
R 2 3
2 -2 -1 0 1 2 -1 -0.5 0 0.5 1
X
(a) a section (b) a small section, numbered

Figure 41: Uniform meshes consisting of rectangular triangles
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be solved. The code displays the equation at node 5.

I
x = [-1,0,1];
FEMmesh = CreateMeshRect (x,x,-2,-2,-2,-2)
figure(l); clf
ShowMesh (FEMmesh.nodes, FEMmesh.elem)
xlabel ("x"); ylabel("y’)
axis(1.2%[-1,1,-1,1]*max(x))
hold on
for kk = 1l:length(FEMmesh.nodes)
text (FEMmesh.nodes (kk, 1) +0.02,FEMmesh.nodes (kk,2)-0.07, num2str (kk),’coloxr’, [1 0 0])
endfor
hold off

a=1; bO=bx=by= 0; f=pi;

[A,b] = FEMEquation (FEMmesh, a,b0,bx,by,£,0,0,0);
A5 full (A(5,:))

b5 b (5)

—>

A5 = 0 -1 0 -1 4 -1 0 -1 0

b5 = -3.1416

The results imply that the equation to be solved is

—Uo — Ug +4Uus —ug —ug = .

Running the code again with x = [1, 0, 1]/2 will not change A, but lead to b5 = —m 4. Thus for a width h
of the triangles the equation to be solved is

—u(x — h,y) —u(z,y — h) +4u(z,y) —u(z+h,y) —ulz,y +h)
h2

This is the usual finite difference approximation of —Au = f.

One can examine second order elements and the resulting element stiffness matrix and vector for quadratic
elements for the PDE —Aw = 1. The element and the matrix are shown in Figure 42. The vector is given by

triangle, with Gauss points

l L
[ 6 1 1 4 4 08
1 3 0 0 -4 0e
111 o 3 4 0 -
A=~ 04t
6|0 0 0 16 -8 -8
-4 0 -4 -8 16 0 02
| 4 4 0 -8 0 16 | ol

0 02 04 06 08 1
X

Figure 42: A right angle triangle, the Gauss integration points and the element stiffness matrix
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0
P 1 _ area of triangle
2-3 -1 3 -1
-1 -1
-1 -1

5.2.3 Element stiffness matrices for 1D problems

To examine an ODE of the form (7)
— (a(z) W' (2))" + b(z) v/ (z) + c(z) u(z) + d(z) fz) =0

with the help of FEM the element stiffness matrix for each subinterval has to be determined. In the case of
constant coefficients the formulas from Section 7.2 (page 178) can be simplified, mainly to examine the structure
of the matrices. Four contributions have to be taken into account. Use code similar to

I
h=1;
[A,M, x] = GenerateFEM1D([O h],1,0,0,1);
A = full(A)
A_rat = rats(Axh)
M = full (M)
M_rat = rats(M/h)

|
to determine the matrices. With the notations u— = u(—h/2), up = u(0) and u4 = u(+h/2) obtain

+7 -8 +1 u_ b

+h/2 1 .
I, = / o (x) ¢/ (x) dr ~ <ﬁ -8 416 -8 u || ¢o |) = (A2t 9)
—h/2
/ 41 -8 47 | \ uy by
o o u_ b
ho= [ @ de = (| -1 0 s || w |L] 60 )= aiad)
—h/2
/ +1 —4 43 Uy o
ns , [ 14 2 | [ w b
Iy = / u(z) ¢(z) de ~ (5 +2 +16 +2 u |, ¢ |) = (Ao, )
—h/2
/ -1 +2 44 Uy foxs
hs , (44 w2 | [ f o
I = / f@e)de ~ (g L4z w16 12 | | fo || e )= T
- -1 42 o |\ sy b+

The contribution by one element to the linear system A« = M f is

=y

(aAs+bA;+cAp) @ and M,
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As a very simple example examine the ODE —u"(z) = f on three intervals of length h. Use

! f
Me f :g 4
f 1
and the above element stiffnes matrix As to find the linear system
7 -8 41 ]
-8 +16 -8
) +1 -8 414 -8 +1
37 -8 416 =8
+1 -8 +14 -8 +1
-8 +16 -8
+1 =8 +7

Uo
U1

U2

~
>

u3

>|

Uq

Us

Ug

T U C T NG N N

* The matrix is symmetric and shows a semi—bandwidth of 3, i.e. at most five entries in each row or column,
around the diagonal.

» The above system of 7 equations does not have a unique solution. For a constant vector @ = I the matrix
multiplication leads to the zero vector. This is caused by the missing boundary conditions. With the
additional constraints ug = ug = 0 the system has a unique solution. In the above matrix the first and last
rows and columns have to be removed.

* The second of the above equations is identical to the well known finite difference formula for the second

derivative, i.e.
—ug + 2u1 + ug

(h/2)?

and similar for the fourth and sixth equation. The third equation

=f

ug — 8ur + 14ug — 8ug + uyg _

h? /

shows a five point approximation of the second derivative and similar for the fifth equation

5.2.4 Element stiffness matrices for elasticity problems

For the equilateral triangle in Figure 39 examine the symmetric element stiffness matrix for parameters £ = 1
and v = 0.3 for linear elements.

[ 0531 —0.420 —0.111 0.179 —0.014 —0.165 |
—-0.420 0.531 —-0.111 0.014 -0.179 0.165
A~ -0.111 -0.111 0.222 —-0.192 0.192 0
0.1v9  0.014 -0.192 0.325 —-0.008 —0.317
-0.014 -0.179 0.192 -0.008 0.325 —0.317
| —0.165  0.165 0 —0.317 —0.317  0.634 |

If the location of the corners of the triangle are slightly perturbed, then all entries are different from 0. On a
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Nnonzeros in a row nonzeros in a row
(a) for linear elements (b) for quadratic elements

Figure 43: The number of nonzero entries in each row

mesh similar to Figure 38 (but not as uniform) with 14’040 degrees of freedom the number of nonzero entries in
each row of the resulting matrix leads to the histogram in Figure 43(a). If each of the nodes would connect to 6
other nodes, then 14 nonzero entries per row are expected. The average observed on the examined mesh is 13.8
nonzeros in each row or column. Thus only &~ 1% of the entries in the matrix are not zero, i.e. it is a very sparse
matrix.

For quadratic elements the 12 x 12 element stiffness matrix is given by

053 014 0.04 0 —-0.15 —-0.56 0.18 0 0.05 0 —-0.22 —-0.02
0.14 053 0.04 -0.15 0 —0.56 0 —-0.18 —0.05 0.22 0 0.02
0.04 0.04 022 -0.15 —-0.15 0 0.06 —0.06 0 0.26 —0.26 0
0 -0.15 -0.15 171 -—-1.12 —-0.30 0 0.26  0.22 0 0 —0.48
—0.15 0 -0.15 -1.12 171 —-0.30 —-0.26 0 —0.22 0 0 0.48
Ay~ —-0.56 —0.56 0 -0.30 -0.30 171 0.02 —0.02 0 —0.48 0.48 0
0.18 0 0.06 0 —-0.26 0.02 0.33 0 0.11 0 —-0.42 -0.01
0 -0.18 —-0.06 0.26 0 —0.02 0 0.33 0.11 —-0.42 0 —0.01
0.05 —0.05 0 0.22 —-0.22 0 0.11  0.11 0.63 -—-0.42 —-0.42 0
0 0.22  0.26 0 0 —0.48 0 —-0.42 -0.42 171 —-0.02 —-0.85
—0.22 0 —0.26 0 0 0.48 -0.42 -0.00 —-0.42 -0.02 1.71 —0.85
| —0.02 0.02 000 -048 048 -0.00 -0.01 -0.01 -0.00 —-0.85 —0.85 1.71 |

and for a slight perturbation of the corners again all 144 entries are different from zero. On a mesh similar to
Figure 38 (but not as uniform) with 56’700 degrees of freedom the number of nonzero entries in each row of the
resulting matrix leads to the histogram in Figure 43(b) with an average of 22.7 nozeros per row or column. For
a corner of a triangle contacting 6 triangles expect 6 - 6 4+ 2 = 38 nonzero entries. For a midpoint of a triangle
expect 2 - 9 = 18 nonzero entries. The midpoints outnumber the corners by a factor of three. Thus expect an
average of % = 23 nonzero entries in each row of the matrix. Thus only ~ 0.4%o of the entries in the matrix
are not zero, i.e. it is a very sparse matrix.

SHA 9-10-23



5 TOOLS FOR DIDACTICAL PURPOSES 105

5.3 Behavior of a FEM solution within triangular elements

To examine the behavior of a solution within each of the triangular elements use the boundary value problem
—Au = —exp(y) for (z,y) €
u(z,y) = exp(y) for (z,y) €T

on the domain  displayed in Figure 44(a). The exact solution is given by u(z,y) = exp(y), shown in Fig-
ure 44(b). The problem is solved twice:

1. using 32 triangular elements of order 1.
2. using 8 triangular elements of order 2.

The nodes used coincide for the two approaches, i.e four triangles in Figure 44(a) for the linear elements corre-
spond to one of the eight triangles for the quadratic elements.

u
27 :
15 | 8
6
> 1 4
05| 2
0. )
S ‘ ‘ ‘ ‘ ‘ 2 1.5 1 -
0 02 04 06 08 1 y
X
(a) the mesh (b) the solution

Figure 44: The mesh and the solution for a BVP

Figure 45(a) shows the difference of the computed solution with first order elements to the exact solution.
Within each of the 32 elements the difference is not too far from a quadratic function. Figure 45(b) shows the
values of the partial derivative %—Z. It is clearly visible that the gradient is constant within each triangle, and not
continuous across element borders.

Figure 46(a) shows the difference of the computed solution with second order elements to the exact solution.
The error is considerably smaller than for linear elements, using identical degrees of freedom. Within each of the 8
elements the difference does not show a simple structure. Figure 46(b) shows the values of the partial derivative
%—Z. It is clearly visible that the gradient is not constant within the triangles. By a careful visual inspection one has
to accept that the gradient is not continuous across element borders, but the jumps are considerably smaller than
for linear elements. These elements are not C''—conforming. Figure 47 shows the errors for the partial derivative
%;L and confirms this observation.

In Figure 48 find the differences of the values of the solution and the partial derivative with respect to y for
the same computation using cubic elements. Observe that the approximation errors are considerably smaller. The

partial derivatives % and g—;‘ are not continuous across the limits of the triangles, since these third order elements

are not C''—conforming.
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)a

N = D w b~ oo N

(a) the difference to the exact solution (b) the values of %—Z

Figure 45: Difference to the exact solution and values of g—;‘, using a first order mesh
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Figure 46: Difference to the exact solution and values of %—;‘, using a second order mesh
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difference of u

(a) using linear elements

difference of uy
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(b) using quadratic elements

Figure 47: Difference of the approximate values of %—Z to the exact values
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Figure 48: Difference of the approximate values of u and %—Z to the exact values for cubic elements
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| FEMInsideElement

[3)

N = 2; MeshType = 'quadratic’ %% use ’linear’, ’'quadratic’ or ’cubic’
Mesh = CreateMeshTriangle(’test’,[0 0 -1;1 0 -1;1 2 -1; 0 1 -1],1/N"2);
switch MeshType
case ’"quadratic’
Mesh = MeshUpgrade (Mesh, ' quadratic’);
case ’cubic’
Mesh = MeshUpgrade (Mesh, ' cubic’);
endswitch

xi = linspace(0.2,1.1,5); yi = xix0.8+0.05;
Ngrid = 100; [xi,yi] = meshgrid(linspace(0,1,Ngrid),linspace(0,2,Ngrid));

figure(l); FEMtrimesh (Mesh)
xlabel ("x'); ylabel('y’); xlim([-0.1,1.1]1); ylim([-0.1,2.1])

function res = u_exact (xy) res = t+exp(xy(:,2)) ; endfunction
function u = f(xy) u = —exp(xy(:,2)); endfunction
u_ex = reshape (u_exact ([x1(:),yi(:)]),Ngrid,Ngrid) ;

u = BVP2Dsym(Mesh,1,0,”f’,"u_exact’,0,0);

[ui,uxi,uyi] = FEMgriddata (Mesh,u,xi,vi);

figure(2); FEMtrimesh (Mesh,u); hold on

plot3(xi,yi,ui,’"g.”); hold off;
xlabel ("x'); ylabel('y’); title('u’); view([-60 25])
figure(3); mesh(xi,yi,uyi)
xlabel ("x’); ylabel ('y’); title('u_y’)
figure(4); mesh(xi,yi,uyi-u_ex)
xlabel ("x"); ylabel ('y"); title(’difference of u_y’); view([-110, 30])

5.4 Estimate the number of nodes and triangles in a mesh and the effect on the sparse matrix

Let Q C R? be a domain with a triangular mesh with many triangles. There is a connection between
N = number of nodes and 7T = number of triangles.
Examine the typical mesh on the right and consider only trian-

gles and nodes inside the mesh, as the number of contributions
by the borders are considerably smaller for large meshes.

* each triangle has three corners

* each (internal) corner is touched by 6 triangles

* each triangle has 3 midpoints of edges and each of the
midpoints is shared by 2 triangles

For first order elements the nodes are the corners of the triangles.
1 1
~-T3==T
6 2
Thus the number N of nodes is approximately half the number 7" of triangles.
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* For second order elements the nodes are the corners of the triangles and the midpoints of the edges. Each

midpoint is shared by two triangles.

1 3
Nx=-T+_-T=2T
2 +2

Thus the number N of nodes is approximately twice the number 7 of triangles.

* For third order elements the nodes are the corners of the triangles, two points each edge and the central
point. Each point on an edge is shared by two triangles.

1 2-3 9
Nx=-T+—T+4+T==-T
2 * 2 + 2

Thus the number N of nodes is approximately 4.5 times the number T’ of triangles.

The above implies that the number of degrees of freedom to solve a problem with second or third order ele-
ments with a typical diameter h of the triangles is approximately equal to using linear elements on triangles with
diameter h /2 (quadratic) or h/3 (cubic).

The above estimates also allow to estimate how many entries in the sparse matrix resulting from an FEM
algorithm will be different from zero.

* For linear elements each node typically touches 6 triangles and each of the involved corners is shared by
two triangles. Thus there might be 6 + 1 = 7 nonzero entries in each row of the matrix.

* For second order triangles distinguish between corners and midpoints.
— Each corner touches typically six triangles and thus expect up to 6 x 3 + 1 = 19 nonzero entries in
the corresponding row of the matrix.
— Each midpoint touches two triangles and two of the corner points are shared. Thus expect up to

2+ 2 x 3+ 1 = 9 nonzero entries in the corresponding row of the matrix.

The midpoints outnumber the corners by a factor of three. Thus expect an average of % = 11.5
nonzero entries in each row of the matrix.

* For third order triangles distinguish between corners, points on edges and center points.
— Each corner touches typically six triangles and thus expect up to 6 x 6 + 1 = 37 nonzero entries in

the corresponding row of the matrix.

— Each point on an edge touches two triangles and four points on the same edge are shared. Thus expect
up to 16 nonzero entries in the corresponding row of the matrix.
— Each center point leads to 10 nonzero entries.
There are approximately C' corners points, 2 C' midpoints and on the 3 C edges find 6 C' points. Thus
expect an average of % = 19@ = 17 nonzero entries in each row of the matrix.
* The above estimates are not correct for equations with constant coefficients or horizontal or vertical edges.
Then expect fewer nonzero entries in each row of the matrix.

This points to about a factor of % ~ 1.6 more nonzero entries in the matrix for quadratic elements for the
same number of degrees of freedom. For cubic elements expect a factor of % ~ 2.4. This implies that the
computational effort is larger, the actual effect depends on the linear solver used.
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5.5 Compare linear, quadratic and cubic elements

To examine the performance of the different order elements examine the BVP

~V(1+2*)Vu(z,y)) = —4(1+2?) exp(—2y) for (z,y) €
auég,o) = 0 for 1<y<2
u(z,y) = exp(—2y) on other sections of the boundary

on the domain shown in Figure 49. The exact solution is given by u.(x,y) = exp(—2y). For different values of

2 2 2
15 15 15
> 1 > 1 1
05 05 05
0 0 0
05 0 05 . 1 15 2 05 0 05 . 1 15 2 05 0o 05 1 15 )
(a) linear elements (b) quadratic elements (c) cubic elements

Figure 49: Meshes for linear, quadratic and cubic elements, leading to similar size linear systems to be solved.

the typical element size h for linear elements the three types of elements are used.

* For quadratic elements use lg,qq = 2 h to aim for the same number of degrees of freedom, i.e. the same
size of linear system of equations to be examined. For cubic elements hcypic = 3 b is used. This leads to
meshes shown in Figure 49. Observe that the mesh for cubic elements is not as good as the mesh for linear
elements to approximate the deformed domain, caused by the larger elements.

¢ For each solution u determine the Lo error, i.e.
1/2

error = | [ [ luta) = (o)
Q

* For each setup determine the size n x n of the matrix A for the linear system to be solved.

* For each setup determine the number of nonzero entries in the sparse matrix A and then the average number
of nonzeros in each row of A.

 When different values h; and hy are used the expression the errors are expected to be proportional to h¥,
with the order of convergence k. Thus if 4 is replaced by h/2 expect ratios of 2, 4, 8 or 16 for the Ly errors,
according to the theoretical results shown in Section 6.7 on page 169.

* If h is replaced by h/2 expect the number of elements and the size of the matrix Ato be multiplied by 4.
The number of nonzero entries in each row should not change drastically.

The results in Table 9 confirm the theoretical estimates of the errors and the number of nonzero entries in the
matrix A.
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Element linear quadratic cubic

width h of elements 0.025 0.0125 0.050 0.0250 0.075 0.0375
number of elements 3944 15912 998 3944 432 1764
size n of matrix 1920 7850 1920 7850 1896 7842
Ly error 2.2-107* [ 6.4-107° | 1.8-107° | 1.4-107% | 841077 | 5.6-1078
ratio of Ly errors ~ 2.9 ~ 4.7 ~ 15
NONZEeros per row 6.8 6.9 11.0 11.2 16.1 16.6

Table 9: Results for elements of order 1, 2 and 3

5.6 Are second order elements C1 conforming?

The command BVP 1D () uses second order elements to solve two—point boundary value problems. Since the
values of the piecewise quadratic functions coincide at the limit of two neighboring subintervals the elements are
C° conforming, i.e. the numerical solution is continuous. The “open” question is whether these elements are C'!
conforming, i.e. are first derivatives continuous?

This is illustrated by the code below and the resulting Figure 50. The BVP solved is
—u"(x) =sign(z) for —1<x<+1 and u(-1)=u(+1)=0.
One might expect special behavior at z = 0.
 The approximate solution # is determined by calling BVP1D () .

¢ The derivative is evaluated

— by pwquadinterp () with a very high resolution.
— by FEM1DEvaluateDu () atthe nodes.

Then both are plotted and no difference between the two is visible, i.e. the first derivative u'(x) seems to
be continuous. Zooming in around x ~ 0 confirms the observation.

Observe: since —u”(x) = +1 is solved by $% 22 the exact solution uezqc¢ () of the above problem consists of
two quadratic functions, patched together at x = 0, in spite of the discontinous right hand side sign(x).

Uezact (3}) = {

The algorithm in BVP1D () is based on piecewise quadratic approximations and will thus generate the exact
solution.

—1<z<0
0<x<+1

(I+z)  for

x
x(l—z)  for

NI D=

| Test_Clconforming.m
n = 8; x = linspace(-1,1,n+1)’;
[x,u] = BVP1D(x,1,0,0,@(x)sign(x),1,0,0);
figure(l); plot(x,u,’+-")
xlabel ("x"); ylabel("u’)
x_fine = linspace(-1,1,10001)"; [u_fine,du_fine]
du = FEMlDEvaluateDu(x,u) ;
figure(2); plot(x_fine,du_fine,x,du,’+")
xlabel (' x’); ylabel (‘du/dx’); legend(’interpolated’,’at nodes’)

= pwquadinterp(x,u,x_fine);
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— interpolated| |
+ at nodes

du/dx

-1 -0.5 0 05 1 . -1 -0.5 0 05 1

X X
(a) the solution u(x) (b) the derivative u’(x)

Figure 50: The solution and the first derivative, evaluated at the nodes and by interpolation

As a second BVP examine
—u"(z) +sign(z — 0.5)u'(x) =1 for —1<z<+1 and wu(-1)=u(+1)=0.
One might expect special behavior at z = 0.5.
» The approximate solution # is determined by calling BVP1D () .
* The derivative is evaluated

— by pwquadinterp () with a very high resolution.
— by FEM1DEvaluateDu () atthe nodes.

Then both are plotted and no difference between the two is visible in the full graph in Figure 51(a) i.e. the
first derivative v’ (x) seems to be continuous. Zooming in around z ~ 0.5 leads to Figure 51(b) and a jump
of the first derivative at z = 0.5 is visible.

* Since there is a node at x = 0.5 the code in pwquadinterp () returns the values of u/(x) for the subinter-
val to the left of x = 0.5, and then jumps to the values on the right subinterval. FEM1DEvaluateDu ()
returns the average value of the slopes of u(z) to the left and right of x = 0.5 . This is visible in Fig-
ure 51(b).

* The size of the jump of «/(x) is smaller if more elements are used, e.g. by n=2x8 .

The consequence: second order element are not C'' conforming. For 2D FEM algorithms the same is correct,
visualized by Figure 46 on page 106.

| Test_Clconforming.m

n = 8; x = linspace(-1,1,n+1)’;
[x,u] = BVP1D(x,1,0@(x)sign(x-0.5),0,1,1,0,0);
figure(l); plot(x,u)

xlabel ("x"); ylabel ("u’)
x_fine = linspace(-1,1,10001)’; [u_fine,du_fine] = pwquadinterp(x,u,x_fine);
du = FEMlDEvaluateDu(x,u) ;
figure(2); plot(x_fine,du_fine,x,du,’+")

xlabel (' x"); ylabel ('du/dx’); legend(’interpolated’,’at nodes’)
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2 :
] — interpolated — interpolated|
' + at nodes + at nodes
x 0
°
>
T 1}
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-1 -0.5 0 05 1 0.499 05 0.501
X X
(a) the derivative u’(z) (b) zoom of the derivative u’(x)

Figure 51: The first derivative, complete graph and zoomed in at z = 0.5

The above example might lead to the suspicion that the jump in the first derivative is caused by the noncon-
tinuous coefficient sign(z — 0.5) of «/(x). This is not the case, even extremely smooth problems lead to jumps
in the derivative. The boundary value problem

—u"(z) = —exp(x) for —1<z<+1 and u(—1)=exp(—1) and wu(+1) = exp(+1)

has the exact solution ezqct(2) = exp(z). Solving the problem with only 2 subintervals leads to the errors of
u(zx) and v’ (z) in Figure 52. In Figure 52(b) the sizable jump of the derivative at = 0 is clearly visible.

0.015 ‘ 0.1 ‘
+ at nodes + at nodes
0.01 {|— interpolated 0.05 |— interpolated
x
5 0.005 | 2 0
o ©
5 0 A F 5-0.051
©-0.005 | S 01
()
-0.01 ¢+ -0.15 !
-0.015 : : : -0.2 ‘ ‘ |
-1 -0.5 0 05 1 -1 -0.5 0 05 1
X X
(a) error uppnm(x) — exp(x) (b) error up gy (x) — exp(z)

Figure 52: Differences of the FEM solution urgps(2) to the exact solution ueyqct () = exp(x)

| Test_Clconforming.m
n =2; x = linspace(-1,1,n+1)’;
[x,u] = BVP1D(x,1,0,0,1,0 (x)exp(x),exp(-1),exp(l));
figure(l); plot(x,u)
xlabel ("x"); ylabel ("u’)

x_fine = linspace(-1,1,10001)"; [u_fine,du_fine] = pwquadinterp(x,u,x_fine);
du = FEMIlDEvaluateDu(x,u);
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figure(2);

figure(3);

figure(4);

figure(5);

plot (x_fine,du_fine, x,du,’+")

xlabel (' x’); ylabel ('du/dx’); legend(’interpolated’,’at nodes’)
plot (x,u,x_fine,u_fine,x_fine,exp(x_fine))

xlabel ("x"); ylabel('u’);

legend(’at nodes’,’interpolated’,’exact’,’location’,’northwest’);
plot (x,u—exp(x),’+",x_fine,u_fine-exp(x_fine))

xlabel ("x’"); ylabel ("error of u’)

legend(’at nodes’,’interpolated’,’location’,’northwest’)

plot (x,du-exp(x),’+’,x_fine,du_fine-exp(x_fine))

xlabel (' x"); ylabel ('error of du/dx’)

legend(’at nodes’,’interpolated’,’location’,’northwest’)

5.7 Superconvergence for a 1D BVP

Examine the solution of the 1D BVP

—u =sin(x) for 0< < g with u(0) =0 and u’(g) =0

with the exact solution wexaet(2) = sin(x). Use the command BVP1D () to find the numerical approximation
uppMm On a coarse grid, and then pwquadinterp () to evaluate the solution on a finer grid.

1 4e-05 T T
— interpolated
+ at nodes
0.8
2e-05
06t 8
1
> < 0
w
0.4 5
-26-05 |
0.2+
0 : : : : : : : -4e-05 : : : : : :
0 02 04 06 08 1 12 14 0 02 04 06 08 1 12 14
X X
(a) the solution (b) difference to the exact solution

Figure 53: The solution and difference to the exact solution for a 1D BVP

Observe that

* the solution is rather accurate, even on a grid with few nodes, e.g. 21 nodes.

* The solution is considerably more accurate at the nodes, than in-between nodes. This effect is called
superconvergence. You can not count on the effect of superconvergence, as it might not happen in your
problem. The convergence in the Ly norm is given by the theoretical results in Section 6.7 on page 169.

N = 10;

X

BVP1DSuperconvergence.m |
% number of elements, then 2*N+1 nodes

linspace (0,pi/2,N+1);

[xn,u] = BVP1D(x,1,0,0,1,@(x)-sin(x),0,1);

x_fine = linspace(0,pi/2,1001);
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[u_fine du_fine, ddu_fine] = pwquadinterp (xn,u,x_fine);
figure(l); plot(x_fine,u_fine)
xlabel ("x"); ylabel ("u’)
figure(1l); plot(x_fine,u_fine-sin(x_fine),xn,u-sin(xn),’+’)
xlabel ("x’); ylabel ("u_{FEM}-u_{exact}’); xlim([min(x_fine),max(x_fine)])
| legend(’ interpolated’,’at nodes’) |
The results generated by pwquadinterp () allow to display the derivatives and the deviation of the deriva-
tives. Observe that

* the first derivative is piecewise linear, but it is hard to see without zooming in.

« the difference to the exact derivative oscillates on each subinterval.

1.4 . : : - - - T 0.003
—FEM
1o} —exact |
0.002
1 x
°
08 3 0.001
S 8
© [
0.6 s ol
04t ©
-0.001 f
0.2
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ -0.002 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 02 04 06 08 1 12 14 0 02 04 06 08 1 12 14
X X
(a) first derivative of the solution (b) difference of the first derivatives

Figure 54: The derivative of the numerical solution and difference to the exact solution

| BVP1DSuperconvergence.m |
figure(12); plot(x_fine,du_fine-cos(x_fine))
xlabel ('x’); ylabel ('difference du/dx’); xlim([min(x_fine),max(x_fine)])
figure(3); plot(x_fine,ddu_fine,x_fine,-sin(x_fine))
xlabel ('x’); ylabel ('d"2u/dx"2’); xlim([min(x_fine),max(x_fine)])
legend (' FEM’ , "exact’)
figure(13); plot(x_fine,ddu_fine+sin(x_fine))
xlabel (' x"); ylabel (‘difference d"2u/dx"2"); xlim([min(x_fine),max(x_fine)]ﬁ

The results generated by pwgquadinterp () allow to display the second derivatives and the deviation of the
derivatives. Observe that

* the second derivative is piecewise constant. This should be no surprise, since piecewise quadratic functions
are used the generate the FEM solution.

* the difference to the exact second derivative changes the sign on each subinterval.
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(a) second derivative of the solution (b) difference of the second derivatives

Figure 55: The second derivative of the numerical solution and difference to the exact solution

5.8 Stability of the time steppers, or lack thereof

Examine the initial boundary value problem

2

% u(z,t) = % u(x,t) for 0<z<1

a% u(0,1) 0 for t>0
u(l,t) = 1 for t>0
u(z,0) = 0 for 0<z<1

Observe that the initial condition u(z,0) = 0 does not satisfy the boundary condition u(1,¢) = 1. As a conse-
quence the behavior of the solution will be critical for x close to 1 . Examine the FEM solution generated by
different time stepping algorithms. On the interval [0, 1] with 14 elements of order 2 use 10 time steps to find the
solution at time ¢t = 2 .

* The implicit time stepper is unconditionally stable and L—stable. Thus expect convergence of the solution,
but slow convergence, since the scheme is only consistent of order 1 . Find the result in Figure 56.

* The Crank—Nicolson time stepper is unconditionally stable, but not L—stable and consistent of order 2 .
Thus expect convergence of the solution, but CN will have a hard time to deal with the inconsistent initial
condition. Find the result in Figure 57 and the problem around x = 1 is obvious. The solution at x = 1
oscillates wildly from step to step. This is caused by the stability function g(z) = 3;; for the Crank—
Nicolson stepper (see page 184). For very large z the stability condition |g(z)| < 1 is satisfied, but g(z)
is very close to —1. Thus instead of getting very small the corresponding contribution (eigen mode) will

almost keep its amplitude, but flip its sign at each step.

* The explicit time stepper is only conditionally stable. Thus expect serious trouble for large time steps.
Taking only 10 time steps leads to a large A¢. Find the (obviously invalid) result in Figure 58(a).

* The implicit Runge—Kutta time stepper is unconditionally stable, L—stable and and consistent of order 2 .
Thus expect convergence of the solution, and it will take care of the inconsistent initial condition. Find the
result in Figure 58(b).

Computations with finer grids and smaller time steps show that the value of u(z,2) ~ 0.991 is a good approxi-
mation of the true value.
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(a) as function of x and ¢ (b) final solution at t = 2

Figure 56: The solution generated by the implicit time stepper
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Figure 57: The solution generated by the Crank—Nicolson time stepper
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(a) explicit time stepper (b) Runke—Kutta time stepper

Figure 58: The solution at time ¢ = 2 generated by the explicit and Runge—Kutta time steppers
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| Stability1D_dynamic.m
BCleft = [0,0]; BCright = 1; xMax = 1;
interval = linspace(0,xMax,15); u0 = 0;
t0 =0 ; tend = 2; steps = [10,1];
w=1;, a=1; b=0; ¢c=0; d=1; £ = 0;
solver = 'implicit’; %% select one solver
%% solver = 'explicit’;
%% solver = 'CN’;
%% solver = "RK’;
[x,u,t] = IBVP1D(interval,w,a,b,c,d, £,BCleft,BCright,ul,t0,tend, steps,’solver’,solver);

figure(l); mesh(t,x,u); ylim([0,xMax])
xlabel ("t’); ylabel ('x’); zlabel('u’)
u_at_0 = u(l,end)

u_ones ones (size(x));
figure(2); plot(x,u_ones,x,u(:,end)); xlim([0,xMax])
| xlabel ("x’); ylabel(’'u’); legend(’1’, 'FEM’',’location’,’west’)

5.9 Conditional stability of the explicit time stepper for a wave equation

For heat problems the explicit solver is only conditional stable, i.e. the time steps At have to be small enough,
see the above Section 5.8. The same is the case for hyperbolic problems. Examine the example in Section 3.7,
i.e. solve g—; u = 88—;2 u. The system of ODEs solved in I2BVP1D () is Wgé% i(t) = A (t) and the stability
condition is using the largest generalized eigenvalue A, of A @ = A Wa@ and given by

2
At <

i

max
The command I2BVP1D () will issue a warning if this condition is violated for the explicit solver, but attempts
to return results anyhow.
To obtain the stability condition examine the discretization of the ordinary differential equation i = —\ u.

Uj—1 — 2“1 + Uy+1 = —(At)Q)\ U;
U; . Ujg B 0 1 Uij—1
Ui+1 B (—(At)2)\ + 2) U; — Uj—1 B -1 2- (At)Q)\ Uj
0—p 1 2 2
0 = det = —2-(At)*Np+1
[ . (At)QAJFQ_M] pe= 2= (AN p

= 1® = (1 + p2) p+ papin

Thus conclude that 11 - o = 1. For the system to be stable the eigenvalues ; have to satisfy |u;| = 1. This is
the case iff the u; are complex, thus the discriminant of the quadratic equation has to be negative.

0 > (2—(A)*N)2 =4 = —4(AD)’A+ (AD)NE = (A)PA(—4+ (A1)? N

< A or At< —

T (A2 VA
For the second order elements used in I2BVP1D () the value of the largest generalized eigenvalue A,qy is
approximately'? proportional to (Az)2. This allows to adapt the time step At such that the algorithm is stable.
In the source code of T2BVP1D.m (or I2BVP2D . m) uncomment the lines

ro

131 am not aware of an exact formula.
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o\

lambda = eigs(A,W2,1);

disp(sprintf ("Values: lambda = %g, dt = %g, 2/sqrt(lambda) =
$g\n", ...

%$%%$lambda, dt, 2/sqgrt (lambda) ) )

o\°
o o

o\°
o\°

to observe the critical values.

In the code WaveExplicitTest .m select the solver (explicit or implicit) and the number of time steps

(105 or 100).

* For Figure 59(a) the explicit solver with 105 time steps is used. The value of At is just small enough for
the algorithm to be stable.

* For Figure 59(b) the explicit solver with 100 time steps is used. The value of At is slightly to large for the
algorithm to be stable. The blowup of the rapidly oscillating solution is obvious.

* For Figure 59(c) the implicit solver with 100 time steps is used. The implicit algorithm is unconditionally
stable.

This example should clearly illustrate that respecting the stability condition for the explicit solver is essential. For

the unstable situation you will in most cases not obtain number at all, but NaNs. This author recommends to use
the implicit solver for 1D problems. The similar solver I2BVP2D () for 2D problems shows the same stability

behavior.
1.4 1e+17 1.4
1.2 1.2
1 5e+16 1
e} © o
508 5 0 508
® 06 ® ® 06
x ¥ -Be+16 =
= 04 = e+ = 04
02 1e+17 02
0 0
-0.2 -1.5e+17 -0.2
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
X X X
(a) explicit solver with 105 steps (b) explicit solver with 100 steps (c) implicit solver with 100 steps

Figure 59: Solutions of the wave equation at the time ¢ = t.,q4

WaveExplicitTest.m

%% test the stability 1D wave equation
if 1

solver = "explicit’;
else

solver = 'implicit’;
endif

if 1

steps = [20,5]; %% unstable for explicit solver
else

steps = [21,5]; %% stable for both solvers

endif

a=1;, b=0; ¢c=0; d=1; £ =0; w2 =1; wl = 0; BCleft = 0; BCright = [0,0];
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t0 = 0; tend = 5; interval = linspace(0,3%pi,51)’;

ul0 @(x)sin(x) .x (x<=pi); ul = @(x)-cos(x).* (x<=pi);

[x,u,t] = I2BVP1D (interval,w2,wl,a,b,c,d, f,BCleft,BCright,ul0,ul,t0,tend, ...
steps, ’solver’,solver);

figure(ll); clf; mesh(t,x,u); xlabel (‘time t’); ylabel
x1im([min(t),max(t)]1); ylim([min(x),max (

figure(12); clf; contour(t,x,u,21); xlabel('time t’);

figure(13); plot(x,u(:,end)); xlabel ('x'); ylabel ('u(x
x1lim([min(x),max(x)])

position x’); zlabel('u’)

(r
x)1)
ylabel (‘position x’);
) at t_{end}’);

5.10 The shear locking effect by linear elements

Examine a domain 2 = [, ££] x [=£, £ ¢ R? with L = H = 0.1 and apply a horizontal deformation u
on the left and right edges at x = % of size +cy = £5 - 10~ y. The upper and lower edge are force free. Use

the material parameters £/ = 100 - 10 and v = 0. Find the original and deformed domain in Figure 60. One can

0.06

0.04
0.02 ¢
> 0+
-0.02 ¢
-0.04 ¢

-0.06
-0.060.040.02 0 0.020.040.06

Figure 60: Original and deformed domain and the Gauss integration points for linear elements

verify'# that an exact solution of the boundary value problem is given by

2 L?
uy(z,y) = fc xy , uz(z,y) = % (Z —2?) where ¢=5-10"%
This exact solution leads to the strains €, = % y and €, = €, = 0 and thus the elastic energy (use the elastic

energy density (20) with v = 0)

Uelast = Ue,, + syy + Us
E
= mdA—i—— yydA—l—— 2¢2, dA
14E.g. use [ ,85] withv =0and uy = xy and ug = 7% to arrive at
l 8QU1 aQU1 8 8ul 8U2 _ 8
0 = 8x2+8y +%(8$+Ty>7+0+0+%(y+0) OK

9
= 140+ — (y+0) OK

O ; 82U2 82U2 +g (Oul (91,@)
dy

o2 T oy Tay \az T oy
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L2y da;dy—i—O—i—O———L—_ ~ 41.667

+H/2 p+L/2 4 ¢2 E 4¢2 92 H3 125
2L | el e

H/2

L/2

y (9%2%406‘_00éoﬁ& X

(a) €44 With quadratic elements (b) €z, with linear elements

0.00015
0.0001
5e-05

F 0
-5e-05
-0.0001
-0.00015

0. %6%

oo%ogf0

0%2% _00%09‘92 X

(c) exy with quadratic elements (d) ezy with linear elements

Figure 61: The strains €,, and €, with two layers in each direction for linear and quadratic elements

Determine approximate solutions of this plane stress problem with NH=NL layers in either direction and
using either linear or quadratic elements. Then use these solutions % and s and the function FEMgriddata ()
to evaluate the strains €;,, €,y and €, on a fine xy—grid. Find the results for two layers (NL=NH=2) in Figure 61.
Observe that the strains obtained by quadratic elements are very close to the strains of the exact solution. The
strains based on linear elements show some surprising features:

* The strains are piecewise constant! This should be no surprise, since a partial derivative of order one of a
piecewise linear function leads to a piecewise constant strain function. For this reason first order triangular
elements are also called Constant Strain Triangles, or short CST elements.

* The piecewise constant approximation of the normal strain €., is as good as can be, since only 8 triangular
elements are used with this mesh.

* The piecewise approximation of the shearing strain gy 18 drastically different from the exact value 0 . This
is caused by the two contributions to ;, = (8“1 + 8“2) which do not cancel out on the piecewise

constant sections. The approximation based on second order elements is quite good, since 10719 ~ 0 .
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To examine the stiffness of the deformed body compute the elastic energy put into the body by the deforma-
tion. To arrive at reliable values a couple of steps are performed:

1. Generate a rather fine grid on the domain €2, using the command meshgrid ().

2. Evaluate the partial derivatives of 1 and us on the grid with the help of FEMgriddata (). Then compute
the three strains.

3. Use the command mesh () to visualize a few strains, leading to Figure 61.
4. With the strains use the expressions for the elastic energy density to evaluate the different contributions.

5. Use an iterated trapezoidal rule (t rapz () ) to perform the numerical integration for the three contributions
to the elastic energy.

The above is performed for different numbers of layers of first and second order elements. Find the results in
Table 10. This table shows a few, possibly surprising, results.

element type | # of layers Uelast U..,. Ue,, Ue,,
exact 41.666 | 41.666 | O 0
quadratic NL=NH=1 | 41.759 | 41.759 | O 0
quadratic NL=NH=2 | 41.759 | 41.759 | O 0
quadratic NL=NH=5 | 41.759 | 41.759 | O 0
linear NL=NH=1 | 187.5 125 0 62.5
linear NL=NH=2 | 78.472 | 62.847 | O 15.625
linear NL=NH=5 | 48.122 | 45.622 | 0 2.500
linear NL=NH=10 | 43.850 | 43.225 | 0 0.625

Table 10: Elastic energy contributions for shearing

* The results generated be second order elements are very accurate, even for one layer only. This is caused
by the fact that the exact solution is a polynomial of degree 2 and thus can be represented exactly by second
order elements. The remaining, small difference can be made smaller by using a better integration scheme.
See the remarks below (page 125), where an exact result is obtained.

* The results based on linear elements are severely different. The elastic energy is considerably too high
and thus the solid considered to be much stiffer than it actually is. There are two contributions to this
no-desirable effect:

1. The piecewise constant patches lead to larger integrals.

2. The shearing contribution by €., does not vanish. The effect is often called shear locking.

For a small number of layers the effect is drastic, for larger number of layers the effect becomes smaller.

| ShearLocking.m |
L =0.1; H=0.1; E = 100e9; nu = 0;
%% shearing of elements by applied displacement

; %% elements along length L

L; %% elements along height H

= 1; %% order of elements, either 1 or 2
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FEMmesh = CreateMeshRect ([-L/2:L/NL:L/2]1, [-H/2:H/NH:+H/2],-22,-22,-11,-11);
if Order==2

FEMmesh = MeshUpgrade (FEMmesh, 'quadratic’);
endif

function res = gD1 (xy)

Disp = 0.01;

res = Dispxxy(:,1) .xxy(:,2);
endfunction

[ul,u2] = PlaneStress(FEMmesh,E,nu, {0,0},{"gD1’,0},{0,0});
figure(2); FEMtrimesh (FEMmesh,ul); xlabel (’'x’); ylabel('y’); zlabel(’ul’)
figure(3); FEMtrimesh (FEMmesh,u2); xlabel ('x’); ylabel('y’); zlabel(’u2’)

figure(l); factor = 4e2;

trimesh (FEMmesh.elem, FEMmesh.nodes (:, 1) +factor*ul, FEMmesh.nodes (:, 2) +factor*u2, ...
"color’,’red’,’linewidth’, 2);

hold on ;

trimesh (FEMmesh.elem, FEMmesh.nodes (:, 1) ,FEMmesh.nodes(:,2), ...
"color’,’green’,’linewidth’,1);

plot (FEMmesh.GP (:,1),FEMmesh.GP (:,2), 'bx");

hold off; xlabel ('x"); ylabel('y’); x1im([-0.06,+0.06]); ylim([-0.06,+0.06]); axis equal

%% generate the data on the grid
x = linspace(-L/2,L/2,31); y = linspace(-H/2,+H/2,31);
[uli, eps_xxi,eps_xyli] FEMgriddata (FEMmesh, ul, xx,yy) ;
[u2i,eps_xy2i,eps_yyi] = FEMgriddata (FEMmesh,u2, xx,VvYy) ;
eps_xyl = (eps_xyliteps_xy2i)/2;

[xx,yy] = meshgrid(x,vy);

figure(12); mesh (xx,yy,eps_xxi); xlabel ('x’); ylabel ('y’); zlabel (’\epsilon_{xx}’)
figure(13); mesh (xx,yy,eps_yyi); xlabel (‘x’); ylabel('y’); zlabel (’\epsilon_{yy}’)
figure(14); mesh (xx,yy,eps_xyi); xlabel ('x’); ylabel ('y’); zlabel (’\epsilon_{xy}’)

Wi = 0.5+%E/ (1-nu”2) * (eps_xx1."2 + eps_yyil. 2+2+nu*reps_xxi.*eps_yyi+2* (1-nu) *xeps_xyi. 2);
Wxxi = 0.5xE/ (1-nu”2) % (eps_xxi."2);

Wyyi = 0.5xE/ (1-nu”2) % (eps_yyi." 2);

Wxxyyl = 0.5+E/ (1-nu”2) » (2*nu*eps_xxi.+eps_yyi);

Wxyl = 0.5%E/ (1-nu”2) * (2* (1-nu) *eps_xyi." 2);

figure(15); mesh(xx,yy,Wi);xlabel ('x"); ylabel('y"); title(’energy density’)

EnergiesGrid = [trapz(x,trapz(y,Wi)),trapz(x,trapz(y,Wxxi)), ...
trapz (x,trapz (y,Wyyi)),trapz (x,trapz (y,Wxyi)) ]

The evaluation on a fine grid might seems unnecessary, since FEMoctave provides EvaluateStrain ()
to determine the values of the strains at the nodes. Then determine the contributions to the energy densities and
integrate using FEMIntegrate ().

* The results for second order meshes seem reasonable.
* The results based on linear meshes are off, values and graphics. This is caused by the algorithms used:

1. EvaluateStrain () returns values at the nodes. For the derivatives the average value of the
neighboring elements are used, not the values inside the elements.

SHA 9-10-23



5 TOOLS FOR DIDACTICAL PURPOSES 124

2. FEMIntegrate () will then take those values at the nodes and (for linear elements) apply a piece-
wise linear interpolation, followed by a Gauss integration. Thus the values used for the integration
are drastically different form the values used when the equation was solved.

ShearLocking.m
%$%% evaluate at the nodes
[eps_xx,eps_yy,eps_xy] = EvaluateStrain (FEMmesh,ul,u?2);

W = 0.5+E/ (1-nu"2) % (eps_xx."2 + eps_yy. 2+2+nu*eps_xx.* eps_yy+2* (1-nu) reps_xy. 2);
Wxx = 0.5+E/ (1-nu”2) * (eps_xx."2);
Wyy = 0.5+E/ (1-nu”2) x (eps_yy. "2);

Wxy = 0.5+E/ (1-nu”2) * (2% (1-nu) reps_xy. "2) ;

%% integration results are not reliable

EnergiesFEMIntegrate = [FEMIntegrate (FEMmesh,W),FEMIntegrate (FEMmesh, Wxx), ...
FEMIntegrate (FEMmesh, Wyy) , FEMIntegrate (FEMmesh, Wxy) ]

figure(4); FEMtrimesh (FEMmesh, W) ;

xlabel ("x'); ylabel('y’); title(’energy density, on nodes’); view([-50,20]) |

The above problem can be removed by evaluating the partial derivatives at the Gauss points, instead of the

nodes. Use FEMEvaluateGP () to determine the contributions to the elastic energy density. Then integrate
with FEMIntegrate ().

ShearLocking.m

%% integrate by evaluation at the Gauss points

[ulG,gradul] FEMEvaluateGP (FEMmesh,ul) ;

[u2G,gradu2] = FEMEvaluateGP (FEMmesh,u?2);

eps_xxG = graduUl(:,1); eps_yyG = gradU2(:,2); eps_xyG = (gradUl(:,2)+gradU2(:,1))/2;

W = 0.5+xE/ (1-nu"2) * (eps_xxG. 2 + eps_yyG. "2+2+nu*eps_xxG. reps_yyG+2* (1-nu) reps_xyG. "2) ;

Wxx = 0.5+E/ (1-nu”2) x (eps_xxG. "2) ;

Wyy = 0.5+E/ (1-nu”2) x (eps_yvyG. "2) ;

Wxxyy = 0.5xE/ (1-nu”2) * (2*nu*reps_xxG. xeps_yyG) ;

Wxy = 0.5+E/ (1-nu”2) * (2* (1-nu) xeps_xyG. "2) ;

EnergiesFEMIntegrateGauss = [FEMIntegrate (FEMmesh,W),FEMIntegrate (FEMmesh, Wxx), ...
FEMIntegrate (FEMmesh, Wyy) , FEMIntegrate (FEMmesh, Wxy) ]

Below find the results for two layers NL=NH=2 and first and second order elements. Shown are in that order

//W = / Wxx + Wyy 4+ Wxy + Wxxyy
Q

Q
_ E 2
/ Wxx = m // Erx dA
Q

Q
E 2
[J v = s [ e
Q Q
— E 2
/ ny = m //2(1 V) E:Uy dA
Q Q

* first order elements
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EnergiesGrid = 78.4722 62.8472 0 15.6250
EnergiesFEMIntegrate = 67.4913 58.5938 0 8.8976
EnergiesFEMIntegrateGauss 78.1250 62.5000 O 15.6250

¢ second order elements

I
EnergiesGrid 4.175%+01 4.175%+01 6.8171e-30 8.2941e-30

EnergiesFEMIntegrate 4.1667e+01 4.1667e+01 6.6145e-30 2.7413e-30
EnergiesFEMIntegrateGauss = 4.1667e+01 4.1667e+01 6.5378e-30 8.5890e-30
| |
Observe that the results based on the integration with the Gauss points yields the same numbers as the exact
formula.

5.11 Bending of an Euler beam

A plate of length L = 1, width W = 1 and height I = 0.1 is attached at the left edge and an upward force of
F =100 is applied on the right side. Use the material parameters £ = 100 - 10° and v = 0. Based on the Euler
beam theory conclude

0.4

-0.2 |

(@]
o
)
o
~
© |
(@]
(@]
(o]
H

Figure 62: The original shape of the a beam and its (exaggerated) deformed shape, using two layers of elements
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For the above parameters with the second moment [ = ngl ® of the cross section obtain the following maximal
values.
F F
us(Lyy) = —— L3 =4 L3 =4.1076

3EI EWHS3
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F F

F F

Use these results to verify the accuracy of the numerical approximations.

To examine the performance of the FEM algorithms use a rectangular mesh with NL sections along the
horizontal z—axis and NH layers in the vertical y—direction. The code is using first, second or third order elements.
In Figure 63 find the mesh and the corresponding integration points for meshes with NL=10 and just one layer,
i.e. NH=1 . Observe that the figure uses different scaling, all triangles have height and width 0.1, which is
usually recommended for good quality meshes. The code was run with NL=10 horizontal sections and NH=1
or 5 vertical sections. The elastic energy density W55 is computed and displayed in Figure 64. Observe the
piecewise constant energy density for linear elements, i.e. CST elements.

0.06 0.06
o o o o o o o f o) o
0.04 * * * 0.04 p ‘ 1 ‘ 1 ‘ 1 ‘ 1 ‘
002 002 * * * »* * »* * »* * »*
> 0 > of *
-0.02 002 ==/ *[[*][*]]*|/=|/*][*
* *
-0.04 -0_04**********‘
-0.06 : : : : -0.06 | : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

(a) linear elements (b) quadratic elements

Figure 63: Meshes for linear and quadratic elements with one layer, with the integration points

Multiple runs of the code BendingBeam.m lead to the results in Table 11. The values for the elastic energy
are computed with the help of the strain values at the Gauss points. Observe that second and third order elements
generate rather accurate results, even for a very coarse grid. With a coarse grid of linear elements the effect of
shear locking is clearly visible. But even for a 80 x 8 grid the results are not very accurate.

| BendingBeam.m

%% bending of beam by applied force
L =1; H=0.1; E = 100e9; nu = 0; Force = 100;

NL = 20; %% number of elements along length L
NH = NL/10; %% number of elements along height H

Order = 2; %% order of elements, either 1 or 2
FEMmesh = CreateMeshRect ([0:L/NL:L], [-H/2:H/NH:+H/2]1,-22,-22,-11,-33);

figure(l); FEMtrimesh (FEMmesh) ;%% axis equal;
hold on; plot (FEMmesh.GP(:,1),FEMmesh.GP(:,2),"’bx"); hold off
xlabel ("x"); ylabel('y’)
switch Order
case 2
FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’) ;
case 3
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energy density, on fine grid energy density, on fine grid
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(a) one layer of linear elements (b) one layer of quadratic elements
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(c) five layers of linear elements (d) five layers of quadratic elements

Figure 64: The elastic energy density of the bending beam with one or five layers

SHA 9-10-23



5 TOOLS FOR DIDACTICAL PURPOSES

128

element order | NL | NH | max{us} max{ez} energy

Euler beam 4.10 6-10"7 2.107¢
first 80 | 8 |3.8159-107% | 5.7295-10"" | 1.9079-10~*
first 40 | 4 |3.3036-1076 | 4.8900- 1077 | 1.6517-10"4
first 20 | 2 | 2.1525-107°% | 3.1248-10"7 | 1.0762.- 1074
first 10| 1 |0.9079-1076| 1.2718-107" | 0.4539-10~4
second 80 | 8 |4.0243-107% | 6.1660-10"7 | 2.0120-10~*
second 40 | 4 |4.0242-107%{ 6.1101-1077 | 2.0120-104
second 20 | 2 [4.0235-107% | 6.0326-10"" | 2.0117-10"4
second 10 | 1 |[4.0162-107% | 5.8832-10"7 | 2.0081-10"4
third 80 | 8 |4.0244-1076 | 6.2131-1077 | 2.0122-1074
third 40 | 4 |4.0243-107%{ 6.1708-1077 | 2.0122-104
third 20 | 2 | 4.0243-107% | 6.1176-10"7 | 2.0121-10~*
third 10 | 1 |4.0241-107% | 6.0592-107" | 2.0120-104

Table 11: Different values for the deformation of a bending beam, depending on the size of the grid

FEMmesh = MeshUpgrade (FEMmesh, " cubic’);

endswitch

[ul,u2]

PlaneStress (FEMmesh, E,nu, {0,0}, {0,0}, {0,Force/H}) ;

figure(2); FEMtrimesh (FEMmesh,ul); xlabel ('x’); ylabel('y’); zlabel(’ul’)
3);

figure(

FEMoctave_u2Max = max (u2);

EulerBeam = 4xForcexL"3/ (ExH"3);
MaximalDisplacements = [EulerBeam, FEMoctave_u2Max]

[eps_xx,eps_yy,eps_xy] = EvaluateStrain (FEMmesh,ul,u?2);

FEMtrimesh (FEMmesh,u2); xlabel ('x"); ylabel('y’); zlabel(’u2’)

figure(12); FEMtrimesh (FEMmesh, eps_xx); xlabel ('x"); ylabel('y’); zlabel ('eps_{xx}’)
[max (abs (ul)), max(abs(eps_xx)) ]

Results_Maxul_Maxeps_xx =

W = 0.5+E/ (1-nu"2) % (eps_xx."2 + eps_yy. 2+2+nu*eps_xx.* eps_yy+2* (1-nu) reps_xy. 2);

EnergyByForce = [Force*EulerBeam/2, Force*max (u2) /2]

figure (4) ;FEMtrimesh (FEMmesh, W) ; xlabel ('x’); ylabel('y’);
title(’energy density, on nodes’); view([-50,20])

figure(5);clf;FEMtricontour (FEMmesh,W); xlabel(’x"); title(’energy density’)

%% integrate by evaluation at the Gauss points
[ulG,gradUl] = FEMEvaluateGP (FEMmesh,ul) ;

[u2G,gradu2] = FEMEvaluateGP (FEMmesh,u?2);
eps_xxG = gradUl(:,1); eps_yyG = gradU2(:,2); eps_xyG = (gradUl(:,2)+gradu2(:,1))/2;
W = 0.5+E/ (1-nu"2) * (eps_xxG. "2+eps_yyG. "2+2+nu*reps_xxG. xeps_yyG+2+ (1-nu) reps_xyG. “2) ;
= FEMIntegrate (FEMmesh, W)

EnergiesFEMIntegrateGauss

[xx,yy] = meshgrid(linspace(0,L,101),linspace(-H/2,+H/2,51));
[uli,eps_xxi,eps_xyli] = FEMgriddata (FEMmesh,ul, xx,vVy) ;
[u2i,eps_xy2i,eps_yyi] = FEMgriddata (FEMmesh,u2, xx,vVy) ;
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eps_xyl = (eps_xyliteps_xy2i)/2;

Wi = 0.5*E/ (1-nu”2) * (eps_xx1i. 2+eps_yyil. 2+2xnureps_xxi.+*eps_yyit+2x (1-nu) xeps_xyi. 2);

figure(14); mesh(xx,yy,Wi);xlabel ("x"); ylabel('y");

title(’energy density, on fine grid’); view([-50,201])

%% show deformed domain
factor = 1le5/2;

figure(100); ShowDeformation (FEMmesh,ul,u2, factor); xlabel(’'x’); ylabel('y’); axis equa%

5.12 Eigenvalues and eigenmodes of a slender beam

For the beam in Section 3.9.3 (page 44) more information can be obtained by PlaneStressEig (). The code
EulerBeamModes .m allows to examine multiple aspects of the eigenmodes of a bending beam. The code will
generate figures similar to Figure 65. The Aluminum beam of length L = 0.2, height H = 0.01 and width

W = 0.01 is clamped at the left edge at x = 0.

* Change the value of Mode to evaluate different modes, e.g. Mode = 4. The result might be surprising at

first sight.

* Change the height H of the beam and observe the effect of the frequencies and maybe even the shape of

the modes.

* The code allows to use linear, quadratic or cubic elements by selecting MeshType. Observe the the
frequencies obtained by quadratic elements are smaller then the ones by linear elements, Cubic elements

lead to the smallest frequencies.

* Modify the size of the mesh and observe that for finer meshes the frequencies are slightly lower.

* For a coarse mesh and linear elements the frequencies are considerably to high. This is caused by shear

locking, see Section 5.10.

| EulerBeamModes.m
clear *
L =0.20; H=0.01; W= 0.01; rho = 2.7e3;
E = 70e9; nu = 0.33; %% Aluminum
I2 = 1/12xH"3%W;
Mode = 2
Nx = 20; Ny = 3;
MeshType = ’'linear’;
MeshType = ’'quadratic’;
%MeshType = 'cubic’;

h

= @(z) 1l+cos(z).*cosh(z); %% clamped at x=0, free at x=L
z = linspace (0,Modexpi, 100);

figure(101l); plot(z,f(z)); xlabel(’z’); ylabel('f(z)’)

0 = fsolve (f,Mode*pi-pi/2);

freqEuler = z0"2*sqrt (ExI2/ (rhoxH+W)) / (2+pi*L"~2)

p = kxlambda”0.25%L;

C (sin(p)-sinh(p))/ (cos(p) +cosh(p));

= linspace (0, L) X_p = kxlambda”0.25%x;

o o

N

o° o
I

o\
b
|

o° o

figure(102); plot(x,y); xlabel ('x’); ylabel ("height y(x)’);

y = cos (x_p)-cosh(x_p) + C*(sin(x_p)-sinh(x_p)); y = y/y(end);
(
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Figure 65: The second eigenmode of a bending beam
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Mesh = CreateMeshRect (linspace (0,L,Nx+1),linspace (0, +H,Ny+1),-22,-22,-11,-22);
switch MeshType
case ’"quadratic’
Mesh = MeshUpgrade (Mesh, 'quadratic’);
case 'cubic’
Mesh = MeshUpgrade (Mesh, ' cubic’);
endswitch
[la,ul,u2] = PlaneStressEig(Mesh,E,nu, rho,max(4,Mode)) ;
fregFEM = sqgrt (la’)/ (2+pi)
ul_disp = ul(:,Mode); u2_disp = u2(:,Mode);
MaxDisp max (max (abs (ul_disp)),max (abs(u2_disp)));
ul_disp = ul_disp/MaxDisp; u2_disp = u2_disp/MaxDisp;
figure(l); FEMtrimesh (Mesh,ul_disp); xlabel(’'x’); ylabel('y’); zlabel('u_1")
figure(2); FEMtrimesh (Mesh,u2_disp); xlabel(’'x’); ylabel('y’); zlabel('u_2’)
[sigma_x,sigma_y,tau_xy] = EvaluateStress (Mesh,ul_disp,u2_disp,E,nu);
figure(1ll); FEMtrimesh (Mesh, sigma_x*1le-9);
xlabel ('x’); ylabel(’'y’); zlabel(’\sigma_x [GPa]’)
figure(12); FEMtrimesh (Mesh, sigma_y*1le-9);
xlabel (' x"); ylabel('y’); zlabel(’\sigma_y [GPa]’)
figure(13); FEMtrimesh (Mesh,tau_xy*le-9);
xlabel (' x"); ylabel ('y’); zlabel (’'\tau_{xy} [GPa]’)

figure(20) ;clf; factor = 0.005;

trimesh (Mesh.elem,Mesh.nodes(:,1) +factor+ul_disp,Mesh.nodes(:,2)+factor«u2_disp, ...
"color’,’red’,’linewidth’,2);

hold on ;

trimesh (Mesh.elem,Mesh.nodes(:,1),Mesh.nodes(:,2),’color’, green’,’linewidth’,1);
xlabel ("x’"); ylabel ("y’); %$%x1lim([0,L*1.1])

—-——>

Mode = 2

fregEuler = 1288.7

fregfEM =  205.66 1274.56  3508.03 6372.09

5.13 Missing boundary constraints and null spaces

Examine a domain © C R? and minimize the elastic energy given by equation (21) with f =gnv=0

) s 1 v Exx Exx
U<ﬁ)://2(:‘_—l/2)< v 1 0 ’ Eyy ’ Eyy >dA7
Q 0 0 2(1-v) Exy Exy

i.e. no external forces and all of the boundary is free to move. Since the strains depend on derivatives of the
displacement, the energy U () will not change for constant displacement vectors . In addition the domain can
be rotated without deformation, i.e. without adding elastic energy. This leads to a three dimensional subspace on
which the elastic energy vanishes. No reliable FEM algorithm will be able to solve the corresponding problem of
minimizing the energy, since there is no unique minimum. To obtain a solution constraints have to be introduced,
preventing the solid from moving in the x and y direction and preventing rotations.

As a consequence the global stiffness matrix A should have a three dimensional null space, describing con-
stant displacements and rotations. Thus expect three very small eigenvalues. Constant displacement vectors « in
x or y direction and rotations should satisfy

A#Z=0 and
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where

the second expression corresponds to the elastic energy. These expressions are examined in the code below.

The code verifies this on a trapezoidal domain with corners at (0, 0), (1,0), (1,2) and (0, 1).

There are three eigenvalues very close to zero. Due to the finite accuracy of the arithmetic on the CPU
the values are not exactly zero'”. The fourth eigenvalue is considerably larger. This confirms the three
dimensional null space of the matrix A.

The vector shift_x implements a translation of the solid in z direction. Since Axshift_x is approxi-
mately O the vector is in the null space of A.

With the vector shift_y the behavior in y direction is examined.

The displacement vector rot _vec examines a rotation of the solid, verifying that the energy is not in-
creased by this rotation.

The null space of the matrix A is spanned by the above three vectors.

With the vector rand_vec examine an arbitrary displacement and observe that this vector is not in the null
space and the energy is clearly increased.

TestNullSpace.m

Mesh = CreateMeshTriangle(’test’,[1 0 -22;2 0 -22;2 2 -22; 1 1 -221,0.01);

E =1e9; nu=0.3; £ = {0,0}; gb = {0,0}; gN = {0,0}; %% set the parameters
if 0 %% plane stress

[A,g] = PStressEquationM(Mesh, E,nu, £f,9D,gD) ; %% determine matrix A
else %% axially symmetric

[A,g] = AxiStressEquationM(Mesh, E,nu, £f,gD,gD) ; %% determine matrix A
endif
A = (A+A’)/2; %% assure that matrix is symmetric, it should be, but rounding errors
EigenValues = eigs (A, 6,'sa’) %% find the smallest eigenvalues
n = size(Ad,1)/2;
shift_x = [ones(n,1);zeros(n,1)]; %% constant shift in x direction
shift_x = shift_x/norm(shift_x);
Norm_Shift_x = [norm(Axshift_x),shift_x’" xAxshift_x/2]
shift_y = [zeros(n,1l);ones(n,1)]; %% constant shift in y direction
shift_y = shift_y/norm(shift_y);
Norm_Shift_y = [norm(Axshift_y),shift_y’ *A+«shift_y/2]
x = Mesh.nodes(:,1); y = Mesh.nodes(:,2); %% at point [x,y] add displacement [-y,x]
rot_vec = [-y;x]; %% a rotation
rot_vec = rot_vec/norm(rot_vec) ;
Norm_Rotation = [norm(A*rot_vec),rot_vec’ xAxrot_vec/2]
rand_vec = [X.*y;V]; %% an arbitrary displacement vector
rand_vec = rand_vec/norm(rand_vec) ;
Norm_Random = [norm(Axrand_vec),rand_vec’ xAxrand_vec/2]
—-—>

EigenvValues = -5.9793e-07 -3.8610e-07 4.6269%-07 8.6494e+06 2.7384e+07 3.1225e+07

Norm Shift_x = 3.1718e-07 7.8932e-10

'5The operation A = (A + A’)/2 assures that the matrix is symmetric, to get around a problem in the implementation of eigs () in

Octave.
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Norm_Shift_y 2.8492e-07 -1.9276e-08
Norm Rotation 3.3145e-07 2.2532e-09
Norm_Random = 5.1146e+07 5.3317e+06

Another option is the (newer) command PlaneStressEig () , which shows that the first 3 eigenvalues
are (approximately) zero and the other eigenvalues are clearly positive.

lambda = PlaneStressEig(Mesh,W,nu,1,6)’
—>
lambda = -1.2637e-17 8.7877e-18 5.2417e-17 1.2456e-02 3.2735e-02 3.7392e-02

The situation changes for axially symmetric problems, i.e. the domain in the xz—plane is rotated about the z—
axis to obtain the object in the space R3. Instead of PStres sEquationM() use AxiStressEquationM/()
to generate the stiffness matrix A. In the above code change the switch in the third line to obtain the results below.

* For axially symmetric problems moving the object up (in z—direction) does not lead to a deformation, thus
there is at least a one-dimensional nullspace.

* Moving the intersection of the object with the plane y = 0 in radial direction (in the xz—direction) does
deform the 3D object and thus increases the elastic energy.

» Rotating the intersection of the object with the plane y = 0 does deform the 3D object and thus increases
the elastic energy.

As a consequence there is only one eigenvalue (close to) zero, which is confirmed by the results below.

EigenValues = 1.7398e-06 4.0145e+06 7.3985e+06 1.8776e+07 5.0384e+07 5.4062e+07

Norm_Shift_x = 4.0504e+07 4.8423e+06
Norm_Shift_y = 6.0413e-07 -4.3348e-09
Norm Rotation = 2.3078e+07 1.0892e+06

Norm Random 1.5364e+08 1.8131e+07

The example in Section 9.34 illustrates the same effect.
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6 The Mathematics of the Algorithms for 2D FEM

In this section the mathematical background for the FEM method applied to the problems in Section 2 is ex-
plained. Most of the theory is used to solve the second order elliptic boundary value problem (1). The explana-
tions are certainly not complete, but should provide enough information to ease the understanding of the code.
For in-depth coverage consult one of the many books on FEM and/or numerical analysis. The starting point for
this presentation are the lecture notes [ ]. Find a list of books on FEM in [ , §01.

The organization of this section is as follows:

6.1

6.2
6.3
6.4

6.5

6.6

6.7
6.8

6.9

6.1

The definition of classical and weak solutions of boundary value problems is given and the connection,
including calculus of variations, is shown.

The most often used triangular elements are shown.
The method of interpolation on triangles and Gauss integration is explained.

Element stiffness matrices for triangular elements of order 1 are carefully derived. The construction of the
global stiffness matrix is explained. The integration of the different contributions is performed.

Element stiffness matrices for triangular elements of order 2 are carefully derived. The integration of the
different contributions is performed.

Element stiffness matrices for triangular elements of order 3 are carefully derived. The integration of the
different contributions is performed.

The theoretical convergence result is shown.

The algorithms to solve dynamic initial boundary value problems are presented.

In Section 6.8.1 dynamic heat equations are examined, using the Crank—Nicolson approach.

In Section 6.8.2 using eigenvalues to solve dynamic heat equations is explained.

In Section 6.8.3 dynamic wave equations are examined, using an implicit approximation.

In Section 6.8.4 using eigenvalues to solve dynamic wave equations is explained.

A few remarks on using the inverse power iteration to determine eigenvalues.

Classical solutions and weak solutions

A function u = u(x, y) is called a classical solution of the the BVP (1) iff it is twice differentiable and

—V-(@Vu—ub)+bu = f for (z,y) €
u = g for (z,y)ely .
i (aVu—ub) = go+gsu for (z,y) €Ty

Multiply this equation with a smooth function ¢, vanishing on I'7, and integrate over the domain € to arrive at

0 = (aVu—ub)+byu—f

//¢ aVu—ub)—i—bou—f) dA

0 = /Q Vo (aVu—ub)+¢ (bou— f) dA/quS (aVuful_)))'ﬁds

0

0 = / Vo-(aVu—ub)+¢ (bou—f) dA— | ¢ (924 g3u) ds. (30)
Iy
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function w is a classical solution

V@Vu) = f
= 0 ondf)
Calculus of Variations multiply by ¢ and integrate
function u is minimizer of or _ g function u is a weak solution
Fu)= [[Ya(Vu)? + f-udA |2 [[aVu-Vé+ fopdA=0
Q Q
u = 0 on 02 for all ¢ vanishing on 02
discretize discretize
. vector i € R satisfies
vector @ € RY is minimizer of (A $> W f 5) 0
- U, Q)+ , Q) =
F@) =3 (Ad,d)+ (W f,id o
(@ =3¢ ) HW D) for all vectors ¢ € RV
UERNsatisﬁesAﬂ—{—Wf:G FEM UERNsatisﬁesAﬁ+Wf:6

Figure 66: Classical and weak solutions, minimizers and FEM
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If a function u satisfies (30) it is called a weak solution of the above BVP. If there is no convection term (g = 6)
and some sign conditions for a and by are satisfied, the above is equivalent to minimizing the functional

1 1 1
F(u) = //2a(Vu)2+2b0u2+f~udA—/ g2u+§g3u2 ds
0 h
among all functions u satisfying the boundary condition v = g; on I';. Figure 66 shows connections between
classical solutions, weak solutions and the resulting system of (linear) equations for the finite element approach.
The left branch in Figure 66 illustrates the usage of minimization and calculus of variations in the context of FEM
algorithms.

In the above equation integrals over the domain 2 C R? have to be computed.
To discretize this process use a triangularization of the domain, using grid points
(zi,y;) € Q, 1 <i < n. On each triangle T}, we replace the function u by poly-
nomials of degree 1 (or 2, or 3). These polynomials are completely determined
by their values at the three corners of the triangle (or corners and some points on
the edges). Integrals over the full domain €2 are split up into integrals over each
triangle and then a summation

/Q/...dA:zk:Zk/...dA.

The gradients of u and ¢ are replaced by the gradients of the piecewise polyno-
mials. Each contribution has to be written in the form

//...dA: (A gy, $k>+<wkfl;7 51@),
Tk

where Ay is the element stiffness matrix.

The above integral will be rewritten as sum of the above integrations of the triangles, leading to the condition
(AG+Wf, ) =0 forall ¢eRY.

This condition is satisfied if « solves the linear system A4 = — W f The matrix A is called global stiffness
matrix. It is this system of linear equations that will be solved to obtain an approximate solution of the boundary
value problem (1).

6.2 A few triangular elements

There are different methods to construct finite elements on triangles. In Figure 67 find a graphical representation
of a few commonly used elements.

* A solid dot at a position indicates that the value at this point is used as a DOF.

* A circle around a solid dot at a position indicates that the values of the first order partial derivatives are
used as DOFs, e.g. in the Hermite elements.

* A double circle around a solid dot at a position indicates that the values, first and second order partial
derivatives are used as DOFs, e.g. in the Argyris elements.

* A short line at a position indicates that the value of the normal derivative at this point is used as a DOF, e.g.
in the Morley and Argyris elements.
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An element is called
+ (C° conforming if the resulting solutions are continuous across element boundaries.

+ C' conforming if the resulting solutions and the first order derivatives are continuous across element bound-
aries.

The codes in FEMoctave only use linear, quadratic and cubic elements.

. I

linear quadratic Morley
° °
. ° |
cubic Hermite Argyris
Figure 67: A few triangular elements
linear | quadratic | Morley | cubic | Hermite | Argyris

degrees of freedom DOF 3 6 6 10 10 21
polynomial basis P Py Py Pg Ps Ps
CY conforming yes yes no yes yes yes
C' conforming no no quasi no quasi yes

Table 12: Properties of triangular elements

6.3 Transformation, interpolation and Gauss integration

From the above it is obvious that integration over general triangles is important for the development of FEM
algorithms. It turns out to be convenient to find integration methods for a standard triangle and then consider the
general triangle by appropriate coordinate transformations.

6.3.1 Transformation of coordinates and integration over a general triangle

All of the necesssary integrals for the FEM method are integrals over general triangles E. These can be written
as images of a standard triangle in a (£, v)—plane, according to Figure 68. The transformation is given by

()= Gz~ G)
Y Y1 Y2—U1 Ys— Y1
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4 (x3,y3)

£ (z2,92)

(z1,91)

Figure 68: Transformation of the standard triangle 2 to a general triangle

T To— X1 T3 —X T
_ DA R § _ L) L. §
(A Y2—Y1 Ys— U1 v Y v
with the transformation matrix
Ty —T1 T3 —T1 ]

Y2—Y1 Ys— U1

T =

By using 0 < &,v < 1 with € + v < 1 the standard triangle €2 is mapped onto the general triangle £ C R2. If
the coordinates (x, y) are given find the values of (£, ) with the help of
( r — T )
Yy—un

f _ T_l ) r — I _ 1
1% Y — Y1 det(T)
If a function f(x,y) is to be integrated over the triangle E use the transformation

//fdA //f ‘ <gg:§;>'d§du:det(T)| /01 (/Oyf(f(g,u))dg)du. 31)

The Jaccobi determinant is given by

Ys—y1 —T3+x1

—Y2+y1 X2 — 71

0
et (G220) | = aet(T)] = (a2 1) 0 = ) — o2 = 0) (2 )
If the orientation of the triangle is positive, then det(T) will be positive. Since the area of the standard triangle
Q) equals % find
1
area of £ = 3 |det T'| .

For an efficient numerical integration over the standard triangle €2 choose integration points g; € €2 and corre-
sponding weights w; for j = 1,2,...,m and then work with the values of the function at those points, i.e. seek
an approximation of the integral of the form

// FE) dAR Y w; f(d)).- (32)
) j=1

The integration points g; and weights w; have to be chosen, such that the approximation error is as small as
possible. Required are three essential conditions for the integration method:
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 If a sample point is used in a Gauss integration, then all other points obtainable by permuting the three
corners of the triangle must appear and with identical weight.

* All sample points vecg; must be inside the triangle, or on the triangle boundary.

* All weights w; must be positive.

6.3.2 Gauss integration on the standard triangle with 3 Gauss points

In Figure 69 consider the three points at §; = 3 (A, A), g2 = (1 — A, A/2) and g1 = (A/2,1 — \). Find optimal
values for the parameters A and w such that polynomials of degree as high as possible are integrated exactly by

/ f A= w (f(@) + [(@) + (@) -

A

Figure 69: Gauss integration of order 2 on the standard triangle, using 3 integration points

To determine the optimal values determine a solution of a nonlinear system of 2 equations for the unknowns
X and w. Require that £* for 0 < k < 2 be integrated exactly. This leads to the solution A = 1/3 and the weight
w = 1/6 . This approximate integration yields the exact results for polynomials f up to degree 2 . Thus for a
single triangle with diameter h, i.e. an area of the order h2, the integration error for smooth functions is of the
order h? - h? = h®. When dividing a large domain in sub-triangles of size h this leads to a total integration error
of the order h3.

The Gauss points and weights are given by

1/6 1/6 )
G=1|2/3 1/6 and wzé.
1/2 2/3

For a general triangle the Gauss points are located at

XG=<x1>+ o xS_xl]-GT:<xl>+T~GT.
Y1

Y2—Y1 Ys— Y1 W
This integration scheme will be used for linear elements. '

'One might be temped to add the center of the triangle as a fourth point, but the resulting weight will be negative. This would lead to
stiffness matrices that are not positive definite.
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6.3.3 Gauss integration on the standard triangle with 7 Gauss points

As a second method use the points g1 = (A1, A1) and g4 = (A2, A2) along the diagonal £ = v. Similarly use two
more points along each connecting straight line from a corner of the triangle to the midpoint of the opposite edge.
This leads to a total of 6 integration points where groups of 3 have the same weight. Finally add the midpoint with
weight ws. This is illustrated in Figure 70. The result is a 7 x 2 matrix G containing in each row the coordinates
of one integration point g; and a vector « with the corresponding integration weights. To determine the optimal

‘v

Figure 70: Gauss integration of order 5 on the standard triangle, using 7 integration points

values solve a nonlinear system of 5 equations for the unknowns A1, A9, wi, ws and ws. Require that §k for
0 < k < 5 be integrated exactly. Find details in [ ]. Pick a solution of the resulting nonlinear system with
0 < A1 < A2 < 1 (points inside the triangle) and positive weights w1, wo and ws.

This approximate integration yields the exact results for polynomials f up to degree 5 . Thus for one triangle
with diameter / and an area of the order h? the integration error for smooth functions is of the order h6 - h? = h8,
When dividing a large domain in sub-triangles of size h this leads to a total integration error of the order k5. For
most problems this error will be considerably smaller than the approximation error of the FEM method and it is
reasonably safe to ignore the error.

The optimal choice of Gauss points and integration weights is given by'”

[ a2 a2 | [ 001287 0.101287 ] wi 0.0629696

1—X1 A1/2 0.797427 0.101287 w1 0.0629696

A1/2 1—X) 0.101287 0.797427 w1 0.0629696
G = A2/2  Ag/2 ~ | 0.470142 0.470142 and W=| wy | = | 0.0661971 (33)

1—Xa  Ag/2 0.059716 0.470142 Wo 0.0661971

A2/2 1= 0.470142 0.059716 Wy 0.0661971

1/3 1/3 0.333333 0.333333 w3 0.1125000
Using the transformation results in this section compute the coordinates X s for the Gauss integration in a general

triangle by
e U R Il R () R S 2
Y1 Y2—U1 Ys— N

This notation is used to compute the Gauss points for a given triangulation of the domain, i.e. for the mesh.

""The exact values are Ay = (12 — 2+/15)/21, A2 = (12 +2+/15)/21, w1 = (155 — v/15)/2400, w4

wr = 9/80.

(155 + +/15) /2400 and
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6.4 Construction of first order elements

Assume that the function u is linear on each triangle T}, thus determined by the values at the three corners. Then
all integrals in expression (30) have to be examined. For the linear elements use the integration with 3 Gauss
nodes in the triangle, as described in Section 6.3.2. All contributions in (30)

Oz//V(b-(aVu—ug)—i—(b(bou—f) dA— | ¢ (g2+gsu) ds
Q

I

have to be transformed into

0=1{(p, AU+ WF). (35)
By integration over one triangle E find
o1 uy ®1
/ Vo-(aVu—ub)+¢ (bou—f) dA=(| ¢ [ A | ua [)+(| ¢2 |, WEfE).
E ?3 u3 ?3

The matrix A g is the element stiffness matrix and Wg fE the corresponding vector. These entries have to
be added in the correct rows and columns of the global stiffness matrix. For this examine the local and global
numbering of nodes in Figure 71. In each triangle the three corners are numbered by 1,2 and 3, but in the global
mesh (consisting of many triangles) they are numbered by ¢,k and j. Thus the entries in the element stiffness
matrix A g have to be added to rows/columns %,k and j in the global stiffness matrix A.

. local <+— global
i triangle <— mesh
1 — t
2 — k
Figure 71: Local and global numbering of nodes
coli colj colk
row i ... all ... a13 ...... a12
air a2 a3
Ap=| an axn ax — A=A+ rowj | -+ az; - azy oo asz
agy asz ass
rOW k ... a21 ... a23 ...... a22

Similar procedures have to be appplied to the vectors.
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6.4.1 Linear interpolation on a triangle

If the values of the function ¢(z, y) at the three corners are given by ¢1, ¢2 and ¢3 then the values ¢(g;) are given
by

o(G1) = §¢1+%¢2+é¢3
B@) = ozt oy
P(gs) = é¢1+%¢2+§¢3
or using a matrix notation
o(1) . 4 11 b1
¢gs) | =5 |1 41 b | =Mo.
?(33) 114 ?3

This interpolation of the values from the nodes of the triangle to the Gauss points g; is independent of shape and
size of the triangle.

For second order elements the construction of this interpolation matrix is performed using the basis functions
(see Section 6.5.1). For the linear case use the simpler basis functions

Dy(&,v) 1-¢—v

and a linear interpolation of a function given at the nodes is given by

3
f(§>y):Zflq)l(£vy)
=1

Since
-1 -1

)= 1 and - B(&v)=| 0
0 1

Bl

observe that the gradient does not depend on the position within the triangle.

6.4.2 Integration of f ¢

Examine different methods to give the function f: either by providing the values at the Gauss points, or by using
the values at the nodes.

* If the values of the function f at the Gauss points g; are denoted by f; then this integral is approximated by

/ fodA ~ w2area(E) (f16(G1) + f20(52) + f 6(s)

E

_ 2are6a(E) (M&, = arez;)(E) <<Z§; MTf>.

Thus find one contribution to (35).
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o If the values of the function f at the nodes are denoted by f; then first determine the values at the Gauss
points by a linear interpolation. Then integrate as above, leading to the approximation

2 area(F) - ~ area(F) - o
[ 1oaax 200 g M = TR G MM
E
The matrix
) 18 9 9 ) 2 1 1
MM = — =
36 9 18 9 1 1 21
9 9 18 1 1 2

is independent on the shape and size of the element (triangle). Thus find one contribution to (35).

6.4.3 Integration of by u ¢

Since the values of the functions w and ¢ are known at the nodes interpolate both functions and then use the
values of the function by (z, y) at the Gauss nodes to find

3
/]¢0u¢dA ~ w2area(B) Y bo(G) u(F) S(G)
E

=1

area(F)

2 E hnd -, — —
S MG, ding(B) M) = T2 (5, MT ding (Fo)M )
where
bo(g1) 0 0
diaghp= | 0  bo(g2) O
0 0 bo(gs)

If by (z, y) happens to be a constant, then the above may be simplified to

area(E
//bguqbdA%bo 1; )
E

Thus find another contribution to (35).

(8,

— =N
N =
[
2y
~

6.4.4 Integration of a Vu - V¢

Since the functions u and ¢ are linear on each triangle, we use the fact that the gradients are constant on each
triangle. The gradient may be determined with the help of a normal vector of the plane passing through the three
points

I xI9 T3
Y1 , Y2 and Y3
U1 U2 us

A normal vector 77 is given by the vector product
Ty — T1 T3 — T +(y2 —y1) - (uz —wr) = (ug — 1) - (y3 — y1)

yv2—y1 | X | ys—wy1 | =] —(x2—21) (uzg—w1)+ (ug —wy) - (x3 — 1)

ug — Uy u3z — Uy +(r2 —21) - (y3 —y1) — (Y2 —y1) - (w3 — 1)

St
I
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The third component of this vector equals twice the oriented'® area of the triangle. To obtain the gradient in the
first two components the vector has to be normalized, such that the third component equals —1. Find

Vu:( ) —1 ( +(y2 —y1) - (uz —w1) — (u2 —w1) - (y3 — y1) ) .

2area(E) \ —(zy — 1) - (ug — 1) + (up — 1) - (w3 — 1)
This formula can be written in the form

Q™ Q™
<l Big

1 [ s-w) i-w) -] [ 1 N
- Ys — Y2 Y1 — Y3 Y2 — —
— . = G- . 36
b 2area(E) | (zy — x3) (3 —21) (21— 22) ] 2 2 area(FE) 2 (36)
us us
and thus
. o1 () ) o1 uq
_ _ T,
(Vo, Vu) = 4.':1rea(E)2 (G 92 Gl f) 4area(E)2 < %2 GG )
®3 u3 ¢3 us

If a; are the values of the function a(z, y) at the Gauss points g; find

- o1 Uy

ay a as T

. A — = . .
[[ avo-vuaas B | 6 | 676w |)
E ®3 u3

As an exercise one can verify that the matrix G” - G is symmetric and positive semi-definite. The expression
vanishes for constant vectors, i.e. for vanishing gradients.

6.4.5 Integration of u b- V¢

Since the gradient of ¢ is constant on each of the triangles use

¢1 b1
bz | -1 -1 G: |
( by ) = Vo= 2area(E) G- & |[= 2area(E) | G, ] ZH
®3 b3

where
Gx:[y3—y2 Y1 — Y3 y2—y1} and Gy:[@—fc?, T3 — X1 X1 — T2

Let by ; be the values of the first component of b at the Gauss nodes and find

E
//Ub1 ¢ dA = area;)( ) Zu(gi)bl,i i
E

=1
E) G, o1 bygy 0 O U1
—area
_ M
3-2area(F) (| Ga G2 | O b2 O u )
G, o3 0 0 b3 U3

181t is quietly assumed that the third component of 7 is positive. Since only the square of the gradient is used the influence of this
ignorance will disappear. Generate meshes with triangles with a positive orientation also allow to assure n3 > 0.
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) ¢1 big O 0 up
- < & ,[Gg G7 Gf] 0 bs 0 |M| u |)
®3 0 0 bhig u3
o1 uy
_1 T
= & (| 2 |.G; [ big bi2 b3 ]M uy |)
®3 u3
. $1 bi,i(ys —y2) bia(ys —y2) bi13(yz —y2) Uy
= 5 (| &2 || bralyr—ws) bi2(ya—ys) bislyi—ys) | M| us |)-
®3 bii(y2 —y1) bi2(y2 —wy1) bis(y2 — 1) u3

If the values of the second component of b at the Gauss nodes are given by b ; find by similar computations

4/ub2¢>ydA

Q

3
—area(F) R
S ) bt

o1 U1
= & (| 2 |Gy [ b1 bao boj3 } M| u [)
®3 us3
) $1 boi(xa —x3) baa(xe —x3) bas(xa — x3) U1
= &5 (| #2 |5 | boa(ws—a1) boa(ws—x1) bos(ws—ax1) | M | u |)-
®3 boi(x1 —x2) baa(x1 —x2) bos(x1 — x2) u3

This leads to two more contributions to (35).

6.4.6 Integration over boundary segments

In expression (30) compute integrals over the boundary

¢ (g2 +gsu) ds.
1)
For triangular domains the boundary consists of straight line segments. Replace the integral by a sum of line
integrals and use a Gauss integration. Based on the two endpoints 7 and &5 use the values at the two Gauss
integration points'’

i = 5 (F1+8) — 5 (T2 —T1)
P2 = %(fl—i-fz)-i-ﬁ(_’g—fl).

To derive the formula integrate 1, ¢, t* and ¢ over the interval [—1, 1].

JH i dt = wi f(—€) +wi f(+€)

[fllaa=2 = wiltwl = w =1
[fltdt =0 = —wié+wi&=0

[2dt =2 = 4w +we — (=./1/3
[Hed =0 = —wié&+w e =0

Thus ¢* is not integrated exactly and the error is proportional to h*.
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Polynomials up to degree 3 are integrated exactly, thus the error is proportional to h%. By linear interpolation
between the points Z; and &5 find the values of the function u at the Gauss points to be

u(Py) = (I1—a)ur +auy
u(pz) = aur+ (1 —a)us
or
) A Iy
u(p2) B a (1-a) us )
where o = 1712/\/5 ~ 0.211325. Using the length L = \/(xg —11)% + (y2 — y1)? this leads to the approxima-
tions

93(p2)

(
@) [ (1-a) o« ] [(1—a>gg< 1) ags(@) <u1 >>
¢2) | o (1-a a g3(p2) (1 —a) g3(p2) Uz
L<<¢1> [ (1— )2 ga() + 02 ga(72) (1—a)a(g3<ﬁ1)+gs(ﬁ2))] (u)>
2 ’ «a ’

| (1= a)a(gs(pr) +g3(P2) a®gs(Pr) + (1 — a)? g3(p2)

ASS
Q
W
N
ISH
Vo)
%
po | b
_
e |
2
_
()
£
[ |
/N
< ©
N =
N———
—
Q
W
==
[an}
| E—
—
—
e |
2
_
[
£
|
/N
L =g
N =
N——

U2

The first expression will lead to a contribution to the RHS vector of the linear system to be solved, while the
second expression will lead to entries in the matrix. These approximate integrations lead to the exact result if the
function to be integrated is a polynomial of degree 3, or less. If & is the typical length of an edge then the error
is of the order h® for one line segment and thus of order h* for the total boundary. This boundary integration is
used for first order elements.

The second expression is of the form

g — ¢2 bll b12 3%
0] ds ~ (¢, Bu)y =
/ g3t as < , u> << ¢2 ) ’ [ 521 b22 ] ( u2 >> (37)

and its effect on the linear system A @ + W f = 0 to be solved depends on nodes being on the Dirichlet part of
the boundary.

e If u; and us are both free, i.e. not on the Dirichlet section, then all entries of the matrix B have to be added
to the global stiffness matrix A.

* If u; and us are on the Dirichlet section, then nothing has to be added to A and f
* If u; is free and wuy is on the Dirichlet section, then only the first expression
b11ur + b2 uz = b1y uy + biado

has to be added. d» is the Dirichlet value at the position of us. Then b1; has to be taken into account in A
and byo ds has to be added to W f.
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* If ug is free and wu; is on the Dirichlet section, then only the second expression bay wy + bog us = by di +
b2 u9 has to be added. d; is the Dirichlet value at the position of u;. Then bos has to be taken into account
in A and by dy has to be added to W f.

6.5 Construction of second order elements

In this section the construction of the element stiffness matrix and vector for triangular elements or order 2 is
examined. The ideas are very similar to Section 6.4 for linear basis functions, but using a bit more mathematics
is required. Again all contributions in (30)

I

O—//V¢-(@Vu—ug)+¢(bgu—f) dA— | ¢ (g2+gsu) ds
Q

have to be transformed into
0=1{(p, AU+ WF).

For second order element a general quadratic function is used on each of the triangles in the mesh. There are 6
linearly independent polynomials of degree 2 or less, namely 1, z, y, 22, y? and z - y.

6.5.1 The basis functions for a second order element and quadratic interpolation

Examine the standard triangle €2 in Figure 68 with the values of a function f(&,v) at the corners and at the
midpoints of the edges. Use the numbering as shown in Figure 68. The parameters £ and v at the nodes are given
by Table 13. Construct polynomials ¢;(&, v) of degree 2, such that

1 ifi=j
0 ifi#j

i.e. each basis function is equal to 1 at one of the nodes and vanishes on all other nodes. These basis polynomials
are given by

Q;(&j,vj) = 0ij = {

nodez | 1|2 41516
& |of1|j0|3|0]3%
vi [0]0 31510

Table 13: Coordinates of the nodes in the standard quadratic triangle

D1 (¢,v) (1-€-v)(1-26-20)
Ds(¢,v) £@2e-1)
| e | v (2v—1)
B(¢,v) = P 1c (38)
®5(¢,v) v (1—€—v)
Do(E,v) 1€ —¢—v)

and find their graphs in Figure 72.
Any quadratic polynomial f on the standard triangle {2 can be written as linear combination of the basis

functions by using
6

6
FEv) = f&m) ®il&v). =D fi®il(&v). (39)
i=1

=1
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) ®3(&,v)=v 2v—-1)

d) Pu(&,v) =4Ev ) Ps5(&,v)=4v(1—-€—v) ) Ps(&,v)=4E(1—-€—v)

Figure 72: Basis functions for second order triangular elements

This is the formula to apply a quadratic interpolation on the triangle, using the values f; of the function at the
nodes. To use this interpolation for a given point (x, y) in the triangle E in Figure 68 determine the correct values
of the parameters £ and v, i.e. solve

x x Ty — X T3 — T
Y Y1 Y2—UN Ys—n
This is equivalent to the linear system
T 3 I B R S U | I3 _[emm)
v Y2—Yy1 Y3— W v Yy—Un

Since the 2 x 2 matrix T is invertible find
< 1 )
Yy Y1

¢ _ e L 1
v Y—1U1 det(T)
6.5.2 Determine values at the Gauss points and apply Gauss integration

Use equation (34) to determine the coordinates of the seven Gauss points. Then a function to be integrated can
be evaluated at these Gauss points. Computing the values of the basis functions ®;(£, v) at the Gauss points g
by mj; = @i(ﬁj) and write

Ys—y1 —x3+ 21

—Y2+y1 x2— 71

6

6
@)= fi®G)=>_ mjifi
=1

i=1
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or using a matrix notation M € R7*6

f(g1) mi1 Mmig e Mg fi
B R B e R a0
f(g7) | m71 M2 oo mgg Je
[ +0.474353 —0.080769 —0.080769 0.041036 0.323074 0.323074 ]
—0.080769 +0.474353 —0.080769 0.323074 0.041036 0.323074 h
—0.080769 —0.080769 +40.474353 0.323074 0.323074 0.041036 f2
~ —0.052584 —0.028075 —0.028075 0.884134 0.112300 0.112300 s
—0.028075 —0.052584 —0.028075 0.112300 0.884134 0.112300 fa
—0.028075 —0.028075 —0.052584 0.112300 0.112300 0.884134 s
—0.111111 —0.111111 —0.111111 0.444444 0.444444 0.444444 o

The Gauss integration can be written in the form

—

/Q/f(f’y) dA%jiwjf@):w,M.f

~

To integrate over the general triangle E use the transformation (31), i.e.

//fdA://f(f(g,y)) ’det(gg:gi)‘ de dv ~ |det T| (@, M- f).
E Q

Now all the tools to approximate the integrals required for the element stiffness matrix are available.

6.5.3 Integration of f ¢

The test function ¢ is given by its values gg at the nodes, i.e. the corners of the triangle and the midpoints of the
sides. Examine different methods to give the function f: either by providing the values at the Gauss points, or by
using the values at the nodes.

* If the values of the function f at the Gauss points g; are denoted by f; then this integral is approximated by

7
/ fodA ~ |det(T) S w; f;6(g;) = |det(T)| (diag(d)f, M)

E J=1

Q

-

= [ det(T)| (M" diag(@) ', ).
Thus find one contribution to (35).

o If the values of the function f at the nodes are denoted by f; then first determine the values at the Gauss
points by a quadratic interpolation. Then integrate as above, leading to the approximation

/ f ¢ dA ~ | det(T)| (diag(w) Mf, M @) = | det(T)| (M diag() Mf, o).
E

The matrices M” diag (1) and M7 diag(w) M are independent on the triangle E.
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6.5.4 Integration of by u ¢

Since the values of the functions v and ¢ are known at the nodes use an interpolation and then the function
bo(z,y) at the Gauss nodes to find

7
/ boupdA ~ |det(T)| Y w;bo(g;)ulg;) d(g;) = |det(T)| (diag(iw) diag(bo)M i, M $)
E J=1
= |det(T)| (M diag(«) diag(bo) M@, &),

where diag(bo) = diag(bo(d1), bo(G2), bo(G); - - - » bo(F7))-

6.5.5 Transformation of the gradient to the standard triangle

To examine the contributions containing Vu or V¢ requires considerably more tools than the ones used in Sec-
tion 6.4.4 for linear elements. For linear elements the gradients are constant on each of the triangles. For quadratic
elements the gradients are linear functions and thus not constant. First examine how the gradient behave under
the transformation to the standard triangle, only then use the above integration methods.

According to Section 6.3.1 the coordinates (&, v) of the standard triangle are connected to the global coordi-

nates (x,y) by
)= C)- G ()
Y Y1 Y2—Y1 Ys— U v Y1 v
3 _ 1 T2\ 1 [ T-m
v Y — 1Y det(T) Yy — Y1 ’

or equivalently
If a function f(z,y) is given on the general triangle E can pull it back to the standard triangle by

9(57 V) = f(x(£7V)7 y({,y))

and then compute the gradient of g(&, ) with respect to its independent variables £ and v. The result will depend
on the partial derivatives of f with respect to x and y. The standard chain rule implies

Ys—y1 —x3+ 21

—Y2+yr T2—21

B e
- W@?—%HW@Q—W

o€r) = oo Galen), e ) = TN S8, ST T
N w(“_“)*W(ys—yl)-

This can be written with the help of matrices in the form

B ) () ()
o (z3 —x1) (y3—w1) & o
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or equivalently

dg 9y of of
-, = — |- T. 41
(as’au) (ax ay) @b
This implies
of of dg 9y -l 1 dg 0Jg ys—y1 —x3+21
dr ' Oy oE’ v ~detT \ 9¢’ Ov —yo 411 o — a4

or by transposition
o 1 5
T —
of | detT 99 |~ (42)
Oy ov

Let g be a function on the standard triangle €2 given as a linear combination of the basis functions, i.e.

Zgz §v

where the basis function ®;(&, v) are given by (38). Then its gradient with respect to £ and v can be determined
with the help of elementary partial derivatives applied to the expressions in (38). The result is

Ys—y1 Y2+ uy

—x3+x1 T2—I1

[ 344644y —3+4c+4v ]
461 0
grad @ = 0 dv-1 Cf;g(g, v) @) |- (43)
Ay A€
—4v 4—-4&—-8v
| 4-86—4v T

Thus find on the standard triangle {2

0 0 - - - -
(85’ af) = (91792793194795796) : |: ®£(§ay) (I)V(E,V) :| :gT : |: (I)é(éay) (I)l,(f,V)

If the function (z,y) is given on the general triangle E as linear combination of the basis functions on F
6
y) =Y 0 Pil&(x,y), v(,y)).
i=1
Now combine the results in this section to conclude

dyp J¢ dp Oy O [ 2 = 1
<8x ay> (ag au>7F =" [ & & |7

find

or by transposition

Zo o [T ] . 1
(&)= [ ] owm

Jy

+ys—y1 —y2+ 1

—r3+x1 +T2— X1
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and the same identities can be spelled out for the two components independently.
0 1 - . .
5 = qarm | o+ ) |2 (44)
dyp 1 - - .
R R P I
For the numerical integration use the values of the gradients at the Gauss integration points g; = (;, ;).

The values of the function ¢ at the Gauss points can be computed with the help of the interpolation matrix M by

©(g7)

Similarly we define the interpolation matrices for the partial derivatives. Using

[ 3446 441 46 -1 0 4y

—3+4&E +4v 4E&—1 0 4v
M, — §2 2 48 2

Q

find
ve(Gh)
905(‘ 5) M,
we(gr)

Similarly write

[ 3446 14r 0 dv—1 4&
—3+4& +4vy 0 4y —1 4&

_—3+4€7+4l/7 0 4dv7—1 4&

—41/1 4—851 —4V1
—4vy 4—8& —4uy

Y1
©2

©6

4—-4& -8y —4&
4—4& —8vy —4&

4—467—81/7 —457 |

_—3-}-4574—41/7 467 —-1 0 4vy —4vy 4—857—41/7_

—2.18971 —0.59485 0.00000 0.40515 —0.40515 2.78456
0.59485  2.18971 0.00000 0.40515 —0.40515 —2.78456
0.59485 —0.59485 0.00000 3.18971 —3.18971  0.00000
0.76114  0.88057 0.00000 1.88057 —1.88057 —1.64170

—0.88057 —0.76114 0.00000 1.88057 —1.88057 1.64170

—0.88057 0.88057 0.00000 0.23886 —0.23886  0.00000

—0.33333 0.33333 0.00000 1.33333 —1.33333  0.00000
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—2.18971 0.00000 —0.59485 0.40515 2.78456 —0.40515
0.59485 0.00000 —0.59485 3.18971 0.00000 —3.18971
0.59485 0.00000 2.18971 0.40515 —2.78456 —0.40515
0.76114 0.00000 0.88057 1.88057 —1.64170 —1.88057

—0.88057 0.00000 0.88057 0.23886  0.00000 —0.23886

—0.88057 0.00000 —0.76114 1.88057 1.64170 —1.88057

—0.33333 0.00000 0.33333 1.33333 0.00000 —1.33333

Q

and
eu(g1) ®1
G2 2
(P”(. ) —M, - <p
ou(g7) V6

The matrices M and M, allow to compute the values of the partial derivatives at the Gauss points in the standard
triangle €2 and they are independent on the general triangle F.

Combining the above two computations use the notation

e () e () for io123...7
Y1 Vi

and find for the first component ¢, = %—f of the gradient at the Gauss points

(Pm(fl)

0z (T2) 1 5
52 = derm) | (us — )M+ (C2 by My | -9

Sox(f7)

and for the second component of the gradient

oy (1)
py(T7)

The above results for M¢ and M, can be coded in Octave and then used to compute the element stiffness matrix.

6.5.6 Partial derivatives at the nodes

For post processing one also needs the partial derivatives of the function at the nodes. On the standard triangle 2
use the formulas for the partial derivatives of the basis functions in expression (43) to find them at the nodes,
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given by the (&, v) coordinates in Table 13 for quadratic elements.

we (&1, 1) -3 1 1 1 -1 -1 P1 ©1
(pg(fg,l/g) -1 3 -1 1 -1 1 09 09
pe(€av3) [ _ | O 0 0 0 0 0 w3 | _ N ©3
©e(€a,va) 0O 0 4 2 0 V4 V4
©e(&5,05) 0 0o -4 -2 -2 0 05 s
ve (6, v6) | 4 -4 0 =2 2 0 | \ 96 ©6
and ~ _
ou(&1,11) -3 1 1 1 -1 -1 ©1 ©1
o (&2, 12) 0 0 0 0 0 0 ©2 P2
ou(&3,3) _ -1 -1 3 1 1 -1 2 N, w3
Pv (&4, v4) o 4 0 2 0 2 P4 P4
ou (&5, 5) 4 0 -4 -2 0 2 s 5
eu (&6, v6) 0 -4 0 =2 0 2]\ ¢ ©6

Now use the transformation formulas (44) and (45) to determine the gradient of a function on the general triangle

6
=1

at the nodes (z;, y;) in the general triangle F, leading to

(21,91)

©x(2,Y2) 1 T T .

‘Pa:(3767y6)

SDy(3717y1)

SOy($2,y2) o 1 T T .
. = det(T) [ (=23 +21) Ng + (+z2 —21) N, } g

‘Py(CUG,yG)

These results are useful to evaluate the gradient at the nodes. Observe that the results depends on the triangle
used for the interpolation and a node is typically member of more than one triangle.

6.5.7 Integration of u b- Veoand aVu - Vo

The vector function I;(.f) has to be evaluated at the Gauss integration points g;. Then the integration of

é/uEVquA:é/ublgfdA+4/ungZ)dA
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is approximated by

L

06 | det T = o
//Ublé?di ~ et T (((ys — y1) M + (—y2 +y1) M) - diag(wb1) - M - 7, ¢)

D¢ | det T e Lo
//ubgaydA N (((—xg—i—xl)Mg—i—(xg—ml)Mf)-dlag(wbg)-M~u,q§>.

The function a Vu - Vo = a (%g gi’ + %Z %Z’) has to be evaluated at the Gauss integration points g, then

multiplied by the Gauss weights w; and added up. Use the vector wa with the values of the function a(z;,y;) and
the weights w; at the Gauss points to obtain

//aﬁgif)agf) JA = [detT| // E.w) (f, v)) ¢(8(§, v)) it dv
E
(’diif)|2< W, ) = |de1tT\< @, 9)
// du(@) “") dA = |detT)| // af’ V) ¢(a<j ) e d
| det T - 1 R
(et T)z Av T 9) = Tagepy Ay T 9)
where
Ap = [ (43 = y1) Mg + (=y2 + y1) M, }T-diag(ﬁ)- [ (+y3 — y1) Mg + (—y2 + 1) M, }
Ay = [ (=23 +21) M¢ + (+22 —21) M, }T'diag(w)' [ (23 +21) M¢ + (+22 — 21) M, ] :

6.5.8 Integration over boundary segments
In expression (30) we have to compute integrals over the boundary
¢ (92+g3u) ds.
Iy

For triangular domains the boundary consists of straight line segments. Thus replace the integral by a sum of line
integrals and use a Gauss integration. Based on the two endpoints &, and Z5 and the midpoint s = % (Z1 + 23)
use the values at three Gauss integration points. Based on”’

2 _h V3 V3
[, =g (W(—M W +80)+5 (27 h))

2To derive the 3 point Gauss integration scheme use

[ rwdt = wi f(—€) +wo f(0) + wr f(+€)

fjllldt:2 = wil4+wol+wil
[Hltdt =0 = —wié+w0+wié=0
[fitdt=2 = +uwi+wé
[fitd=0 = —w&+we =0
[Hittdt =2 = +w & +w e
[HPdt =0 = —wi&®+wé® =0
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polynomials up to degree 5 are integrated exactly, thus the error on one interval is proportional to h”. To evaluate
a function at the Gauss points

Pio= 3@ +3) -2 @-5)
P = I =3 (F1+T3)
Py = 3 (T +a5)+ % (73 — 1)

use a quadratic interpolation of a function with f_ = f(—h/2), fo = f(0) and f, = f(+h/2). Since’!

f(:E)Zfo+f+;f_:z:+2f__2h];0+f+x2

the quadratic interpolation result at +a h is

f(Eah) = for(fr—f)a+2(f——2fo+ fr)a?
= [ (fa+20%) + fo(1—40%) + f1 (Fa+2a?)

where o = % = ‘{—T{f’ ~ (0.316. If a function u is given at the two endpoints by u; and w3 and at the midpoint

by us obtain

u(pt) +a+2a? 1—40? —a+2a? Uy
u(pa2) = 0 1 0 U9
u(ps) —a+2a? 1-4a? +a+2a? us
U1 +0.68730 0.4 —0.08730 Uy
= Mz | w | =~ 0 1 0 us (46)
Uus —0.08730 0.4 +0.68730 Uus

With the length L = \/ (xg — x1)? + (y3 — y1)? of the segment this leads to the approximations

I ¢1 5 g2(p1) I o1 592(p1)
/f:dge¢92 ds =~ 8 Mp | ¢2 |, | 892p2) |)= 13 (1 2 | . ML | 8a(i) |)
®3 5 g2(P3) ¢3 5 g2(p3)
I ¢1 5 g3(p1) 0 0 w1
/ ¢g3Ud5 koo <MB ¢2 ; 0 8g3(*2) 0 MB u9 >
edge 18 ~
3 0 0 5g3(p3) | u3
I b1 5 g3(p1) 0 0 u
T (| ¢o | M5 0 8 g3(p2) 0 Mp | uy |)-
¢3 0 0 593(P3) | us

wo + 2 w1
QU}1§2
2w1§4

o win N

2o verify use f(0) = fo and

— _ 2
R e e e N L/ BRIV T S
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The first expression will lead to a contribution to the RHS vector of the linear system to be solved, while the
second expression will lead to entries in the matrix. These approximate integrations lead to the exact result if the
function to be integrated is a polynomial of degree 5, or less. If h is the typical length of an edge then the error
is of the order h” for one line segment and thus of order A for the total boundary. This boundary integration is
used for the second order elements.

The second expression is of the form

¢2 bi1 bz bis Uy
/¢93Ud5 ~(0,Bu) = (| g2 || bar ba bos ug |)
®3 b31 b3z ba3z u3

and its effect on the linear system A 4 + W f =0 depends on nodes being on the Dirichlet part of the boundary.

e If u; and ug are both free, i.e. not on the Dirichlet section, then us is free too. All entries of the matrix B
have to be added to the global stiffness matrix A.

* If u; and ug are on the Dirichlet section, then nothing has to be added to A and f

* If u; and us are free and w3 is on the Dirichlet section, then only the first two expressions

bi1ur +biaug +bi3us = bipur + biaug + bi3d3
bo1 u1 + bag ug +bazus = bayut + bagug + b3 d3

have to be added. d3 is the Dirichlet value at the position of u3. b13 g3 and ba3 ds have to be added to W f,
the other expression to A.

* If ug and u3 are free and w; is on the Dirichlet section, then only the second and third expressions
b1 u1 + bagug + baguz = bardi + bao uz + baz ug

b31ur + bgaug + b3z us = bz di + b32ug + b3z us

have to be added. d; is the Dirichlet value at the position of u;. b21 g1 and b3; d; have to be added to W f
the other expression to A.

e If u; and wug are free, then us has to be free too, since it is the midpoint of a Neumann section of the
boundary.

6.6 Construction of third order elements

In this section the construction of the element stiffness matrix and vector for triangular elements or order 3 is
examined. The ideas are extremely similar to Section 6.5 for quadratic functions. Again all contributions in (30)

s

0://V¢-(aVu—ug)+d>(b0u—f) dA— | ¢ (g2 +g3u) ds
Q

have to be transformed into
0={(p, AU+ W[). 47

For third order elements a general cubic function is used on each of the triangles in the mesh. There are 10
linearly independent polynomials of degree 3 or less, namely 1, z, y, 22, x Y, yg, a3, ny, T y2 and y3.
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4 (x3,y3)

§ (z2,92)

(z1,91)

Figure 73: Transformation of the cubic standard triangle €2 to a general triangle £

6.6.1 The basis functions for a third order element and cubic interpolation

Examine the standard triangle 2 in Figure 73 with the values of a function f(&, ) at the corners, the points on
the edges and the mid point. Use the numbering as shown in Figure 73. The parameters £ and v at the nodes are
given by Table 14. Construct polynomials ¢; (£, ) of degree 3, such that

1 ifi=j
Q;(&j,v)) =65 = { 0 y

i.e. each basis function is equal to 1 at one of the nodes and vanishes on all other nodes. These basis polynomials
are given by>”

nodez | 1|2 4151671819110
& o[t o 2 o o 5 3]
u Jofofi]4l]2]x]olo]}

Table 14: Coordinates of the nodes in the standard cubic triangle

(&, v) (1= (E+v)(1=3E+v)1-3(E+v)
D9(&,v) §Be-1)(3¢—-1)
D3(&,v) v(3v—1) (%I/—l)
Dy(&,v) 2ev(3¢-1)
O5(&,v) %fu(i%y—l)
be) @6(6.1) 9 (1 (€ +v)) (Bv—1) )
D7(&,v) Iv(1—(E+v) 1-3(E+v)
g8, v) 91 -3 E+v)(1—-(E+v)
Dy(¢,v) 2EBE-1)(1—(E+v)
P1p(¢,v) 27¢v (1 - (£+v))

2Use that the level curves of the functions &, v and 1 — (£ +v) at the levels 0, %, % and 1 are straight lines through the nodes. For each
node use these functions to write down a polynomial vanishing at all other nodes, then choose the leading factor such that at the node the

value equals 1.
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1-He—Hv+92+18¢6v+912 - 58 -T2y -2 -32,8
§-58+3¢
V—%I/Q—i-%l/g
—S¢v+ Ty
Sev+ g
- 9 9 2 2T¢. 2 27T 3 (49)
—sV+ 58+ 18— S v — S v
91/—42—5§V—4751/2+%§21/+27fu2+22—71/3
906 -3 - Dev+FE+218¢v+ T &0
—5E+ 182+ Jv - T3 -T2y
2TEv — 2721 — 27€12

and find their graphs in Figure 74.
Any cubic polynomial f on the standard triangle €2 can be written as linear combination of the 10 basis
functions by using

10 10
FEv) = f(&G ) ®il&v) = fi®i(&,v). (50)
=1 =1

This is the formula to apply a cubic interpolation on the triangle, using the values f; = f(&;,v;) of the function
at the nodes. To use this interpolation for a given point (z,y) in the triangle F in Figure 73. The transformation
form the standard triangle €2 to the general triangle F is identical to the second order elements, i.e.

TN_[m )T m moom Y _ [ . T 3
Y Y1 Y2 —Y1 Ys— U1 v Y1 v
3 _ 1, T —x _ 1 [ Tm ‘
6.6.2 Determine values at the Gauss points and apply Gauss integration
Use equation (34) (page 140) to determine the coordinates of the seven Gauss points. Then a function to be

integrated can be evaluated at these Gauss points. Determine the values of the basis functions ®;(£, ) at the
Gauss points g; by m;; = ®;(g;) and write

and
Ys—y1 —x3+ 21

—Y2+yr T2—21

10 10
F@) =D fi®u(G) = myifi
=1 =1

or using a matrix notation with M € R7*10

f(g1) mi1 Mmi2 - M0 fi
f(g2 M2,1 Ma2 -+ M210 fo S

%) = ) . i : ) =M f =~ (51)
f(g7) | m71 mr2 o mrao |\ fio
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®3(&,v)

O Q0000 kR
= Mol hooRh

15 CDG(E ,V)

-0.5 ;
- B
1o S R
08 - S 1
06 - S 0.8
04 _ - 0.4 06
\Y 0.2 02 Y

15 Dy(€,v) o é D10(&,V)
1 0:6
04

A

i
% |
0.8 I;'ff.\\\ 1
06, = 06 08
v 02 0.4 E

0 o 02
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Figure 74: The 10 basis functions for third order triangular elements
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[ 10.22 +0.06 +0.06 —0.03 —0.03 —025 +051 +051 —0.25 +0.22 | [ fu
+0.06 +0.22 +0.06 +0.51 —0.25 —0.03 —0.03 —0.25 +0.51 +0.22 fo
+0.06 +0.06 +0.22 —0.25 40.51 +0.51 —0.25 —0.03 —0.03 +0.22 f3

~ | +0.04 —0.06 —0.06 +0.41 +0.41 +0.05 —0.10 —0.10 40.05 +0.36 f1
—0.06 +0.04 —0.06 —0.10 +0.05 +0.41 +0.41 +0.05 —0.10 +0.36 :
—0.06 —0.06 40.04 +0.05 —0.10 —0.10 +0.05 +0.41 +0.41 +0.36 fo

0 0 0 0 0 0 0 0 0 1 1o

The Gauss integration can be written in the form

~

7
[ remar= Y w, @) = @ M- ).
9) J=1

To integrate over the general triangle E use the transformation (31), i.e.

//fdA://f(a?(g,u)) ‘det(gg:i’;)‘ d¢ dv =~ |det T| (&, M- .
Q

E

Now all the tools to approximate the integrals required for the element stiffness matrix are available.

6.6.3 Integration of f ¢ and by u ¢

These integrations are identical to the case of quadratic elements The test function ¢ is given by its values qg at
the nodes, i.e. the corners of the triangle and the two points on each side.

* If the values of the function f at the Gauss points g; are denoted by f; then this integral is approximated by

7
[ 16 dax D] S w1 6l0) = |den(T)| (ding() . M) = | det(T)] (M ding(), ).
j=1

E

Thus find one contribution to (47).

* If the values of the function f at the nodes are denoted by f; then first determine the values at the Gauss
points by a cubic interpolation. Then integrate as above, leading to

—.

/ f ¢ dA ~ | det(T)| (diag(w) Mf, M) = |det(T)| (M” diag(w) Mf, ¢).
E

* Since the values of the functions u and ¢ are known at the nodes use an interpolation and then the function
bo(x,y) at the Gauss nodes to find

7
J[musda m aem] 3w bo(os) ulg;) 6(0;) = |det(T)| (ding() ding(Bo)M 7, M3)
E j=1
= | det(T)| (M diag(w) diag(bo) M@, &) .

The matrices M” diag(w) and M” diag () M are again independent on the triangle E, but different from the
case of quadratic elements.
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6.6.4 Transformation of the gradient to the standard triangle

Computing the partial derivatives is again very similar to the case of quadratic elements. If a function f(x,y) is
given on the general triangle E can pull it back to the standard triangle by

g(g’ V) = f($(£7]/), y(f,y))

and then compute the gradient of g(, ) with respect to its independent variables £ and v. The result is This can
be written with the help of matrices in the form

o2g )~ _ _ \Noar )7\ ar
9 (1‘3 1’1) (y3 yl) dy Jy
<39 39) <3f of > T
o¢’ v oxr = Oy ’

< : > : < : >
ox — 3
af F) :
e det T &g
Let u be a function on the standard triangle ) given as a linear combination of the basis functions, i.e.
u(§,v) = Zl L u; ©;(€,v), where the basis function ®;(¢, ) are given by (49). Then its gradient with respect

to & and v can be determined with the help of elementary partial derivatives applied to the expressions in (49).
The results are

or equivalently

or
Ys—y1  —Y2+uy

—xr3+T1 T2 —I1

—L 4 18¢+ 18y — T2 — 276w — 202
1-9¢+ 3¢
0

—%1/—1—2751/

_gy+227yz

= B¢ v) = 2 (52)
35( ) %y 227y2
—@u+27§u+27u2
9— 45§ +81§2+545u+27 2
27y —54€v — 272

and
—U 418+ 18y — T2 — 276w — I 02
0
1—91/—!—%1/2
-3¢+ 3¢
- d - —JE+27¢w
Cu(§v) = 5 (& v) = o o, - : (53)
—5+58+36v-2Tv—Fv
7%57451/+%§2+54§V+%V2
—Be o721 27¢w
+36-5¢€
27¢ — 2762 —54¢v
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Thus find on the standard triangle 2

<?a§ ?) = (wyuz o) - | Be(6r) Bolew) | = | Beler) D) |-

For a function o(,y) = 210, @i ®;(£(x,y) , v(x,y)) use the above to conclude

5 "
< o ) _ ! : [ ¢ ] -3
0 5T
<‘T§ det(T) 31

or spelled out for the two components independently

+Ys —y1 —Y2+uy1

—x3+x1 +T2— T

a(p = ; 5T 27 -
dx  det(T) {(er?’_yl)‘l’s (=2 +u) P, } @,
dp 1 - - .
dy  det(T) {<—$3+$1)¢5 +(+xz—x1)q>y} 3.

For the numerical integration use the values of the gradients at the Gauss integration points g; = (¢;, ;).
Using expression (49) the values of the function ¢ at the Gauss points can be computed with the help of the
interpolation matrix M byc

©(g1) ©1
80(' 2) M. <P'2
o(g7) ©10

Similarly, using (52) and (53), define the interpolation matrices for the partial derivatives.

o(g1) P1 o(g1) ©1

o | »(g2) ©2 o | »(g2) P2

o€ : = M- E and Em E =M, - f . (54)
w(g7) $10 w(g7) ®10

Approximate values are

-2.408 0.22v 0 -0.179 -0.317 0317 —-1.725 3.271 —1.090 1.904
—-0.227 2408 0 1.725 —-0.317 0317 0.179 1.090 -3.271 -—-1.904
—-0.227 0.227 0 —-1.408 4.996 —4.996 1.408 —0.138 0.138 0
M~ | —0.511 —-0.247 0 3.852 0.868 —0.868 1.358 1.137 —0.379 —5.210
0.247 0511 0 —-1.358 0.868 —0.868 —-3.852 0.379 —1.137 5.210
0.247 —-0.247 0 0489 —-0.221 0.221 —-0.489 —2.984 2984 0
0

0.500  —0.500 1.500 0 0 —1.500 —-1.500 1.500 0
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and
[ —-2.269 0 0.227 -0.317 —-0.179 —-1.090 3.271 —1.725 0.317 1.904 ]

0.863 0 0.227 499 —1.408 0.138 —0.138 1.408 —4.996 0
0.863 0 2408 —-0.317 1.725 —=3.271 1.090 0.179 0317 —1.904

M, ~ 2473 0 -0.247 0.868 3.852 —0.379 1.137 1.358 —0.868 —5.210
0.626 0 —-0.247 —-0.221 0489 2984 —-2.984 -0.489 0.221 0
0.626 0 0.511  0.868 —1.358 —1.137 0.379 —3.852 —0.868 5.210
2.000 0 -—-0.500 0 1.500 1.500 —1.500 —1.500 0 0

The matrices M¢ and M, allow to compute the values of the partial derivatives at the Gauss points in the standard
triangle €2 and they are independent on the general triangle E.

Combining the above two computations use the notation

7 — 1 LT &i
Y1 Vi

and find for the first component ¢, = %—f of the gradient at the Gauss points

> for ¢=1,2,3,...,7

P (T1)
P (T2) 1 .
— T T |.

. = det(T) (tys —y1) Mg + (m2 +y) M, | -0

P (T7)

and for the second component of the gradient

py(T1)

Py (T2) 1 - -
. = det(T) [ (—x3 + ﬂfl)Mg + (+x2 —x1) M, ] 0]

ey (Z7)

The above results for M¢ and M, can be coded in Octave and then used to compute the element stiffness matrix.

6.6.5 Integration of u b- V¢and aVu - Vo

The vector function E(f) has to be evaluated at the Gauss integration points g;. Then the integration of

é/uEVd)dA:é/ublgfdA+4/ubggz)dA

is approximated by

9 | det T| .= -
//ub1 D dA = ot T (((y3 — yl)Mg + (—y2 +y1)MZ) - diag(wby) - M - @, @)
E

J0¢ | det T . I
//ub2 i dA o T ((—zs+ xl)Mg + (z2 — 1) M) - diag(wbs) - M - @, ).
E

SHA 9-10-23



6 THE MATHEMATICS OF THE ALGORITHMS FOR 2D FEM 165

The function a Vu - V¢ = a (g;‘ %f + %;‘ %—3) has to be evaluated at the Gauss integration points g, then

multiplied by the Gauss weights w; and added up. Use the vector wa with the values of the function a(z;,y;) and
the weights w; at the Gauss points to obtain

// du(Z a‘:’) JA = |detT| // a(j ))M(a(& v)) d dv
(ﬁ%g (s, ) = |deiT| (As -, §)
// du(@) :”) dA = |detT| //a(f(f,y))au(a(j v)) M(%(;’”)) de dv
| det T| > 1 -
(det T)2 (Ay -, &) = | det T (Ay -, )
where
A, = [ (+ys — y1) Me + (—y2 + y1) M, }T - diag(wa) - [ (+y3 — y1) Me + (=2 +y1) M, }
Ay = [ (—x3+ 1) M + (+x2 —21) M, }T : diag(m) ) [ (—.1’3 + 1) M, + (+2 — 1) My ] '

6.6.6 Partial derivatives at the nodes

For post processing one also needs the partial derivatives of the function at the nodes. On the standard triangle 2
use the formulas for the partial derivatives of the basis functions in expressions (52) and (53) to find them at the
nodes, given by the (§, ) coordinates in Table 14 for cubic elements.

—11

ee(&1,21) =H 1.0 0 0 0o 9 2 0 o1 o1
Pe (&2, 12) -1 &4 0 0 0 0o 2 -9 0 02 0o
©e (&3, v3) -1 10329 -9 2 0 0 o0 03 03
©e(§a,1a) -1 10 %2 0 0 2 3 -3 -6 04 04
oe(&vs) | | -1 520 3 3 -3 3 3 0 -6 2 D
eeéovs) | | L 1 0 -33 -3 -3 0 F 6 oo | ° | v
©e (&7, v7) -1 1 0 20 0 2 3 -3 6 o7 o7
©e (€85 vs) -1 30 0 0 0 0 F 3 0 03 0s
©e (9, 19) 100 0 0 0 -3 2 o0 ©o V9
ve(&10, 10) 3 70 53 0 0 F F 3 0|\ ¢w V10
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and

eu(&1,11) =0 100 2 9 0 0 0 ©1 o1
o (&2, 2) -1 01 9 %2 0 0 5§ -9 0 ©2 02
o (83, v3) -1 0 %0 0 -9 % 0 o0 o0 03 03
SOV(€47V4) -1 0 %1 3 3 0 % 3 -3 —6 ©4 ©4
plsvs) | | -1 0 1 0 § -3 3 § 0 -6 e | _n |
eu (&6, v6) 01 00 2 30 0 0 ©6 V6
P (575 V7) -1 0 %1 0 0 3 %3 0 0 0 w7 w7
o (88, v8) -1 0 1 0 %2 -3 3 P2 0 6 08 05
v (€9, 19) £ 0 1 3 -3 3 0 -3 -3 6 ©o ©o
v (&10,710) oo 303 £ F o0 o0

v1$105 ¥10 L 2 2 2 2 2 72 i #10 $10

Now use the transformation formulas (44) and (45) to determine the gradient of a function on the general triangle

10
= i ®i(&(x,y), v(x,y))
=1

at the nodes (z;, y;) in the general triangle F, leading to

%(90171/1)

¢z (72, Y2) 1 T T -
: = det(T) [ (+ys —y1) Ng + (—y2 +y1) Ny, } P,

0z (10, Y10)

@y(mlayl)

‘Py($27y2) _ 1 T T .
. = det(T) [ (=23 +21) Ng + (+z2 —21) N, } g

SOy(JClo, 1/10)

These results are useful to evaluate the gradient at the nodes. Observe that the results depends on the triangle
used for the interpolation and a node is typically member of more than one triangle.

6.6.7 Integration over boundary segments

In expression (30) integrals over the section I'y of the boundary are required.

¢ (g2 +g3u) ds

I'>
For triangular domains the boundary consists of straight line segments. Thus replace the integral by a sum of line
integrals and use a Gauss integration. Based on the two endpoints 71 and 3 and the midpoint ¥y = (ml + 23)
use the values at three Gauss integration points.
Based on

L

h/2 N h \/‘ \/5
[, i@~ g <5f( N >+8f<o>+5f<mh>>
h V15 V15
T ( f(= 10 )+8f(0)+5f(10h)>

SHA 9-10-23



6 THE MATHEMATICS OF THE ALGORITHMS FOR 2D FEM

167

~
/N

-h/2 -hi6 0 +h/6 +h/2
X

Figure 75: The interpolation from four nodes to three Gauss points on an interval [—%, +

polynomials up to degree 5 are integrated exactly, thus the error on one interval is proportional to h7. To evaluate

a function at the Gauss points

Po= @ +E) -2 (@ -3
D2 2 (T + Ta)
Py = 3 @43+ (@ -3

use a cubic interpolation of a function with f_o = f(—h/2), f-1 = f(—h/6), f+1 = f(+h/6) and fio =
f(4+h/2). Required are the values at z = 0 and = +¥15 b &~ +0.387 h. This is illustrated in Figure 75 with
the values of the function f(x) indicated by red spots and the interpolation position and values in green. The

computations are tedious shown at the end of this section in Subsection 6.6.8 and lead to

u(p) ?2 0.4880  0.7479 —0.2979 0.06199 ;‘2
u(pa) | =Mp fl ~ | —0.0625 0.5625  0.5625 —0.0625 fl
u(p3) i 0.06199 —0.2979 0.7479  0.4880 i

f+2 J42

With the length L = \/ (x4 — x1)? + (y4 — y1)? of the segment this leads to the approximations

o1 . b1 .
I p 5 g2(p1) I s 5 g2(p1)
2 . 2 .
/ pgads ~ — <MB ’ 892(1’2) > = < ) Mg 892(]72)
edge 18 o3 . 18 ®3 S
592(p3) 592(p3)
o P4
1 . uy
. A 593(p1) 0 0 "
/ pgsuds ~ — (Mp 1, 0 8 g3(P2) 0 Mz ’
edge 18 ®3 u3
0 593(P3)

¢4 o

)
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1 . uy
5 gg( 1) 0 0
L 0p) T o U2
= 33 ( , Mp 0 8 g3(p2) 0 Mp ) -
8 ®3 . u3
0 0 5 93(P3)
¢4 Usg

The first expression will lead to a contribution to the RHS vector of the linear system to be solved, while the
second expression will lead to entries in the matrix. These approximate integrations lead to the exact result if the
function to be integrated is a polynomial of degree 5, or less. If h is the typical length of an edge then the error
is of the order h” for one line segment and thus of order A for the total boundary. This boundary integration is
used for third order elements. The second expression is of the form

o2 bir b1z b1z big Uy

- 02 ba1 bao b3 by U2
/¢ggudsw<¢>,Bu>=< , )

®3 b31 b3a b3z bz u3

o | bar bag b3s bag | o

and its effect on the linear system A & + W f = 0 to be solved depends on nodes being on the Dirichlet section
of the boundary or the Neumann section.

e If u; and u4 are free, i.e. not on the Dirichlet section, then uy and ug are free too. All entries of the matrix
B have to be added to the global stiffness matrix A.

* If u; and u4 are on the Dirichlet section, then uy and ug are on the Dirichlet section too. Nothing has to be
added to A and f.

* If uy, ug and ug are free and u4 is on the Dirichlet section, then only the first three expressions

bi1ur +biaug +b13us +braus = b1 ur +bioug +bizuz + brady
ba1 ur + bag ug + baz uz +bogus = bay ur + bao ug + bag uz + bagdy
b31 u1 + bza ug + b3z ug +bzgaus = b3 uy + b3oug + b3z uz + b3sdy

have to be taken into account. dy is the Dirichlet value at the position of u4. The contributions by4 dy4,
ba4 d4 and bs4 d4 have to be added to W f, the other expressions to A.

* If ug, uz and u4 are free and u; is on the Dirichlet section, then only the least three expressions

bo1 w1 + bag ug + baguz + bagus = bay dy + bag ug + baz uz + bag uy
b31ur + bag ug + b3z uz +bsaus = b31dy + bz ug + b3z uz + b3g ua
ba1 ur + bag ug + bazuz +bagus = bar di + bag ug + bz uz + bag ug

have to be taken into account. d; is the Dirichlet value at the position of u;. The contributions bo; dy,
bs1 di and by di have to be added to W f, the other expressions to A.

6.6.8 From a polynomial interpolation to the Gauss integration points

For an interval [—h /2, +h/2] use a polynomial p(z) = co + ¢1 = + co ¥ + c3 23, leading to

1 1 1
f_Q :p(—h/z) = Cy— §h01+1h202— §h363

SHA 9-10-23



6 THE MATHEMATICS OF THE ALGORITHMS FOR 2D FEM

169

or with a matrix notation

The corresponding inverse matrix leads to

1 1 1
1=p(—=h/6) = co—=h —hlcy— —h?
f-1=p(=h/6) co—gha+gzhie—grhie
1 1 1
=p(+h/6) = —h — h? —hn?
f+1=p(+h/6) cotghetgeheat+orhie
1 1 1
fra=p(+h/2) = C0+§h01+1h202+§h363
+1 -3 +i -3 €0 f2
1 1 1
+1 % +% 516 hCl _ f—l
+1 +% 43 +ag h? ¢y f
i +1 +% i +% i ]’L3 C3 f+2
Co -1 +9 +9 -1 f_2
hCl . 1 +2 —54 +54 -2 —1
h? ¢y 16 | 436 —36 —36 +36 fi1
h3 c3 —72 4216 —-216 +72 fao

With A = Y15 ~ 0.3873 and p(Ah) = co + Aet h+ A2 ea h2 + A3 ¢3 h® obtain

p(Ah)

p(=Ah)
p(0)
p(+Ah)

_ 2
6 1 2 A
1 =)
L1y
16
1 4+
f-2
Mp | 71
f+1
f+2

)\2
0
AQ

)\3

[ 1 49 19 -1 ] [ o
42 54 454 -2 o
436 —36 —36 +36 fio
72 4216 —216 472 Fio
3 -1 +9 +9 -1 -2
; 12 B4 454 -2 f
+36 —-36 —-36 +36
a3 [+
72 4216 —216 +72 Fio
f-2
0.4880 0.7479 —0.2979 0.06199 f
—0.0625 0.5625 0.5625 —0.0625 !
0.06199 —0.2979 0.7479 0.4880 i
f+2

This matrix M g is used on the segments of the boundary to determine the values at the Gauss integration points,
given the values of the four nodes of a third order element.

6.7 Convergence of the approximate solutions w, to the exact solution «

A key feature of a good FEM algorithm is a rapid convergence. As the diameter h of the triangles converges
to 0, the approximate solution uy (x, y) should converge to the exact solution u(x,y). The statements below are
correct for very smooth exact solutions and “nice” domains. Find more information in books on the mathematical
] or consult [ ].

background of FEM, e.g. [
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It is convenient to state the approximation results using two norms on the function space L2(€2) and the
Sobolev space V = H'(Q2) = W12(Q). The norms are given by

Jul3 = / / P(ey) dA and [ul? = / / W (z,y) + | Valz,y)|? dA.
(9] Q

The convergence results assume that the meshes are well defined, e.g. satisfy a minimal angle condition.

* If the solutions uy, are generated by first order, triangular elements, i.e. piecewise linear functions, then
Huh - UHV < Ch and ||uh - uH2 < Cl h2
for some constants C' and C' independent on k. A short formulation is

— uy, converges to u with an error proportional to 2 as h — 0.

— Vuy, converges to Vu with an error proportional to A as h — 0.

* If the solutions uy, are generated by second order, triangular elements, i.e. piecewise quadratic functions,
then
Huh — UHV < Ch2 and Huh — UHQ < Cl h3

for some constants C' and C' independent on k. A short formulation is

— uy, converges to u with an error proportional to k3 as h — 0.

— Vuy, converges to Vu with an error proportional to h2 as h — 0.

* If the solutions uy, are generated by third order, triangular elements, i.e. piecewise cubic functions, then
Huh - u”v < Ch3 and Huh - UHQ < Cl h4
for some constants C and C' independent on k. A short formulation is

— uy, converges to u with an error proportional to A% as h — 0.

— Vuy, converges to Vu with an error proportional to h% as h — 0.

Observe that the convergence results are about the integral of differences, and not point-wise estimates. In
addition the exact solution w is assumed to be smooth. Thus one has to be careful when using the estimates for
problems with limited regularity of the type in Section 9.4.

6.8 Dynamic problems

The are two distinct classes of dynamic problems:
* Parabolic problems with the heat equation 4 = Aw as the typical example.
* Hyperbolic problems with the wave equation i = Aw as the typical example.

For both types the following sections will present unconditionally stable, consistent time stepping algorithms.
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6.8.1 Dynamic problems of the heat equation type

Examine an IBVP (4) of parabolic type.

p%u—V-(aVu—ug)+bou = f for (z,y,t) € Qx (0,T]
u = g for (z,y,t) €'y x (0,T]
ﬁ~(aVu—ug) = go+g3u for (z,y,t) € I'e x (0,7]

u = U on  at t=0

First the problem is reduced to a new problem with homogeneous boundary conditions, i.e g1 = g2 = 0. Solve
the static problem with nonhomogeneous boundary conditions.

-

-V - (aVup —upb)+byup = 0 for (z,y,t) €
ug = g1 for (z,y) eIy (55)
ﬁ-(aVuB—i-uBg) = g2+ g3up for (z,y,t) € 'y

Then the new function v(x, y,t) = u(z,y,t) — up(x,y) is a solution of an initial boundary value problem with
no constant boundary contributions, i.e. g3 = go = 0.

p%v—V-(aVU—vg)+bov = f for (z,y,t) € Qx (0,7
v =0 for (x,y,t) eI’y x (0,T]
ii-(aVo+uvb) = gsv for (z,y,t) € 9 x (0,T]

Vv = Ug— URB on ) at t=0

This equation is transformed to a system of ordinary differential equations.

W % B(t) + AT(E) = F(t) with #(0) = 5. (56)

The implementation assumes that the coefficient functions p, a, by, b and g; depend on (z, y), while f may depend
on time ¢ and the position (z, y). There are four algorithms for the time stepping available, identical to the solvers
for the 1D problem in Section 4.9 on page 73.

* "CN": the standard Crank—Nicolson algorithm. This is the default algorithm.
e "implicit™": the standard implicit solver.
* "explicit": the standard explicit solver.
e "RK": an implicit Runge—Kutta algorithm.
Some documation on these standard algorithms is shown in Section 7.6 on page 184.

For the command IBVP2D () the Crank—Nicolson approximation can be used to advance the solution of the
ODE (56) from time ¢ to ¢ + At. Approximate the time deribvative in (56) by a centered difference formula.

WU(t—i—At) — U(t) _ _AU(

At 2

<W+A2tA) ot + At) = +<W—A2tA> T(t) + At f(t+ At/2)

t+ At) + 9(t) + flt+ At/2)

For each time step such a system has to be solved. Observe that the matrix on the left does not change as time
advances. Using an sparsity preserving LU factorization of the matrix on the left, these systems can be solved
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efficiently. The matrices P and Q are permutation matrices with P! = P”. A substantial amount of time has
to be used to perform the LU factorization, but then the time stepping is fast.

P (W + % A) Q = LU LU factorization
(W+4LA) T = b system to be solved
P(W+4A)QQ'd = Pb
LUQ '3 = Pb

v = Q(U\(L\(Pb))) in the Octave code

With the computed ¥(¢) then find the solution @(¢) = ¥(t) 4+ @p of the original problem. This is the default
algorithm used with the command IBVP2D ().

If the matrix A is symmetric and positive definite one can use Cholesky factorization with row and column

permutations to preserve the sparsity, as much as possible. This should be faster than a LU factorization. The but its n
Cholesky factorization is used with the command IBVP2Dsym ().

QT W+4A)Q = R'R Cholesky factorization
(W + % A) T o=b system to be solved
Q' (W+4tA)QQ'v = Q"b
RTRQTs = QT
7 = QMR\(RT\(QTn))) in the Octave code

The Octave manual claims that a lower Cholesky factorization is often faster.

Q7 (W + % A) Q = LLT lower Cholesky factorization
(W + % A) 7 =10 system to be solved
Q" (W+4A)QQ"v = Qb
LL” Q"7 = QTb
7 = Q(LT\(L\(QY0))) in the Octave code

6.8.2 Using eigenvalues for dynamic problems of the heat equation type

With equation (56) for f =0

d B}
G(t) + Ad(t) =0 with (0) = 7

Wi
dat "’

observe that a generalized eigenvalue A with eigenvector ¥, i.e.

AT=\W17
leads to a solution %(t) = ¢ exp(—At) ¥, since
d "
W$u(t) = AW exp(—At)

Ad(t) = +AWUT exp(—At)

Thus for A > 0 find an exponentially decaying solution of the IBVP.
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6.8.3 Dynamic problems of the wave equation type

Examine an IBVP (6) of hyperbolic type.

pé%u%—Qa%u—V-(aVu—ug)—kaU = f for (z,y,t) € Qx (0,7
u = ¢ for (z,y,t) €'y x (0,T]
ii-(aVu—ub) = go+gsu for (z,y,t) €Ty x (0,T]

U = U on  at t=0

%u = g on Q at t=0

First the problem is reduced to a new problem with homogeneous boundary conditions, i.e g1 = g2 = 0, us-
ing (55). Then the new function v(z,y,t) = u(x,y,t) — up(x,y) is a solution of an initial boundary value
problem with no constant boundary contributions, i.e. g1 = g2 = 0.

pLzv+2aZ0u(t) - V- (aVu—vb)+bv = f for (z,y,t) € Q x (0,T]
v = 0 for (z,y,t) €Ty x (0,T]
ii-(aVo—vb) = gsv for (z,y,t) € I'y x (0,7

v = ug—up on  at t=0

%v = g on ) at t=0

This equation is transformed to a system of ordinary differential equations.

2 d . d
W 5 0(t) +2D 2 5(t) + Aw(t) = /() with ¥(0) =do—tp, —

o 3(0) = 7o (57)

The implementation assumes that the coefficient functions p, «, a, bg, b and gi depend on (x,y), while f may
depend on time ¢ and the position (x,%). Then use an implicit approximation®® to advance the solution from
timet — At and t to t + At.

Wj;ﬁ(t) = —2D%17(t)—A17(t)+f(t)
Wﬁ(t—At)—?ZS;+ﬁ(t+At) _ _2Dﬁ(t+At)2—Af(t—At)_
NG +2i(t) + Ut + At) )
(+W+AtD+(§I)2A) Ut + At) = —(W—AtD—l—(ifPA) U(t — At) +

2 —
4 <2w - (A;) A> B(E) + (A2 Ft)

This scheme is unconditionally stable and consistent of order 2. Observe that the matrices do not change as time
advances. Thus use again a sparsity preserving LU factorization for the time stepping. The above scheme is
unconditionally stable, at least for constant coefficients’*.

2This is a standard choice and unconditionally stable, see e.g. [ , §4].
] have a proof in WaveStability.tex.
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* To construct the solution at the initial time At use the initial value u¢ and initial velocity vg and a scheme
with the same order of consistency. with respect to time. An explicit scheme for the first step leads to

dt?

T(t — At) — 20(t) + Tt + At)
(At)?

(W + AtD)T(t + At)

(W + AtD) 3(At)

w

2 W #(At)

W G(At)

This is currently implemented. The
problem.

T(AL) — B(—At)

—

= B0 F—At) ~ F(AL) — 2 At T
~ 9D % B(t) — AT(H) + F(#)

- B+ A — G- A)

~ 2D - At + ft)

—

—(W — AtD) §(t — At) + 2W T(t) + (At)? (—A T(t) + f(t))
—(W — AtD) (5(At) — 2 At 5y) +

+2W (iiy — iip) + (AL)? (—A (@ — up) + f(0))
+2 (W — AtD) At o +

+2W (@ — @) + (A1) (—A (@ — @) + f(0))
(W — AtD) At @ +

1
+W (ty — up) + 5 (At)* (—A (o — ip)

—

+£(0)).

conditional stability for this single step should not cause a major

* One could also use ¥(—At) ~ ¥(At) — 2 A2 1 in the implicit scheme at ¢t = 0.

(At)?
1

<+W+AtD+

2
EITNE

(At)?
4

<+2W+2

A> (t + At)

A)

— <W — AtD + (Aj)z A> Ut — At) +

+ <2W - (A;)Q A) () + (A2 F(1)
HAY = — (W _atp 4+ BV A> (AL — 2 AtT) +

+ <2W - (A;F A> 7(0) + (At)? £(0)
A = +2Af <W _AtD + (AI)Q A> do+

4 <2W _ (A;)z A> #0) + (A1) F(0)

This initial step requires solving a new system of linear equations. If there is no damping term (D = 0) it
is the same system as for the time stepping, thus should be used.

The above implicit solver is the default for the algorithm in T2BVP2D () . Itis very similar to the algorithm in
Section 7.7.1 for 1D problems. In addition an explicit solver is available in I2BVP2D () too, with the description

in Section 7.7.2.

6.8.4 Using eigenvalues for dynamic problems of the wave equation type

With equation (57) for f —(Oanda damping factor D W with a constant D > 0 (instead of the matrix D)

d2

W 2
dt?

i(t)+2DW

d

=0
dt

(t) + A 0(t) (58)
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observe that a generalized eigenvalue A > 0 with eigenvector ¥, i.e. A ¥ = A\ W ¢ and weak damping 0 < D <
VX leads to a solution #(t) = exp(ut) ¥ with . € C, since

0 = u?Wadexp(ut)+pu2D W7 exp(ut)+ AW T exp(ut)

0 = 2 4+p2D+

1

Hi2 = §<—2D:|: 4D2—4)\) = —Dii\/)\_—DQEC

Thus the real solutions are of the form

(t) = exp(—Dt) (171 cos(v/A — D2t) + @ sin(v/A — D2 t)) .

The angular velocity of the exponentially decaying oscillations is given by w = v/ A — D2

6.9

« For the case of strong damping D > v/ use

pig=-DEtvVD?-XeR

to find two exponentially decaying solutions
u(t) = c1 exp(—D 4+ VD% — \t) U1 + ¢3 exp(—D — VD% — \t) Uy .

If the damping term is not in the special form D'W % U(t) the above, simple approach does not work.
Instead replace equation (58) by the first order system

d ( u(t) ) _ ( 4 () )
dt \ W 4 5(t) —2D 4 g(t) — Ad(t)
or with a matrix notation

d I O u(t) | o I u(t)
dt | 0o W 45(t) ~A —2D 45t )
Thus the generalized eigenvalues of
0 I . I O .
= z
—-A -2D 0w

provide information on the behavior of the solutions of the wave equation. This is not implemented in
FEMoctave.

Inverse power iteration or eigs () to determine small eigenvalues of positive definite ma-
trices

The algorithm to solve the generalized eigenvalue problem

AZ=\BZ¥

for given, positive definite matrices A and B is based on inverse power iteration. A small number of the smallest
eigenvalues can be estimated with reasonable efficiency. This algorithm imposes some restrictions though:

* Both matrices A and B have to be symmetric and strictly positive definite.
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* Only very few eigenvalues and eigenvectors should be computed. The convergence rate for too many
eigenvalues is unacceptable.

* There are obvious improvements possible, but I hope for an Octave implementation of the command
eigs (). This is the case now, thus I use eigs (). Thus some of the notes on eigenvalues do not
apply any more.

The algorithm is presented in [ ] and some more details are worked out in [ ], available
at andreasstahel.github.io/Notes/VarFEM.pdf.

To determine the first m eigenvalues proceed as follows.
* Create an n X m matrix V with the initial vectors ¥} o as its columns.
* repeat until desired precision is reached

— solve the matrix equation A -V, =B -V;,_jorV, =A"1.B-V,_;

— ortho-normalize the columns of Vy, using a generalized Gram-Schmidt algorithm. The resulting
columns of V, are orthonormal with respect to the scalar product (Z, By).

e forj=1,2...mcompute 5; = (V(:,j), A-V(:,7)). Then j3; should be good approximations to the

eigenvalues.
The error estimates are based on results in [ ]. For a normalized, approximate eigenvector ¥; and the
corresponding approximate eigenvalue /3; compute the residual ¥ = A ¢; — ; B ¢;. Then the estimates
: (7, B'7)
min |8 — \i| < /(F, B~1#) and =\ < 21—t 59
Jmin 16—l < VI BT and (5 gl < S (59)

are valid. The denominator gap measures the distance to the next eigenvalue.

gap = min{|5; — A\j| : A\j € 0(A),j #i}.

Without the exact values of the eigenvalues )\; there is no way to compute gap exactly. Thus use the approxi-
mate values. Expect the error estimate to have its problems at multiple eigenvalues. For the largest, computed
eigenvalue one can not estimate gap reliably, since no information on the next eigenvalue is available.

7 The Algorithms for 1D FEM

In this section the algorithm for FEM algorithms for problems with one independent variable are presented, for
sake of completeness. Only second order elements will be used. These notes are based on the presentation in the
class room notes [ , §6.9].

7.1 The 1D problems to be examined are shown.

7.2 The element stiffness matrix is constructed.

7.3 The boundary conditions are taken into account.

7.5 The tools to evaluate the solutions of 1D problems are introduced.

7.6 Dynamic problems of order 1 with respect to time are examined. Four different time steppers are introduced
and compared.

7.7 Dynamic problems of order 2 with respect to time are examined. An implicit time stepper is used.

7.8 An algorithm to solve nonlinear boundary value problems is presented.
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7.1 The problems to be examined
The ordinary differential equation to be examined is of the form
— (a(z) u'(x))/ +b(x) v (z) + c(z) u(z) = d(x) f(x) (60)

with some boundary conditions. Multiplying (60) by a smooth test function ¢(x) and an integration by parts
leads to

0 — /x" <_ (a(z)u'(x)) + b(z) v/ (z) + c(z) u(z) — d(x)f(g;)) é(z) do — 61

Zo

= —a(z)u'(z) p(x) :;CO . /acn a(z) ' (z) ¢ (z) + (b(x) v (z) + e(x) u(z) — d(z) f(x)) o(x) dx

0
The ODE (60) has to be supplemented with boundary conditions at the two endpoints © = xg and © = x,,.
u(z;)) = gp Dirichlet

(62)
a(z;)u'(x;) = gni+ gneu(x;) Neumann

If the contribution b(x) u’(x) vanishes in the ODE (60), solving the ODE is closely related to minimizing the
“energy” expression

T ] 1
F(u) = / 3 a(z) (u'(2))? + 5 c(x)u?(z) — d(z) f(z)u(z) dz (63)
Zo
respecting the boundary conditions. For a Neumann condition at the right endpoint add the contribution
1
—gn1 u(@n) = 5 gv2 U’ (2n) (64)

to the above functional F'(u) and similar at the left endpoint add

1
+gn1 u(zo) + 5 IN2 u? (o)

Using FEM this equation will be discretized, leadlng to the global stiffness matrix A and the global welght
matrix M, such that (A4 — M f (;5> = 0 for all vectors gb This then leads to the linear system A4 = M f to be
solved for the vector u .

The corresponding first order dynamic equation is given by

w(e) (e, 1) — (ale) ol (@, 1)) + ) (2, 1) + ele) ule, 1) = d(a) Fa,) (65)

with the initial condition u(x,0) = uo(z) and the boundary conditions, either Dirichlet of Neumann.

The initial value problem of order 2 is

2

wa(x) th u(z,t) + 2w (x) gtu(x t) — (a(a:) o (z, t))/ +b(x)u (z,t) + c(x) u(z, t) = d(x) f(z,t) (66)

again with the corresponding boundary conditions.

A nonlinear boundary value problem is of the form

- (a(x, u(x),u'(x)) u/(x))/ +b(x) v (z) + c(z) u(z) = d(z) f(x,u(x),u'(x)) (67)

with the corresponding linear boundary conditions.
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7.2 Interpolation, Gauss integration and the element stiffness matrices

In a first step the code will extend the provided interval [z, x1,x2,...,x,]| and add the midpoints x;195 =
L;”“ to the interval, i.e. the new discretization will consist of 2n + 1 points. The nodes are at ¥ =
[:L’o, T0.5,L1,L1.5,+++yLp—1,Tn—0.5, xn] S R2n+1.

To generate a finite element formulation first examine an subinterval x; < x < x;41. The nodes for the FEM
algorithm are the two endpoints x;, z;41 and the midpoint x;405 = % For given coefficient functions
a(x), b(z), c(x) and d(z) and the values of the functions u(x), f(x) and ¢(z) at the three nodes. Then use a
quadratic interpolation to construct the functions u(z), f(x) and ¢(x) on the interval. Four integrals have to be
examined.

Iy = fgiiﬂd(x)f(ﬂc)(ﬁ(x) dr, Iy = f;z“c(x)u(az)qb(g:) dr ,
L= [[b(@)d(z)d(x)dr and I = [7*a(z)d(z) ¢ (2) dr

T

To compute these integrals use the very efficient 3—point Gauss integration on a standard interval [%h , %h] of
length h.

* On the interval —% <zx< —1—% the 3-point Gauss integration formula is given by

h/2
/_h/2 u(z) dor ~ % <5u(—\/§];) + 8u(0) + 5u(+\/§;)> . (68)

* The three values of a function u(z) at u(—h/2) = u_, u(0) = ug and u(h/2) = u4 determine a quadratic
interpolating polynomial>
Uy — U Uy — 2Ug + U

_ 2
u(z) = uog + . x + 2 227,

Usez=0andx = + % % to determine the values of u(z) at the Gauss points by>®

3 3
3h 5 5
NG Bt b 48| (w
u(0) = 0 1 0 | wo
u(+4/2%) 3 Vi g+£ Uy
10 2 10 10 2
) 3+v15 4 3-+15 U_ U_
- E 0 10 0 . uQ - GO' uo
3—\/15 4 3+\/15 U4 Uy
*To verify the formula use u(0) = uo and for z = +2
h, Uy —u— b uy —2up+u- 2h* 1 1 1 1

3h, _ u+—u,\/§h uy —2uo +u_ _ 3 h?
““\/;5) = wt 5t e 25
_\/§1+i w13 wo s +\/§l+i u
52 10) 5)°° 52 10) *
i—\/% U —l—iu—i— i-f—\/% U
10 2 T 0 2 +
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Use this Gaussian interpolation matrix to compute the values of the function at the Gauss integration points,
using the values at the nodes.

* The matrix Gy is basis to construct a matrix to interpolate from the nodes of a FEM grid to the Gauss
points. As example consider a grid with three elements of order 2 and thus 3 - 2 + 1 = 7 nodes and there
are 3 - 3 = 9 Gauss points. Each block in the matrix is given by Gg. This leads to the 9 X 7 matrix which
allows to determine the values of the function at the Gauss points by a matrix multiplication.

u [ 3+v15 4 3—/15
1- 10 10 10
Uui0 0 1 0 Uuo
3—=v15 4 3+V15
Ui+ 10 10 10 u1
3+v15 4 3-V15
U2— 10 10 10 u2
Uu20 - 0 1 0 us (69)
3—vV15 4 3+V/15
U2+ 10 10 10 Ug
34v15 4 3—V15
U3— 10 0 10 Us
Uuso 0 1 0 Ue
w 3—v15 4 3+V/15
3+ i 10 0 0

Observe that this matrix does not depend on the distances h; between the nodes.

* The above can be repeated to obtain the values of the derivative

Uy —U— Uy —2Uug+ U

N % 4x

u'(z) =
at the Gauss points.

UIH/%%) 7172\[ +4\f +1—2\[ u_ u_

1
W (+4/28) —1+2\f 74\f +1+2\[ u

» Use the same idea as above construct a matrix to evaluate the derivatives at the Gauss points by a matrix
multiplication. Each block in this matrix is given by %Gl.

i
IS
X

* Define a weight matrix W by

5 8 5
W = dlag([ﬁﬁﬁ])

o o Ko
O Kl ©
Sl © ©

and then rewrite the Gauss integration (68) in the form

+h/2 3
/_W u(z) do ~ % <5u(—\/§;”)+8u<o)+5u(+\/§};)> —h Y (WG,

=1

where the vector « contains the values of the function at :t% and O .
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* To evaluate the function a(z) at the Gauss points use the matrix notation

8 0 0

0
0 a(+y/2%)

and similarly for the functions b(z), ¢(x) and d(x), leading to the diagonal matrices b, ¢ and d.

The above notation leads to the required integrals. With Ax; = x;11 — x; obtain

I - / " i) f(@) 6(@) do ~ Aw, (WA Gy f, God) = ~A, (GFWdGo f, §)

Tit1 o o
Iy = / c(x)u(z) p(z) de ~ Az; (WcGoil, Gog) = Az (GIWc G, ¢)
Ami

T

b= [Ta@@d @ = T (WaGii, Gid) =

L= / @) @) o) de 2 T (WG, God) = (GIW Gy, J)

A (GIWaGi 1, g)

Apply the above integrals to full interval I = [z, x,,], discretized by g < 21 < 29 < ... < Zp_1 < . For
the second order elements the midpoints ;105 = m# of the intervals will be used too, leading the the nodes
atxg < o5 < T1 < T15 < T < ... < Tyl < Tn—05 < Tn, i.e. T € RZ"1 Examine the discrete version of

the weak solution, thus integrals (or sums) of the type

I — /a:r a(z)u'(z) ¢’ (x) + b(z) v () d(x) + c(z) u(z) p(z) — d(x) f(z) p(x) dx
- z; /:+1 a(z)u'(x) ¢ (z) + b(z) v (z) p(x) + c(z) u(z) p(x) — d(z) f)(z) () dz

n

1

(GTW a; G114, 6i) + (GEWb; G T;, ¢i)+

X
~
P

+Az; (GEW ¢; Go @y, ¢i) — Az (GIW d; Gy f;, $z>)
= (Au-— Mf, gi_;> for all vectors q_; e R+l

The stiffness matrix A and the weight matrix M are both of size (2n+1) x (2n+1), but the boundary conditions
are not taken into account yet. This has to be done with some care, since the differential equation (60) has a unique
solution only if boundary conditions are taken into account.

7.3 Taking boundary conditions into account

Ignoring the boundary conditions the linear system to be solved for @ € R2"*! is
Ai=MTF, (70)

where f € R?"*! contains the vaues of f(x) at the nodes ¥ € R?"*!. The contribution in (61) by boundary

terms is
Tn

a(z)u'(z) ¢(r)

T=x0

= a(zn) u'(zn) ¢(xn) — alzo) u'(x0) $(xo) -

This leads to different algorithms to take Dirichlet or Neumann conditions into account. There are four possible
combinations of Dirichlet (D) and Neumann (N) boundary conditions: DD, DN, ND and NN.
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DD

DN

ND

Dirichlet conditions at both endpoints.
The first component of the vector @ equals u(xg) = gp1 and the for the last component use u(x,) = gpa.

Equation (70) reads as

gp1 Jo
(0 fos
(1 Ji
- M :
U2p—1 Jn—1
U2n—0.5 Jn—05
9D2 In

Remove the first and last row in the matrix A. Split off the first column @ and the last column @; form
the matrix [@f, A,, @] and in the matrix M € RZr+Dx(2n+1) remove the first and last row, leading to
M, € REn=Dx(2n+1) Thepn examine

gpni1

—

Ad=Mf — c_if A, q Up :Mr]F — ATUT:MTf_angl_algD27

gp2

where A, € R@n-D)x(2n-1) i ¢ R2n=1 M, € R@=Dx2n+1) apd £ € R2FL, The solution is then
given by [gp1, Uy, gp2) € R*"HL,

Dirichlet at xy and Neumann at x,

The Dirichlet condition u(z¢) = gp1 leads to the modifications of the first rows and columns of A and M,
just as above. For the boundary condition a(x,,) u/(zy,) = gn1+9n2 u(x,) the correct type of contributions
will have to be taken into account. The additional contributions in (64) to the functional F'(u) in (63) lead
to

gp1 fo
(T fos
Uy fi
A =M :
Up_1 0 frn-1 0
Un—0.5 0 fn—0s5 0
Un, gN2 U, fn gN1

Thus the matrix A and the RHS have to be modified accordingly. From the last entry on the diagonal of
the matrix A subtract gyo.

o a ] (7

@, € R2, M, € R2"(2n+1) and f € R2"*1 The solution is then given by

where A, € R2x2n,

[ngaﬁr] c R2n+1‘

)ZMrf+gNl — ATﬁT:MTf_angl+§N17

Neumann at xg and Dirichlet at z,,
The Dirichlet condition u(x,,) = gp2 leads to the modifications of the last rows and columns, just as above.
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NN

7.4

For the boundary condition a(zo) v/(xo) = gn1 + gne u(xo) the correct type of contributions will have to
be taken into account. The additional contributions in (64) to the functional F'(u) leads to

ug gN2 Up fo gN1
UQ.5 0 fos 0
up 0 fi 0
A + —M .
Un—0.5 fn—05
gp2 0 In 0

Observe the different signs of the Neumann contribution. Thus the matrix A and the RHS have to be
modified accordingly. To the first entry on the diagonal of the matrix A add gy.

—

U — R > R
[AT 61} ( " )zMTergm — Ay tu, =M, f—digp1 — gn »
gp2

where A, € R22n i ¢ R2 M, € R2(2n+D) and f € R2"1. The solution is then given by
[y, gpo] € R*"HL,

Neumann conditions at both endpoints.
The modifications are given by

Ug +IN2_eft Uo Jo —9gN1_left
Uo.5 0 fos 0
U1 0 f1 0
A + -m| 7
Un—0.5 0 fn—05 0
Un, —YIN2_rightUn In +9N1_right

The size of the matrices A and M remains unchanged. To the first entry on the diagonal of the matrix gA
add g2 e f¢ and from the last entry subtract gn2 right-

A, 7=Mf+ gn,

where Ar c R(2n+1)x(2n+1)’ = R2n+1’ M € R(2n+1)x(2n+1) and ]FE R2n+1.

Solving the BVP with a system of linear equations

Using the above algorithms leads to the linear system

Ari —M, f=0 or d=A;'M,f=A\M, .

The resulting matrix A, is symmetric if b(x) vanishes identically and it has a band structure with semi-bandwidth 3,
i.e. in each row there are up to 5 nonzero entries around the diagonal.
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7.5 Evaluation of the solution between nodes and evaluation of derivatives

The above algorithms lead to the values of the solution at the nodes. Between nodes the algorithm is based on
piece—wise quadratic interpolation. Thus it is advisable to use a quadratic interpolation if the values at more
points are required. The Octave function pwquadinterp () does just that, and it can be used to evaluate first
and second derivatives too.

To evaluate the derivatives at the nodes use the quadratic interpolation. For a quadratic function with u_ =
u(—2), u(0) = up and uy = u(+%) the derivative

4

Uy —U— Uy —2Uug + U_
o (z) = . + 2

leads to values at the end- and mid—points.

h —u_ —dug+u_ 1
u/(_i) _ U-i—hu _U+ hgo U o2h = E(—3u_—|-2u0—1u+)
1
u'(0) = 7 (—lu_ 4+ 0ug+ luy)
h —u_ —dug+u_ 1
ul(+§) _ u-i—hu +U+ }Z;O u o2h = E(-|—1u_—2u0—|—3u+)

u'(—h) . -3 +4 -1 u_
W) [ =7 | -1 0 41 o
u'(+%) +1 —4 43 Uy

The second derivative is constant on each subinterval and given by

U_— — 2ug + ugt

u’(z) =4 2

This is used in the code FEM1DEvaluateDu () todetermine the derivatives at the nodes, generated by BVP1D ().
At the endpoints of the subintervals the average of derivatives in the two neighboring intervals is used.

| FEM1DEvaluateDu.m

function [du,ddu] = FEM1DEvaluateDu (x,u)

du = FEMlDEvaluateDu(x,u)

evaluate first and second derivatives at the nodes x

requires the interval x and u to be generated by BVP1D()
n = (length(x)-1)/2; %% number of subintervals

du = zeros(size(x)); ddu = du;
M= 0.5%[-3,4,-1;-2,0,2;1,-4,3]; %% matrix to determine first derivatives
h = diff(x); h = h(l:2:end)*2;

for jj = 1:n

range = [2%x3J-1:2xj3j+1];

du(range) += Msu(range)/h(37);

ddu(range) += 2%[1;2;1]1*[1 -2 1]*u(range)/h(jj) "2;
endfor

du([l;end]) *= 2; ddu([l;end]) =*= 2;
endfunction

o° oo
o° oo

o\°
o
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7.6 The first order dynamic problem
The approach to solve the dynamic problem (65)

w(z) %u(w, t) — (a(:c) o (z, t))/ +b(z)u'(x,t) + c(z) u(z, t) = d(z) f(z,t)

is similar to the 2D approach presented in Section 6.8.1. The first step is to solve the static problem
— (a(z) u’B(:c))/—i—b(x) wy(z)+e(x)up(z) =0 with ug(x;)) =gp or a(x;)ug(z;) = gn1+gne up(;)
Then the new function v(z,t) = u(x,t) — up(x) is a solution of an initial boundary value problem with no
constant boundary contributions, i.e. at the boundary points ¢ and x,,

v(zi,t) =0 or a(m;) v (zi,t) =0+ gna(x;) v(zi, t)
and the initial condition v(x,0) = ug(z) — up(x). This problem is then discretized with respect to z, leading to
a system of ordinary differential equations, similar to equation (56)

W % () + AG(E) = M () with 5(0) = 5 1)

There are many algorithms available to perform a time step from o(t) to ¥(t + At). Table 15 shows a few
key properties of the solvers used in IBVP1D () and IBVP2D ().

* order of consistency: order of consistency of the time stepping algorithm.

 A-stability: a solver is called A—stable if for ODEs of the type % i(t) = A (t) with negative eigenvalues
the approximate solutions remain bounded, independent on the stepsize At.

* L—stability: a solver is called L—stable if the above approximate solutions converge to zero rapidly for large
eigenvalues \ < 0.’

* # of systems to solve: the number of linear systems that have to be solved for one time step.

algorithm order of consistency | A-stability | L-stability | # of systems to solve
explicit 1 conditional no 1
implicit 1 unconditional yes 1
Crank—Nicolson 2 unconditional no 1
Runge—Kutta, L—stable 2 unconditional yes 2

Table 15: Properties of the ODE solvers used in IBVP 1D ()

FEMoctave uses a very simple implementation of the time steppers, i.e. no stepsize control or adaptation
is performed. The stepsize At is constant on the time interval to be examined. One can specify the number of
time slices to be returned as result and how many steps to take between the returned times. For the explicit time
stepper a warning is issued if the algorithm is very likely to be unstable, i.e. when At > % This authors

advise is to not use the explicit time stepper.

" For an ODE 4(t) = —Au(t) with exact solution u(t) = ¢ exp(—\t) applying one time step is implemented by multiplying with a
factor g(A At) = g(z). The function g(z) depends on the algorithm.

- explicit: “H—* = —\w;, thus ui; = (1—\ At) u; and g(z) = 1—z. The stability condition [g(z)| < 1leadsto z = AAt < 2
or At < 5 2

- implicit: <5 = —Xuiq, thus wiy; = 57 wiand g(2) = 135

— Crank—Nicolson: WL — )\ Wbl phyg gy, = S AL uiand g(2) = 372

If |g(2)] < 1 for Re(z) > 0 then the algorithm is A-stable. If lim._, { o |g(2)| = O then the algorithm is L—stable.
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7.6.1 An explicit time step

To solve (71) with an explicit solver with time step At use
U(t + At) — 9(t)

w At

M f(t)
Wit + At = W) + At (—A () + M *(t))

YA =

_|_
<

Ft+At) = F()+ALW! (—AU(t) “(t))

7.6.2 An implicit time step

To solve (71) with an implicit solver with time step At use

HAE_U@) VAT AL = Mf(t+ At

(W + AtA)G(t+ At) = Wa(t) + AtM f(t + At)
Tt +At) = (W4 AtA)™! (Wﬁ(t) + AtM f(t + At))

Wﬁ(

7.6.3 A Crank-Nicolson time step

In Section 6.8.1 (page 171) the algorithm of Crank—Nicolson is presented as time stepper. With above notation a
time step is given by
t+ At) 4+ 9(t) S

WU<HAA2_M Al . — Mt + At/2)
At

<W+A2tA) o(t + At) + W2A> T(t) + AtM f(t + At/2)

This is the default time stepper used in FEMoctave.

7.6.4 An L-stable Runge-Kutta solver, DIRK

This is a diagonally implicit Runge—Kutta method or a DIRK method. Find more details in [ , §361]. The
Butcher table of the algorithm is given by

0 0

1

1
0 0 1—ﬁ

1—-0 0 witthl—%,i.e. 1

yn+1‘1—9 0 Ynt1 ‘ 7

1

ke |
Sk
<)

1—
1— L

S

To apply this algorithm to the ODE W% ii(t) = —A @(t) + M f(¢) use the above Butcher table.

Wk = —A(ip+0Atk) +M f(t, + 60 At)
Whky = —A(in+At((1—0)k+0ks)) +M ft, + 1At)
Tpyr = G+ At((1—0) k1 + 0 k)
With % —0=0(1-0)= 9 and tedious algebra (spelled out in [ , §4.5.8]) this leads to two linear systems

V2
to be solved, with the same matrix W +6 At A. Thus only one LU factorization is necessary for the time stepper.

(WH+0AtA kL = —Ady, + M f(t, + 0 At) (72)

(W+O0ALA) i1 — (W—At\}iA)ﬁn—(At)Q(;—0)Al§1+ (73)

FAtM ((1 —0) flta +OAL) + 0 fltn + At))
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7.7 The second order dynamic problem

The approach to solve the dynamic problem (66)
0? 0 / / /
wa () pre) u(z,t) + 2w (x) g u(z,t) — (a(z) ' (z,1)) + b(x)u'(z,t) + c(x) u(z,t) + d(z) f(z,t) =0

is very similar to the 2D approach presented in Section 6.8.3. The first step is to solve the static problem
— (a(z) ujg(fc))/+b(a:) uy(x)+e(x)up(r) =0 with wupg(x;) =gp or a(x;)ug(x;) = gni+gnoup(x;)

Then the new function®® v(x,t) = u(z,t) — upg(x) is a solution of an initial boundary value problem with no
constant boundary contributions, i.e. at the boundary points x;

v(zit) =0 or a(z;) v (z,t) =0+ gna(x;) v, t)

and the initial condition v(z,0) = ug(z) — up(x). This problem is then discretized with respect to z, leading to
a system of ordinary differential equations or order 2, similar to equation (57).
d? d .

d
Wi s 0(t) + 2Wy - 0(t) + A () = M f(t) with §(0) =do —tip and —v(0) =T  (74)

7.7.1 An implicit solver

The implementation assumes that the coefficient functions wo, wi, a, b, ¢ and d depend z, while f may depend
on time ¢ and position z. Then use an implicit approximation to advance the solution from time ¢ — At and ¢
tot + At.

d? d . -
W25 0(t) = —2Wi o 0(t) — Ad(t) + M f(t)
ot — At) —20(t) + vt + At) U(t + At) — U(t — At)
W2 (At)2 = Wi 2 At
A o(t — At) + 21}4(25) + U(t + At) M )
At)? At)?
<+W2—|—AtW1+( 4t) A> ﬁ(t—l-At) = —<W2—AtW1+( 4t> A) U(t—At)+

4 <2 W, — (A;)Q A) B(t) + (A6)® M (1)

This scheme is unconditionally stable and consistent of order 2. Observe that the matrices do not change as time
advances. Thus use again a sparsity preserving LU factorization for the time stepping.

To construct the solution at the initial time At use the initial value ug and initial velocity vy and a scheme
with the same order of consistency, with respect to time. An explicit scheme® for the first step leads to

%6(0) _ g~ 28 - Aﬁt (=41 F(—At) ~ F(AL) — 2 At
& d »
H—Al) - 25(0) + T(AL) T+AL) — F(—AL) .
W, (At)2 = -2W; 9 At — AU(O) +Mf(0)

BObserve that v(x, t) is not the velocity, sorry for the inconvenient notation, but it is consistent with other parts of these notes.
PVery similar to Section 6.8.3.
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(Wo + AtW ) T(+At) = —(Wo — At W) T(—At) +2Wo §(0) + (At)? (~AF(0) + M
= —(Wy— AtW)) (3(At) — 2 At T) +
+2 W, (iiy — iig) + (At)? (—A (iiy — @) + M £(0))
QW 0(AL) = +2(Wy— AtW) At 0 +
+2 W, (ily — iip) + (At)? (—A (il — iip) + M £(0))
Wy d(At) = (Woy— At W) AL T +

YW (1 — ) + 5 (A1)? (—A iy — i) + M f{0)).

7.7.2 An explicit solver

To construct an explicit solver for (74)

2 d ) .
Wa =5 0(t) + 2 W1 — (1) + A 5(t) = M ()

use the finite difference approximations

& Tt — At) — 26(t) + ¥(t + At)
W2 ﬁ U(t) ~ WQ (At)Q
d .. —0(t — At) + U(t + At)
Wl % U(t) ~ Wl 5 At
leading to
Wy, Wi 2W, . W, W\ . o
<(At)2 - 2At) ot — A1) + (_ (At)2 + A) o) + ((At)2 T 2At> u(t + At) = M f(t)
For given 0(t — At and ¥(t) solve for ¥/(t + At).
W, Wi | [(2W, . W, Wi\ . _
(o +2ar) oot = (g =) 70~ (cage - 7ay) - 20 +M70)

At

(w2 + A;vw) U(t+At) = (2W,— (A1)*A) ¥(t) — (Wz - 2W1> o(t — At) + (A)*M f(t)

The initial conditions

d
?7(0) = ’l]:o — ’JB and %1}(0) = ’170
lead to AL A
o ~ ol >2_A”t<_ ) or T(—At) = T(At) — 2 At

and thus the first time step is given by

At

<w2 + A;vw) T(t+At) = (2Wa — (AD)?A) ¥(t) — <W2 - 2W1> Ut — At) + (At)*M f(t)

F(0))

—

—

—

QWL G(At) = (2Wsy — (A1)?A) §(0) + 2 (At Wy — (AH)? W) 5 + (At)*M £(0) .

This scheme is conditionally stable with the stability condition

A< or At < for all generalized eigenvalues of A4 =AWy .

S

(At)?
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7.8 Nonlinear boundary value problems, Newton’s method and partial substitution

For smooth functions a(x, u, ") and f(z,u, u’) examine a nonlinear boundary value problem of the form (67)

- (a(:n, u(z),u (r)) u'(x))/ +b(z) v (z) + c(z) u(z) = d(x) f(z,u(z),u'(z)) , (75)

with linear, constant boundary conditions, Dirichlet or Neumann. The essential tool is Newton’s method, com-
bined with a partial substitution. For this use a linear Taylor approximation of the nonlinear function f(z,u,u’)

f(w, u+¢,u' + ¢') ~ fayu, ) + fulz,u,u') ¢+ fu (@, u,u') ¢f

with the notations f, = 97 and fu = . For an approximate solution u, (z) search a solution of the form
un(x) + ¢(x). Examine the linear boundary value problem for the perturbation ¢.

—(aul, +¢) b, +¢)+Fclun+0) = d- (F(run ul)+
+ fu s tny up,) @ + fur (- U,y iy, ¢/)
—(ad) +(b—d- ful un )¢ + (c—d- fuliunup)) ¢ = + (au),) —bup — cup +d- f(- tun, 1)
and then update the solution to u,11 = wu, + ¢. For the perturbation ¢ use zero boundary conditions, assuming

that ug satisfied the boundary conditions. For an initial guess ug(z) close enough to an isolated solution the
Newton based algorithm will converge.

To implement the above algorithm in FEMoctave start out with an initial function u(z) = ug(z), hopefully
close to the true solution.

* Start with the function ug(x) and evaluate (if necessary) fo = f(x,uo(z)), or fo = f(x,up(z),uy(z)) at
the nodes. Evaluate at the Gauss points (if necessary)

ap = a(z,up(z), up(z))
bo = b(l’)
co = c(x)

* Solve the boundary value problem for w,,
— (a0 u;l(:n))/ + b ul,(x) + coun(x) =d - fo
with the correct boundary conditions.
* Repeat

— Store the current solution uy;gq = Us,.

— If a depends on u or v’ evaluate
an = z(z,uy(z),u,(x)) at the Gauss points.

If a does not depend on u and v/, reuse a,, = ay.
— If f depends on u or v evaluate

fn = f(z,us(z),u,,(x)) atthe nodes

fu =
fu’ =

% f(x,up(x),u,(z)) atthe Gauss points
% f(x,up(x),ul (z)) atthe Gauss points

r'n

SHA 9-10-23



7 THE ALGORITHMS FOR 1D FEM 189

— Evaluate
RHS,, = —(anu,) +boul, + coun, —d - fn

This can be done with a matrix multiplication.

— Solve the boundary value problem for the perturbation ¢

—(an¢'(2))" + (b = d - fur) &' (2) + (co — d- fu) $(x) = ~RHS,

with homogeneous boundary conditions.
- Update u,, — uy, + ¢.

— If f depends on u or u evaluate at the nodes.

— If a depends on u or v’ evaluate

an = z(z,uy(z),u,(x)) at the Gauss points.

If a does not depend on u, reuse a,, = ag.

— Solve the boundary value problem for u,,
— (ao u%(az))/ +bou'(x) + coup(x) =d- fp
with the correct boundary conditions.
e until ||u, — uyq| small enough or too many iterations.

For the convergence test absolute and relative values are use, if one of them is small enough the algorithm stops.

This is not a pure Newton’s approach, but a combination with a (partial) substitution method.

SHA 9-10-23



8 PLANE ELASTICITY AND AXIALLY SYMMETRIC ELASTICITY 190

8 Plane Elasticity and Axially Symmetric Elasticity

Find the description of the plane elasticity problems in Section 2.13, starting on page 13.

8.1 The plane stress problem

For a plane stress problem it is assumed that there are no stresses in z—direction, i.e. 0, = T, = 7, = 0. The
elastic energy density is given by equation (20), i.e.

E

Wstress = m

(2, +es, +2vemey +2(1—v)es,)

With FEMoctave examine plane stress deformations with (only) three types of boundary conditions.

U = gp on Dirichlet boundary I'y, i.e. prescibed displacement
force density = gy on Neumann boundary I's, i.e. prescibed force density (76)
force density = 0 on free boundary I'3
With this the total energy of a plane stress problem can be written in the form?"
U(ﬁ> = Uelast + UVol + USurf (77)
) E 1 v 0 Erx Exx
S /EEeTICR N B Y e (7
0 0 2(1—-v) Exy Exy

//f U dA — /FQgN uds.

Using the Bernoulli principle this energy has to be minimized, leading to the Euler-Lagrange equations (22).
A discretization of the displacements u;(z,y) and us(z,y) leads to a vector @ = (1, u2) and the above total

energy has to be written in the form

%w,Am @ W

Then the approximate minimizer is given as solution of the linear system A4 = — W f . This setup is very similar
to Figure 66 on page 135.

Another approach is to use perturbed displacements w1 + ¢1 and uz + ¢2 and dropping higher order contri-
butions in ¢;. Use the approximations

0(ur +¢1)  Ou n 0 ¢1

oz = ox - Oz ox
2 - 6(u1~|—¢>1) 8U1 8U1 8¢1
Epx = (T) ~ (5 o ) Q(E) (87)

ou Jug, ,0¢
2 242 2 2
Syy (ay)+2(6y)(6 )

8U1 Oug 8U1 agf)g 8U2 agbl

Q

Fuatyy N or Jy or Oy oy Ox
B O(ur + ¢1) 0 (uz+ ¢2) - ouq (9(251 Ous 0o
28y = oy + oz N 8y dy + ox + ox

We quietly dropped the constant thickness H from all expressions.
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8U1 2 6u2 2 8U1 (8¢1 +6¢2 8UQ (8¢1 + 8(]52)

4el, =~ 2
o N G G 2 Gy s ) T2 oy T e
8u1 6u2 2 8¢1 8u1 8u2 8¢2 8U1 8’11,2
= (22422240 2
(8y+8x)+ 8y(8y+8x)+ Gx(8y+8x)
Based on (1 v) W (u) = &2, +e2, +2verpeyy +2(1 —v) &3, conclude
2(1—1v?) R Y\ L 5 0ur O Oug 0 ¢2
- E (W(u—i— )—W(u)) ~ 2 Ox Ox 2 dy Oy *

Oup o Ous 8¢1)

2
+ V(f)x oy oy Ox
4 8d>1 6u1 GUQ 8¢2 8u1 OuQ
+4(1_V) (Oy (83/ + 8x)+ ox (83/ + ox ))
and use
//f'(ﬁ‘*' p)dA = //f-ﬁdA+/ fi191+ fago dA
Q Q Q
/g’N-(ﬁ+$)ds = /§N~ﬁds+/ g1 ¢1 + g2 ¢2 ds .
Iy Iy Iy
This leads to
8¢1 6u1 8UQ 1—v 8¢1 6u1 8UQ
Ui+ 3) - //1_V2< G v Sy 1 252 0 C 4 S ) o fraa+

8¢2 8U2 8U1 1—V(9(b2 8u1 8u2
//1—V2(8y(6y v 83:)+ 2 8$(6y+8w)>_¢2f2dA_

$191+d2gads = 0. (78)
s

Using Bernoulli’s principle this expression should vanish for all perturbations gZ_; Use discrete approximations of
the functions u; and ¢; to write the vanishing condition for expression (78) in the form

(¢, Al +W [y =0 forallg.

For the eigenvalue problem (24)

G 4y Oz
—div | &5 r 4 = Apuy
7 L g+ )
1—v uy Ousg
vl B [ TG+ SR _
div <l—u2 < (9%4_”671;1 = APUQ

examine the equation

8¢1 aul QUQ 1—1/8¢1 8u1 8UQ
— A
//1—y2< (833 Ty ay)+ (8y+8x)> b1Apur dA+

8@2 8UQ 8u1 1—V@¢2 8U1 a’LLg
//1—u2< (8y +V81:)+ 2 8x(8y+3:p)> 2 Apuy dA .

This will lead to a generalized eigenvalue problem A @ = A W . FEMoctave allows to determine a few of the
smallest eigenvalues A and the corresponding eigen modes.
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8.2 Construction of first order elements

The algorithm in this section is based on the results in Section 6.4 (p. 141), with the expressions in equation (78)
to be integrated over a triangle T". The approximation consists of piecewise linear, triangular segments. Thus the
first order partial derivatives are constant on each triangle. Consequently the strains are constant on each triangle.
This is the reason for the name Constant Strain Triangle, short CST.

8.2.1 Integration of f1 ¢1 + fo P2

o If the values of the functions f; and f> at the Gauss points are denoted by the vectors fl and fg, then use
the approximation

/ fio1+ far dA = i <<M517 fi) + (Més, f2>>
T
_ areg(T) (<$17MTﬁ>+<$27MTﬁ>> .

M € R3*3 is the matrix for interpolation from the nodes to the Gauss points, given by

41 1
1

M:6 1 4 1| =M".
11 4

o If the values of the functions f; and f5 at the nodes are denoted by the vectors fl and ]‘72 then use the
approximation

%

//f1¢1+f2¢2 dA arez;)(T) <<M51>Mﬁ>+<M¢;2,MJF2>)
T

= D (G, MTM ) + (G2, MTM )

Thus find one contribution to (78). With a block matrix notation the above can be written in the form

area(T) ( o MT 0 fi ' or area(T’) ( b1 MM 0 fi >
3 \é /) | 0 M|\ f 3\ /) | 0o MM|\fi/)

8.2.2 Integration of the terms involving derivatives of ¢; and ¢,

For linear elements the gradient of the functions u; and ¢; are constant and using equation (36) given by

(y3—12) (W1—ws) (2—w) ] g [ Gm] -

(xg - .263) (373 — xl) (1’1 — .TQ) Gy

-1
“= 2 area(T’)

Evaluate the coefficients F and v at the Gauss points g; and define the averaged values
3

1 E_; 1 V_;iE_‘Z' 1 E_'i
a1—;1_(yg()§i) , a2—32(g) (ﬂ) and aszigiﬂl (g)i
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This leads to the approximations

FE 6¢1 8u1 8UQ 1—v 6¢1 8u1 GUQ
I = A
oL //1—u2<6x(8x+yay)+ 2 8y(8y+8x)>d
T
a1 (Gyy, Goilr) 4 az (God1, Gyila) + a3 (Gyb1, Gyily + G i)
= a1 {¢1, GTG,i1) + a2 (¢1, GLGyiz) + a3 (¢1, GL Gy + G Gida)

o FE 8¢2 6’UQ 8u1 1—v 8¢2 6U1 8UQ
I¢2_//1V2<5y(8y+yﬁx)+ 2 3$(8y+6x))dA
T
a1 (Gyda, Gyila) + as (Gyda, Goily) + az (G, Gyily + Gio)
= a1 ($2, GTGyliz) + a2 ($2, GT Gilty) + a3 (o, GI Gty + GL G, a2)

Q

Q

With a block matrix notation write the above in the form
e b1 a1GTG, +a3GIGy a2GIG, +a3GIG, | [ @ - 1 a ™)
3 ¢ )| @2GTG, +a3sGIG, a1GIGy +a3GLG, ity by )’ iy

The symmetric 6 x 6 matrix G € R%*6 is the element stiffness matrix for the triangle 7', containing contributions
to (78).

8.2.3 The boundary integral
The boundary integral is similar to (37) on page 146. With a = 1_12/ V3 use the symmetric interpolation matrix

from nodes to Gauss points
l1—« «
M, =
o l—«o

and the length L of the edge segment for the approximate integral

Loz L - v, L,z L
/ 9N'¢d3:/ g1 61+ g2 2 ds = - (¢1, My g1) + - (d2, My G2) ,
edge edge 2 2
where the functions g; and g are evaluated at the Gauss points.

8.2.4 Construct a weight matrix W

For eigenvalue and dynamic problems it is necessary to evaluate

N é1 W, 0 fi
é/p(w,y)(fl(w,y)qﬁl(x,y)+f2(x,y)¢>z(:v,y)dA~<<52>,! ’ W2]<ﬁ>>’

where gZ_;z and ﬁ are evaluated at the nodes. For a weight function p(z,y) construct the matrix W for a given
triangle of the values at the Gauss points by
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and then use the interpolation matrix IM from nodes to Gauss points.

[[othions o aa ~ =50 (Wi MA) + (WiMGy, M)
T
= D (G, MIWLMF) + (G, MTWM))

B area(T)< 51 M WM 0 ﬁ )
3 b | 0 MTW M f

For the constant function p(x,y) = 1 obtain

2

1
MTWM:M?:i 1
1

—_ N =
N = =

8.3 Construction of second order elements

The algorithm in this section is based on the results in Section 6.5 (p. 147), with the expressions in equation (78)
to be integrated over a triangle T'. The approximation consists of piecewise quadratic, triangular segments. Thus
the first order partial derivatives are linear on each triangle.

8.3.1 Integration of fi ¢1 + fo o

Use the Gauss weights @ € R” from equation (33) on page 140 for the approximate integration over one trian-
gle T

o If the values of the functions f; and f> at the seven Gauss points are denoted by the vectors fl and fé eR’,
then use the approximation

/ f1o1+ fapa dA = area(T) ((M qgl , diag(w) f1> + (M 52, diag(w) ﬁ>)

T
= area(l) (((51 , M7 diag(w) f_i> + <<Z;2 ) M7 diag(w) ﬁ>)

wealT) << & ) | [ M7 diag(i7) 0 ] ( fi >> |
b2 0 M7 diag(w) fa

M € R7*6 is the matrix for interpolation from the nodes to the Gauss points, given in equation (40) on
page 149.

* If the values of the functions f; and f5 at the nodes are denoted by the vectors fl and ﬁ € RS, then use
the approximation

[ o4 p20nda ~ aread) (M ding(@)MF) + (M, ding(@) M)
T
— area(T) ({61, M7 diag(i) M fi) + (G, M7 diag(if) M f3))

= area(T)((?,l),[MTdiag(w)M 0 ] ({1))
b2 0 M diag () M f2

Thus find one contribution to (78). Observe that M’ diag(w) M is a 6 x 6 matrix, independent on the triangle 7.
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8.3.2 Integration of the terms involving derivatives of ¢; and ¢-

Using the results from Section 6.5 the partial derivatives at the nodes of functions ¢ given at the notes find for the
first component ¢, = %—f of the gradient at the Gauss points

Pa(T1)
%{2) :da?m | (tus — ) ME + (—pp + ) ME | 6= Gud
P (T7)

§0y<f1)

(Z2) 1 z Y
o = Geremy | (Cmate)ME + (ha 2 MY | 5= Gy
‘Py(f7)

Evaluate the coefficients E' and v at the Gauss points g; and multiply by the Gauss integration weights to obtain
the three diagonal matrices

E(g1) v(g1) E(g1) E(q1)

W1 1= vg(lgl) w1 1g—lu2(g‘i]; w1 2(1+3%§1))
E(g2) v(g2) E(G2) E(g2)

w L wo LI 0T2) 92

A, = diag 2 1_.V2(92) , A, = diag ? 1_.1'2(92) and Aj = diag ? 2(1+V(g2))
E(g7) E(v(g7) gr) E(g )

1—V2(7§7) wr 1—V27(£77; wr 2(1+Vzg7))

This leads to the approximations

Iy, B 0¢1 ,0uy 0 us 1—v d¢y ,duy  Ous
area(T) area(T)//l—V2< (8x v 8y)+ 2 8y(8y+8x) a4
(A1 G.1, Gyily) + (diag Ay God1, Gyila) + (As Gy, Gyily + Gyily)
= <¢17G ALG, 1) + (61, GTALG yli2) + <¢17G5A3Gyﬁl+G§A3Gazﬁ2>

[¢1 a¢2 8'[,62 8U1 1—Va¢2 8u1 8UQ
= A
area(T") area(T) / / 1—12 ( dy Y oz )+ 2 Oz ( Oy + ox )) d

(A1Gy g2, Gyila) + (A2Gyda, Goil1) + (A3Grdo, Gyily + Gila)
= ($2, GTA1Gyii2) + (G2, GTASGil1) + ($2, GTA3Gyity + GTA3G, ) -

Q

%

With a block matrix notation write the above in the form

¢1 GIAG, +GTA3G GTAQG +GTA3G “1
area(T’) ( )
gb GTAQG —|—G AsG, G A G, —|—G As3G,

=: area(T)(( 2 ),G ( i ))
3 iz

The symmetric 12 x 12 matrix G € R'2%12 is the element stiffness matrix for the triangle 7', containing contri-
butions to (78).

%

Iy =1Ip + 1y,
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8.3.3 The boundary integral

The boundary integral is similar to (46) on page 156, i.e. based on
"z h V3 V3
flxyde~—= |5f +8f(0)+5f
R (e W +810)+5 (3 h)

If the values of a function f at the two endpoints and the midpoint are denoted by (f1, f2, f3) use a quadratic
interpolation to find the values at the three Gauss integration points, given by

f(Py) fi +0.68730 0.4 —0.08730 fi
fp2) [=Mp | fo |~ 0 1 0 f
f(p3) f3 —0.08730 0.4 +0.68730 fs

and with the length L of the segment on the edge obtain the approximate integral

. 5g1(p1) I 592(P1)
/ G o1+g202ds = — (Mpd1, | 8g1(p2) |)+ 15 Mso2, | 8g2(p2) |)
edge 18 - 18 5
5 g1(p3) 5 g2(p3)
. 591(p1) I 592(p1)
T (1. M5 | 8ai(2) |)+ 3 (b2, ML | 8ga(i) |)
5g1(p3) 5 g2(p3)

The integration weights can be combined with the interpolation matrix M g by

) 5 0 0 0.1909 0 —0.0242
MBC:EMg 08 0|~/| 01111 04444 0.1111
00 5 —0.0242 0 0.1909

This matrix M ¢ does not depend on the current edge segment and now use

) g1(P1) 92(p1)
/ed egl $1+ g2 ds = L (¢, Mpc | qi(p2) |)+ L {2, Mpc | g2(p2) |) -
& 1(73) 92(73)

The effect of the boundary integral on the global stiffness matrix and the vector is very similar to the approach
shown at the end of Section 6.5.8.

8.3.4 Construct a weight matrix W

Use the same approach as for first order elements in Section 8.2.4 to approximate

01 WwW; 0 fi
// o) (Fu(2, ) b1, ) + ol ) da(e, ) dA ~ <<¢2> [0 W2]<ﬁ)>’

where qb,- and fi are evaluated at the nodes. With the Gauss weights w; and the values p(g;) at the Gauss points g;.

w1 p(G1) w1 p(G1)

w2 p(G2 w2 p(G2
WT = dlag ( ) = ( ) . c R7X7

wr p(Gr) i wr p(gr) |
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Use the interpolation matrix M € R”*% to interpolate from the nodes to the Gauss points. This leads to

//P(f1¢1+f2¢>2) dA ~ (WrMgi, Mfi) + (WrM gs, Mf)
T

-

= (¢1, MWrMFf1) + (g2, MW Mfo)
(& M WM 0 fi >
bo 0 MTW M f
Thus the matrix to use is MZ WM € R6%6,

8.4 Construction of third order elements

The methods in this section are a combination of the tools used to construct third order elements for elliptic
problems (Section 6.6) and the methods in the previous Section 8.3 to construct second order elements.

8.4.1 Integration of fi ¢1 + f2 ¢

Use the Gauss weights @ € R7 from equation (33) on page 140 for the approximate integration over one trian-
gle T

* If the values of the functions f; and f> at the seven Gauss points are denoted by the vectors fl and fé eR’,
then use the approximation

//fl ¢1+ fapp dA =~ area(T) <<M¢1, diag(@) f1) + (M ¢, diag(w )f2>>
T

= area(T) (<¢>1,Mleag( 0) f1) + (¢2, M diag(w )f2>>

) o1\ [ M” diag(w) 0 fi
= area(T)<<¢2)a[ 0 MTdiag(lﬁ)] <]?2>>

M € R7¥10 j5 the matrix for interpolation from the nodes to the Gauss points, given in equation (51) on
page 159.

o If the values of the functions f; and f> at the nodes are denoted by the vectors fl and fé € R19, then use
the approximation

/ FLéL+ fadndA ~ area(T) ((Mgbl,dlag( H)M 1) + (M by, diag (i )Mf2>)
T

= area(T) (61, M7 diag(@) M fi) + (6, M7 diag(@) M f3)) .

Thus find one contribution to (78). Observe that M diag(w) M is a 10 x 10 matrix, independent on the trian-
gle T
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8.4.2 Integration of the terms involving derivatives of ¢; and ¢-

Using the results from Section 6.6 the partial derivatives at the nodes of functions ¢ given at the notes find for the
first component ¢, = %—f of the gradient at the Gauss points

P (1)
%(.m = detl(T) | (hus — o) ME + (g + ) ML |- 6= G
Pa(Z7)

and for the second component of the gradient
©y(Z1)
Soy(.M) = detl(T) (—x3+ 1) MET-F (+x9 — 1) ML } ‘<l§=3 Gy 5’
©y(T7)

using the interpolation matrices M¢ and M, in equation (54) for the partial derivatives and the transformation
rule (42) for the gradient. The matrices G and G, are of size 7 x 10 and depend on the actual element, i.e. the

triangle 7.
Evaluate the coefficients £ and v at the Gauss points g; and multiply by the Gauss integration weights to
obtain the three diagonal matrices

E(g1) v(g1) E(f1) E(g
W15 w1 G w1 2<1+(5@)71)>
E(g2) v(g2) E(g2) E(g2)
w / wey LI _192) Wy =920
A = diag ? 17.1/2(92) , A, = diag ? 17.1/2(92) and Ajs = diag 2 2(1+V(g2))
E(G E(v(G7) E
wr 1—11(5(/(7927) wr 1(—1(/927()55;) wr 2<1+(587))

This leads to the approximations
I¢1 N // 8(;51 8%1 8u2 1—1/8(;51 8%1 8uQ
area(T) area(T ) 1—v2 ( ox v oy )+ 2 Oy ( Oy + Oz )) a4

(A1 Gy61, Guily) + (diag Ao Gy, Gyila) + (A3 Gy, Gyl + Gyil)
- <$1, GIAIG, @) + (¢1, GTALGyilo) + (61, GT A3Gyils + GLA3G i)

I¢1 6<b2 8UQ 8U1 1—V6(Z)2 8U1 8UQ
= dA
area(T") area(T) / / 1—12 < oy Y oz )+ 2 Oz ( oy * ox )>

(A1Gy 2, Gyila) + (AsGyda, Goily) + (A3G o, Gyl + Gila)
= (g2, GLA1Gyilz) + ($2, GI A2G,101) + (¢, GEA3Gyils + GT A5G, ) .

With a block matrix notation write the above in the form

GIAG, + G]A3G, G]A;G,+G]A3G, u
Ip=1y + 1y = area(T)<<¢1> [ ° ? ’ ' )

%

Q

G AyG, + GITA3G, GTAlG + GLA3G,

=: area(T)(( g ),G ( i ))
¢ {15}

The symmetric 20 x 20 matrix G € R?°%?Y is the element stiffness matrix for the triangle 7', containing contri-
butions to (78).
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8.4.3 The boundary integral

The boundary integral is similar to (6.6.7) on page 166, i.e. based on
fle)de~ — [5f(——=h)+8f(0)+5f(—=h)]| .
/_W() 5 (5 m s 5102

If the values of a function f at the two endpoints and the two points on the edge are denoted by (f_2, f—1, f11, f+2)
use a cubic interpolation to find the values at the three Gauss integration points, given by

u(ph) ?2 0.4880  0.7479 —0.2979 0.06199 ;‘2
u(pa) | =Mp f_l ~ | —0.0625 0.5625 0.5625 —0.0625 f‘l
u(p3) “ 0.06199 —0.2979 0.7479  0.4880 “

f+2 2

and with the length L of the segment on the edge obtain the approximate integral

18 18
5 g1(p3) 5 92(P3)

—

I 5g1(p1) I 92(P
ERT (¢1, ME | 8g1(h) >+E (g2, M§ 892( D2
591(p3) 5 g2(p:

The integration weights can be combined with the interpolation matrix M g by

I ) 5g1(p1) I ) 592(p1) )
/ g1P1+g2d2ds =~ — (Mpor, | 8gi(p2) |)+ -5 (Mpda, | 8ga(p2)
edge
)
)
)

0.1356  —0.0278 0.0172
0.2077  0.2500 —0.0827
—0.0827 0.2500  0.2077
0.0172 —0.0278 0.1356

1

Mpc = —
BC = 13

50 0
MLE|lo 8 0|~
005

This matrix M ¢ does not depend on the current edge segment and leads to

) g1(p1) ) g2(p1)
Ldegl¢1+92¢zds~L<¢1,MBo @) |V +L @ Mse | o) |-
s 91(P3) 92(P3)

The effect of the boundary integral on the global stiffness matrix and the vector is very similar to the approach
shown at the end of Section 6.6.7.

8.4.4 Construct a weight matrix W

Use the same approach as for first or second order elements in Sections 8.2.4 and 8.3.4. Use the interpolation
matrix M € R7*10 to interpolate from the nodes to the Gauss points. This leads to

/ p(fien+ faga) dA ~ (WpMéy, Mf1) + (WrM ¢y, Mfo)
T

= (¢, MTWMS1) + (¢o, MTW M fs)
— g MIWM " f )
R A 0 M'WrM |\ f
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Thus the matrix to use is M? WM € R10x10,

8.5 The plane strain problem

For a plane strain problem it is assumed that there are no strains in z—direction, i.e.

Egz =Eyz =€, =0.

With the modified material parameters in equation (26) v* = 1=, and E* = ; L
of Hooke’s law.

O 5 1-v v 0 Eaz
oy = 1—-v 0 Eyy
(1+v)(1-2v)

Tey 0 0 1-2v Eay

I 1 v 0 Exx

— *
T o) (Lt o) Lo Suy
0O 0 1-v* Exy

Ev (&m: + 5yy)

(1+v)(1-2v)

This is very similar to Hooke’s law (19) for the plane stress situation, but with £* and v* instead of E and v. The
energy density is in this case given by

o, =

. 5 1—v v 0 Eqx Exx
Wiatrain 2 (1+v)(1-2v) ( 1=v 0 || Ew |)
0 2(1-2v) Exy Exy
E(l1-v) 1-2v ,
= 0t 1-27) <$x+€yy+2 emeyy—i-21_ysxy>
E*
= m (eix + 6§y + 20" gy +2 (1 — %) Eiy) . (79)

This is very similar to the elastic energy density (20) for plane stress problems.

As a consequence of the similarity of the plane strain and plane stress problem there is no need for extensive
new codes for plane strain problems. It is sufficient to write a wrapper to modify the material parameters.
8.6 Elasticity for axially symmetric setups

Examine the displacements

ui(z,y,2) ur(r, 2) cosp
ug(z,y,2) | = | ur(r,z) sing
u3(z,y, 2) u(r, z)
and the total energy to be minimized is given by expression (28) on page 20.
U(t) = Ueast +Uvol + Usury
_ // 27”"1E_ 5 <(1 ) (A et g ) 20 (s g (e ezz>>> dA +

271 E
// P22 gA— //27rrf @ dA— /27r7“§’N-f[ds.
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Use the strains

Err B

Epp | _ % Ur

Ers (8ur + 8uz)

to rewrite the above with the displacement functions u, and u, in the form
Our o ,0uy o 1
1-—
// ey (- e G s
Ouyr ., 0u, 1 du, Ou,
2 - — dA
+V((8 )(az)+rur(8r+8z)) +

rE 1 8ur Ouz 9
//1—1—1/4 0z Or)dAi
—//T(frurJrfzuz) dA—/ 7 (gnr ur + gnzuz) ds .
Iy
Q

Expanding and ignoring quadratic terms of the perturbation 5 leads to

Uli+¢) Ouy O Ouy O,
27 - // 1—1—1/ 1—21/) ((1_U)<8r or + 0z Oz +ruT¢T>

dur 96,  Ddp Ou.. 1 Dé 6. 1 Ou, Ou,
+”<(a?~)(aiH(af)(azwrr“’“(ai+ai)ﬂ‘z’r(a?«JraZ)))dA*

rk 1 Ou,0¢, Ou,0¢, Our0¢, 0Id¢,0u, B
+//1+V2 <8z 0z + or Or + 0z Or + 0z 87") d4

_//T(fr¢r+fz¢z) dA — . T(gNr¢r+gNz¢z) ds
S 2

These integrals can be separated into contributions with ¢,., ¢, f and gy.

U@+¢) U(ﬁ)
2 =

+I¢T+I¢Z+If—|—] (80)

= ouy, 8@
for = // 1+I/ 1—21/) ((1—1/)((% or — Ur p)+ (81)

ou, ¢, 1 0O¢, ou, Ou,
”(az or Tt i ¢T(8r + az))>+

N rk ou, Ouy\ 0¢r
2(1+v) \ 0z or ) 0z

B rE ou, 0¢, ou, 0¢, 1 Do,
fo. = //(1+u)(1—21/) <(1_V) 0z 0Oz —Hj(ar 0z +;UT 0z )>+ (82)
Q
rE Ou, OJuy\ 0¢,
( ) <8z or > or dA
Iy = _//T(fr¢r+fz¢z) dA (83)

Q

dA
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Ig = _/1" T(gNT¢T+gNZ¢Z) ds (84)

8.7 Construction of first order elements

This is similar to the computations in Section 8.2, starting in page 192. In this section the element stiffness matrix
is constructed. Then use the procedure in Section 6.4 (page 141) to determine the global stiffness matrix.

8.7.1 Integration of r (f, ¢, + f. ¢.)

Evaluate the radius r at the three Gauss points of the triangle 7", leading to the diagonal matrix R = diag([r1, r2,73])
and use the interpolation matrix from the corners to the Gauss points

|~
— =
— s
I

o If the values of the functions f, and f, at the Gauss points are denoted by the vectors f,: and fz, then use
the approximation

area(l)
3

Q

[[rontr.0.aa (MG, RE)+ (M., RF))
T

= T (G MRS + (6., MTRE)

o If the values of the functions f, and f, at the nodes are denoted by the vectors ﬁ and f; then use the
approximation

%

[[rto s ropaa ~ 50 (Mé RMF) + M3 RMT))
T

_ are";)(T) (<¢3;, MTRM f.) + (6., MTRM f;>)

With the above the contributions in (83) for each element stiffness matrix can be determined.

8.7.2 Integration of the terms involving derivatives of ¢, and ¢,
For linear elements the gradient of the functions u; and ¢; are constant and using equation (36) given by

(23 — 22) (21 — 23) (22—21)] . [Gr]ﬁ'

(ra—r3) (r3—11) (ri—ma) |

-1
~ 2area(T)

Evaluate the coefficients £ and v at the Gauss points g; and define the average values a;, vector @4 and the
diagonal matrix A,. Since the derivatives of order one of the displacements are piecewise constant, some of the
expressions require less computational effort to determine.

area T‘
o = HEE Y B

=1

\./‘Ql
._n
|
~
/\
S—/
N—
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T
Ay = arez;)( )diag(

E(gi) (1 = v(g:)
r(g (1 + V(§ ) (1 =2v(gi))

i)
3
B area(T ( (gi) v(Gi)
oo Z + (g 1—2u<gz>>

)

((—1»4) — area(T> E(gl (gl)
Z 3 (+v(@) (1-2v(g)
L () §~ r(@) B ()
’ 3 Z2(+v(d)

i=1

This leads to the approximate integrals

- aura¢r
Lo, = // 1+V 1—21/) <(1_V)(8r or 72 U dr)t

ou,0¢, 1 0o, ou, Ou,
+V<82 or Trt o Ty “b’“(ar + 8z)>>+

rE du, Ouy,\ 0y
2(1+V)<8z 87“) 0z

a1 (G, Gyrily) + (M6, AoM,) + ag (G ¢y, GoTs) +
+{@1Grby, MiZ,) + (M6, @y (Griy + G.i1.)) + a5 (G6r, (G iy + G, @2))
= a1 (6, GTG, @) + (6, MT AsM,) + ag (b, GL GoT.) +

b, (@1Gr)TME,) + (67, MT @y (Gt + GoiT,)) + a5 (6r, GL(Goily + Giil,))
= (a1 GI'G, @, + MTAyMii, + a3 GLG. @, + (@:G,) M, ¢,) +

+H(May (Grily + Gils) + a5 GL (Gl + Goil.), 6r)
= {(a1 GI'G, + MTAM + (@4G,)"™™M + MT@, G, + a5 GLG,) @, b,)

+{(a3 GF G + M7y G + a5 GL G,) 102, &)

dA

Q

and

rE Ou, 0¢, our 0¢, 1 0o,
lo. = 4/(1@)(12@ ((1_”) 8z aqi v (5, aﬁ + U ai )>+
rE du, Ouy\ 0¢,
2(1+4v) < 0z * or ) or
a1 (G.¢, G 10.) + a3 (G ¢z, Gy@y) + (@1G 26z, M) + a5 (Grd, (Gl + Giridz))
a1 (¢, GLG.ii.) + a3 (¢., GL Gyily) + (¢, (@1G.)"MU,) + a5 ($., G (G, + G,il.))
(a1 GT G, + a3 GT G, ity + (@4G.) "M, + a5 GL (G, + G ii.), b2)
= ((a3GI'G, + (@1G.)"M + a5 GLG..) @, 6.) + ((a1 GG + a5 GI'G,) @2, 6.)

dA

Q

All of the above contributions are of the form (A, i, ., <5T> or (A, ,, (EZ) and thus contributions to the element
stiffness matrix A € M6*6, where A, . c M3*3. For sake of completeness here the 6 x 6 element stiffness
matrix.

1GTG, + MTA,M + (@,G,)™™ + MT@,G, + asGT G, a3GIG, + MT@4G, + asGT G,
a3GLG, + (@4G.) ™M + asGI' G, a1GLG, +a;GT G,
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8 PLANE ELASTICITY AND AXIALLY SYMMETRIC ELASTICITY 204

8.7.3 The boundary integral

The boundary integral is similar to (37) on page 146. With o = 1_12/ V3 use the symmetric interpolation matrix

from nodes to Gauss points

1—
Mb:[ ¢ ]:MbT

o l—«o

to find te two Gauss points p; and p> and to evaluate the radius r at the Gauss points, leading to the diagonal
matrix R = diag([r(p1), 7(p2)]) . Then use the length L of the edge segment for the approximate integral

Q

L - . L - .
/ r (gNr Or + 9Nz ¢z) ds >y <Mb¢ra RgNr> + = <Mb¢2a RgNz>
edge 2 2

L - o L - o
- 5 <¢T7MbaRgN7'> + 5 <¢Z,MbRgNz> 5

where the functions gy, and gy, are evaluated at the Gauss points.

8.8 Construction of second order elements

To construct elements of order 2 combine procedures from Section 8.3 for second order elements for plane stress
problems and the previous section 8.7 where first order elements are generated for axisymmetric problems.

8.8.1 Integration of 7 (f. ¢, + f. ¢.)

Use the Gauss weights @ € R” from equation (33) on page 140 for the approximate integration over one trian-
gle T and the vector 7 = (r1,72,...,77)1 of the radii at the Gauss points. With these construct the diagonal

matrix
RW = diag([riwy, rowy, . .., r7wy]) € MX7

o If the values of the functions f, and f, at the seven Gauss points are denoted by the vectors ﬁ and f,; eR’,
then use the approximation

//r(fr@—i—fz(ﬁz) dA =~ area(T) <<Mq§r,diag(w)ﬁ>+(M$Z,RWﬁ>>
T

— area(T) (<<;3’,., M™RW £.) + (¢, , M'RW ﬁ))

B or MTRW 0 i
= area(T)(((z_),Z),[ 0 MTRW]<JE,;>>

M € R7*6 is the matrix for interpolation from the nodes to the Gauss points, given in equation (40) on
page 149.

o If the values of the functions f, and f, at the nodes are denoted by the vectors ﬁ and ﬁ € RS, then use
the approximation

J[ 7ot g0 0 = wea (MG, RWME) + (M., RW ML)
T

N——

— area(T) (6, MTRWM [}) + (6., MTRW M [.)

()L st | ()
= arca(M) (| - |, )
o 0 M”RW M i
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8 PLANE ELASTICITY AND AXIALLY SYMMETRIC ELASTICITY 205

With the above the contributions in (83) for each element stiffness matrix can be determined. Observe that
M?RW M is a 6 x 6 matrix, independent on the triangle 7.

8.8.2 Integration of the terms involving derivatives of ¢, and ¢,

Using the results from Section 6.5 the partial derivatives at the nodes of functions ¢ given at the notes find for the
first component of the gradient at the Gauss points

0 - 1

o= det(T)

[ (b2 2)MT 4+ (22 4 2)ME | 6 =G 6

and for the second component of the gradient

S5 1
0z " det(T)

[( 7“3+7“1)M + (+rg —r1)M } ¢=G.¢.

Observe that the matrices G, and G, depend on the triangle T'. Evaluate the coefficients £ and v at the Gauss
points g; and define diagonal matrices A ;.

Ay, = area(T) diag(

) wir(3) BG) (1 - v(@)
A; = area(T) diag( L+ 2@) (1= 20(3)) )
wi E(gi) (1 —v(gi))

T(ﬁi) (I+v
i (gz)E

Ay = area(T) diag( 1) 2™

As = area(T) diag((—— =0 —

7(gi) E(gi
)

A5 = area(T) dlag(w

This leads to the approximate integrals

o aura¢r
Io, = // 1-|—V 1—21/) ((1_V)(8r or 72 Ur ér)t

ou, ¢, 1 0O¢r Ou, Ouy
”(az or T e T @"(ar * 8z)>>+

+ T'E aur aUz a¢7‘
2(1+v) \ 0z or ) 0z

(Gr&r, A1GyT,) + (M, AsMiT,) + (G ¢y, A3 G0, +
(G, AM,) + (M, Ag(Grily + G.10.)) + (Gody, As(G iy + Gyil.))
= (6, GIA1G, @) + (6, MTASMT,) + (6, GI A3G. @) +

+(or, GTAME,) + (¢, MTAY(G ity + G.@.)) + (b, GT A5(Gtl, + Gy il,))
= (GTAG, 7, + MTAMT, + GIA3G. @, + GTAMi,, 6,) +

+MT A (Grity + G.1T,) + GTA (G, + Grid,), dy)
= ((GTA,G, + MTAM + GTAM + MTAL G, + GTA5G,) @, ¢,)
+((GTA3G, + MTAL G, + GTA5G,) ., )

dA

1%
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and

B rE Ou, 0¢, ou. 0¢p, 1 0o,
lo. = //(1+u)(1—2u) <(1_V) 0z 0z +y(8r 0z +;ur 8z)>+
T

N rE Ou, Ou,\ 0o,
2(1+v) \ 0z or or

(G202, A1GLALL) + (G20, AsGyily) + (A4Gd, ML) + (G2, As (Gl + Gy il,))
(6=, GTALGLALL) + (62, GT A3GLT,) + (62, GT A, + (62, GE A5(G.@i, + Gyiz))
(GTALG i, + GTA3G, @, + GTAMT, + GLA5(G. i, + G, .), 6.)

((GTA3G, + GTAM + GTA5G.) 4@, ¢.) + ((GTA1G. + GI'A5G,) ., 6.)

dA

All of the above contributions are of the form (A, ., g&) or (A, ,, $Z> and thus contributions to the element
stiffness matrix A € M™*12 where A, € M6%6, For sake of completeness here the 12 x 12 element stiffness
matrix A.

GTAG, + MTAM + GTAM + MTALG, + GTA;G. GTA3G. + MTA,G. + GTA;G,
GTA3G, + GTA,M + GTA;G. GTA|G. + GTA;5G,

8.8.3 The boundary integral

The boundary integral is constucted similar to the procedures in Section 8.3.3, i.e. building on

/2 it 2v/5 2v5

If the values of a function f at the two endpoints and the midpoint are denoted by f = (f1, f2, f3)T use a
quadratic interpolation to find the values at the three Gauss integration points, given by Mg f and evaluate the
radii r; at the Gauss points. With the length L of the segment on the edge obtain the approximate integral

h/2
f(x) dx n <5f(—\/§h)+8f(0)+5f(\/§h)> )

I 571 9-(p1) I 5719:(P1)
/ r(gr ¢r+gz ¢Z) ds = T8<MB¢T’ 8T297(ﬁ?) > +T8<MB¢27 87“292(]72) >
edge o .,
o913 gr( 3) oT3 gz(pB)
I 571 9-(P1) I 571 9-(P1)
= — (6, ML | 8r2g:(p2) |)+ 15 (62, MB | 8rag.(p2) |)
18 18
573 gr(P3) 573 9-(p3)

The integration weights can be combined with the interpolation matrix M g by

' 5 0 0 0.1909 0  —0.0242
MBC:EME 0 8 0|~/ 01111 04444 0.1111
00 5 —0.0242 0 0.1909

This matrix M g does not depend on the current edge segment and leads to

1 gr(P1) 1 9-(P1)
/d r (gr Or + 9 (Z)z) ds ~ L <¢r> Mpc T2 gr(ﬁ?) > +L <¢27 Mpc 2 gz(ﬁ2) > .
edge . .
T3 gr(P3) T3 gz(Ps)

The effect of the boundary integral on the global stiffness matrix and the vector is very similar to the approach
shown at the end of Section 6.5.8.
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8.9 Construction of third order elements

To construct elements of order 3 combine procedures from Section 8.4 for third order elements for plane stress
problems and the previous section 8.8 where second order elements are generated for axisymmetric problems.

8.9.1 Integration of  (f, ¢, + f. ¢.)

The computations are identical to Section 8.8.1 for second order elements. The only difference is the interpolation
matrix M € M”19, which has to interpolate from the 10 nodes to the 7 Gauss points. See equation (51) on
page 159. The contributions in (83) for each element stiffness matrix can be determined. The matrix M? RW M
is a 10 x 10 matrix, independent on the triangle 7.

8.9.2 Integration of the terms involving derivatives of ¢, and ¢,

The algorithm is extremely similar to Section 8.8.2 for second order elements, but the matrices M¢ and M,, are
of size 7 x 10. This leads to the matrices G, and G, € M7*10 o evaluate the partial derivatives at the nodes,
using the values of the function at the nodes. The resulting matrices A, and A, are of size 10 x 10, leading to
the element stiffness matrix A € M?20%20,

8.9.3 The boundary integral

The algorithm is extremely similar to Section 8.8.3 for second order elements. The effect of the boundary integral
on the global stiffness matrix and the vector is very similar to the approach shown at the end of Section 6.6.7.
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9 Examples, Examples, Examples

9.1

An elliptic problem with variable coefficients

The elliptic BVP in Section 5.5 is

—V (14 2?)Vu(z,y)) = —4(1+2?) exp(—2y) for (z,y) €
% =0 for 1<y<2
u(z,y) = exp(—2y) on other sections of the boundary

on the domain shown in Figure 76(a). The exact solution is given by u.(x,y) = exp(—2y). To solve this BVP
with FEMoctave use the following steps:

1.
2.

Use CreateMeshTriangle () to generate a mesh on the rectangle 1 < r < 2and 0 < ¢ < /2.

T [ rcosp
Y r sin @

to generate the mesh on the section of a ring, visible in Figure 76(a) with the help of an appropriate function
Deform () and the function MeshDeform ().

With the polar coordinates use

Then use MeshUpgrade () to generate a mesh with third order elements.

. Define the coefficient functions a(z,y) = 1+ 22 and the right hand side f(x,y) = —4 (1+22) exp(—2y)

with Octave functions.

. Call the function BVP2Dsym () with appropriate arguments to calculate the approximate solution u(z, y).

. Use FEMtrimesh () to display the solution visible in Figure 76(b) and then use FEMIntegrate () to

determine the Lo—error

1/2

/ lu(z,y) _Uexact(fp»y”? dA
Q

1571

051

-0.5 0 05 1 15 2

(a) the mesh (b) the solution

Figure 76: Difference to the exact solution of a BVP
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| DeformVariableCoeff.m

clear
h=20.1
function xy_new = Deform(xy)
xy_new = [xy(:,1).xcos(xy(:,2)), xy(:,1).xsin(xy(:,2))]1;
endfunction

function u = f_u_exact (xy)
u = exp(-2*xy(:,2));
endfunction

function u = f_DDu_exact (xy)
u = —4x(1+xy(:,1).72) .xexp (-2*xy (:,2));
endfunction

function a = f_a(xy)
a=1+ xy(:,1).72;
endfunction

FEMmesh CreateMeshTriangle(’ Test’, [1,0,-1;2,0,-1;2,pi/2,-2;1,p1i/2,-1]1,h"2);
FEMmesh = MeshDeform (FEMmesh, ’'Deform’) ;
figure(l); FEMtrimesh (FEMmesh)
FEMmesh = MeshUpgrade (FEMmesh, ' cubic’);
u = BVP2Dsym(FEMmesh,’f_a’,0,’f_DDu_exact’,’f_u_exact’,0,0);
figure(2); FEMtrimesh (FEMmesh, u)
xlabel ("x’); ylabel('y’); zlabel('u’); view([-150,30])
u_exact = f_u_exact (FEMmesh.nodes) ;

L2Error = sqgrt (FEMIntegrate (FEMmesh, (u-u_exact).”2))
——>
L2Error = 3.3205e-06

9.2 An animated wave

With a narrow Gauss bell surface around (z,y) =~ (1,0) as initial value and zero initial velocity observe the
waves traveling away from the initial location and the different types of reflections at the boundaries. Figure 77
shows the final status.

| WaveAnimation.m
if 0 %% linear elements
FEMmesh = CreateMeshRect (linspace(0,pi, 101),linspace(-pi,pi,101),-1,-2,-2,-2);
else %% quadratic elements
FEMmesh = CreateMeshRect (linspace(0,pi, 51),linspace (-pi,pi,51),-1,-2,-2,-2);
FEMmesh = MeshUpgrade (FEMmesh) ;
endif
x = FEMmesh.nodes(:,1); y = FEMmesh.nodes(:,2);

m=1; alpha=0.0; a=1; b0=0; bx=0; by=0; f=0; gb=0; gN1=0; gN2=0;
t0=0; tend=3 ; steps = [150,10];

ul0 = exp(-25% ((x-1) .72+ (y-0)."2));
v0 zeros (length (FEMmesh.nodes), 1) ;
[u_dyn,t] = I2BVP2D (FEMmesh,m,alpha, a, b0, bx, by, £,gD,gN1,gN2,u0,v0,t0,tend, steps) ;

[

figure(l) % show animation
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for t_ii = l:length(t)
FEMtrimesh (FEMmesh,u_dyn(:,t_1ii))
axis ([0 pi —pi pi -0.2 0.4]); xlabel('x’); ylabel('y")
drawnow () ;

endfor

0.4
0.3
0.2
0.1

-0.1
-0.2

Figure 77: Traveling waves on a rectangle

9.3 An elliptic problem with radial symmetry, superconvergence

u(z,y) = f(z,y) = Jo(vVz% +y?)

The Bessel function

is an exact solution of the BVP
—Au+u = 2f for O0<z,y<l1
u = f for (1,y) and (z, 1)

du = 0 for (0, %) and (z,0)

A solution is shown in Figure 78. This BVP is solved by two slightly different approaches, and then the difference
to the known exact solution is displayed in Figure 79. In both cases first a mesh with linear elements is generated,
then upgraded to a mesh with quadratic elements, using MeshUpgrade (). Then a mesh with identical nodes
and DOF with linear elements is generated by MeshQuad2Linear ().

1. Use a uniform mesh generated by CreateMeshRect, leading to 400 degrees of freedom. The result in
Figure 79(a) shows the effect of super-convergence. Caused by the extremely regular structure of the grid
points the differences are smaller than can reasonably be expected.

SHA 9-10-23



9 EXAMPLES, EXAMPLES, EXAMPLES 211

exact solution

0.6
0.5
—
% 02 04\\ o6 08 1
~ 06 = 0.4
X 0.8 1 0 0.2 y

Figure 78: The radial Bessel function as solution of a BVP

2. Use anon-uniform mesh generated by CreateMeshTriangle, leading to 432 degrees of freedom. Thus
one expects to obtain similar accuracy. The result in Figure 79(b) confirms this.

N = 10; Triangle =1
if Triangle
FEMmesh = CreateMeshTriangle(’testl’,[0 0 -2;1 0 -1; 1 1 -1; 0 1 -21,0.75/N"2);
FEMmesh = MeshUpgrade (FEMmesh) ;
FEMmeshl = MeshQuad2Linear (FEMmesh) ;
nDOFTri = [FEMmesh.nDOF, FEMmeshl.nDOF']
else
FEMmesh = CreateMeshRect (linspace(0,1,N+1),linspace(0,1,N+1),-2,-1,-2,-1);
FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’);
FEMmeshl = MeshQuad2Linear (FEMmesh) ;
nDOFRect = [FEMmesh.nDOF, FEMmeshl.nDOF]
| endif
To generate Figure 80 the command FEMgriddata () is used to evaluate the functions on a much finer grid
(not recomputing, just evaluation) and then display the difference between the approximate and exact solution.
This figure illustrates that the effect of superconvergence does not provide additional accuracy one can reliably
count on.

The gradient of this solution u can be determined using % Jo(r) = —J1(r) and
du :
ou cos 0 —sin 0 cos
g:p — . ¢ 7“ + ¢ 7“ = — ) ¢ J1 (T‘) .
8—;‘ sin ¢ or cos ¢ o9 sin ¢

Using the above FEM results compare the true partial derivative % with the one obtained by FEM with second
order elements. Find the result in Figure 81. Observe the structure of the difference for the uniform mesh.

The above can be repeated using first order elements, leading to Figure 82. The size of the elements was set
such that the same number of degrees of freedom are used. Observe that superconvergence strikes again. In this
case | have a solid argument for the structural difference along the border.

Find more information on superconvergence in [ , §15.2] or a short demo in [ , §6.8.2].
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error, quadratic elements

=T il -
|

error, quadratic elements

le-06

N

] 2 RIS KL \ 7
-26-06 AL -2€-06 VISR Mo \/,V\WV
ANV S o
-3e-06 | -4e-06 - 4 v
0 (}\\ ] 08 ! 0 (?\ \ 08 !
X 08 Ge g 0% X 08 G0 0% Y
“ 1 o0 7 T 1 o0 7
(a) uniform grid (b) nonumiform grid
Figure 79: Difference to the exact solution of a BVP
difference difference
1e-05 1.5e-05 A
- A 4 N i
56-06 i A iy 1e-05 \
(i L 5e-06
0 .
0 ~
-5e-06 Al i -56-06 | | i
1e-05 1e-05 | ¢ RAN
;S § . J
0.8 06> Ty 0.8 06 ) 1
y 04 - 4 '\0/4 06 08 y 04 04‘0.6 08
02 o . 02 oo
0o o 02 y 0 g 02 y

(a) uniform grid (b) nonumiform grid

Figure 80: Difference to the exact solution of a BVP, using quadratic elements and interpolation to a finer grid.
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error u , quadratic elements error u , quadratic elements
X

0.0004 0.0004

0.0002 0.0002

0 0

-0.0002 -0.0002

-0.0004 -0.0004

-0.0006 -0.0006

0 1 0 1
(a) uniform grid (b) nonumiform grid
Figure 81: Difference of % to the exact solution, using second order elements
error u , linear elements error u , linear elements
X X
0.01 0.01
0.005 0.005
0 0
-0.005 -0.005
-0.01 / / L -0.01
-0.015 -0.015
? 02 0.4 06 98 ' ’ (F(F\ 06 28 '
o 0.6(? 02 %4y o 0.6(? 02 %4y
1 0 1 0
(a) uniform grid (b) nonumiform grid

Figure 82: Difference of ‘g—g to the exact solution, using first order elements
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9.4 An example with limited regularity
Let 2 € R? be the unit square —1 < z,y < 1, with the fourth quadrant (z > 0, y < 0) cut out. For some of the
calculations identify (z,y) € R? with z = = + iy € C. Examine the functions
2/3 i) 2/? 2/3 ip2/3 2/3 o
w(z) = 297 = <re ) =r“’e = 1r/? (cos(¢2/3) + i sin(¢2/3))
w(z) = %3 sin(¢2/3)
2
u(z,y) = (2+y?)3 sin(g atan2(y, x))

This function satisfies —Au = 0 and u(¢,0) = u(0,—t) = 0 for ¢ > 0. Since %u = %r‘l/?’ sin(2 ¢) and

6% U= % r2/3 cos(% ¢) the partial derivatives of this function have a singularity at the origin. Compute

Fael T U tgm 39

4 1 3m/2 2)
/ [Vu|?dA = 9/ / rm3 2 c052(§d>) do | rdr
0o \Jo

Q

4 (13 3 2m 1 11

= / lr_2/3+r_2—7r rdr = 28 r1/3dr+ﬂ-/ —dr = oo
9 Jo 2 4 3 Jo 3

ou
IVul* = !E\Q + |

to observe that the gradient is not bounded in the Ly sense. Thus the standard error estimates based on CA©a’s
Lemma do not apply. Expect approximation and convergence problems close to the origin. This is confirmed by
the code below and the resulting Figure 83. This example illustrates that non-convex domains with sharp corners
might cause convergence problems.

| SingularDisc.m
xp = [0;1;1;-1;-1;0]; yp = [0;0;1;1;-1;-1];
FEMmesh = CreateMeshTriangle("circle34", [x_p,y_p,-ones(size(x_p))]l, 0.01);
FEMmesh MeshUpgrade (FEMmesh) ;

function res = gD (xy)

phi = mod(atan2 (xy(:,2),xy(:,1)),2*pi);

res = (xy(:,1).72+ xy(:,2).72).7(1/3) .xsin(2/3*phi) ;
endfunction

u = BVP2Dsym (FEMmesh,1,0,0,’gD’,0,0);
figure(l); FEMtrimesh (FEMmesh,u);
xlabel ("x"); ylabel ("y"); title('FEM solution’); view([30,30])

u_exact = gD (FEMmesh.nodes) ;
figure(2); FEMtrimesh (FEMmesh, -u+u_exact) ;
xlabel ("x"); ylabel("y"); title(’Error of FEM solution’); view([30,30])

The gradient in Cartesian coordinates can be determined by

% B cos ¢ @ N sin ¢ @
%—;j B sin ¢ or cos ¢ o

_ ( cos ¢ > gr_l/?’ sin(¢2/3) + ( B ) %r“/g cos(¢2/3)

sin ¢ cos ¢
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FEM solution Error of FEM solution

1.4
1.2
1
0.8 |
0.6 i 2
DAL 1
0 X 05
-1

Figure 83: A solution with singular partial derivatives at the origin

and then visualized, leading to Figure 84. It is clearly visible that the FEM solution is not accurate where the
gradient has a singularity.

[ux,uy] = FEMEvaluateGradient (FEMmesh,u) ;
figure(3); FEMtrimesh (FEMmesh, ux) ;
xlabel ("x"); ylabel ("y"); title('FEM solution, u_x’); view([30,30])

figure(4); FEMtrimesh (FEMmesh,uy) ;
xlabel ("x"); ylabel ("y"); title('FEM solution, u_y’); view([30,30])

figure(5); FEMtrimesh (FEMmesh, sqgrt (ux. 2+uy."2));
xlabel ("x"); ylabel("y"); title('FEM solution, norm of gradient’);
view([30,307)

FEM solution, u FEM solution, norm of gradient
X

Figure 84: A solution with singular partial derivatives, graphs of % and || Vul|

Singularities can show up in mechanical problems, e.g. the washer fastener in Section 9.31.
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9.5 A potential flow problem

Consider a laminar flow between two plates with an obstacle between the two plates. Assume that the situation
is independent on one of the spatial variables and consider a cross section only shown in Figure 85. The goal is
to find the velocity field @' of the fluid.

— —
— —
b =1 s P=0
— —
—> —
— —

Figure 85: Fluid flow between two plates, the setup

This problem is solved by introducing a velocity potential ®(x, y). The velocity vector ¥’ is then given by

0P

S Vg B Ox
- |\ ae
Uy By

The flow is assumed to be uniform far away from the obstacle. Thus set the potential to & = 1 (resp. & = 0) at
the left (resp. right) end of the plates. Since the fluid can not flow through the boundaries of the plates use that
the normal component of the velocity has to vanish at the upper and lower boundary. The differential equation to
be satisfied by ® is

AP = div (grad ®) =0

In Figure 86 the resulting flow is visualized. Observe the unrealistic velocities at the corners of the domain. The
model of laminar flow is not appropriate in this situation. Selecting a finer mesh is no solution to this problem.
Mathematically the effect is related to the effect illustrated in Section 9.4.

The results are generated by the code below.

| PotentialFlow.m
%% define the domain
xy = [00-2; 50-1;52-2; 32-2; 30.5-2;20.5-2;12=-2;02~-11;

if 1 %% linear elements
FEMmesh = CreateMeshTriangle ('PotentialFlow’,xy,0.003);
elseif 1 %% quadratic elements
FEMmesh = CreateMeshTriangle (’PotentialFlow’,xy,4x0.003);
FEMmesh = MeshUpgrade (FEMmesh, 'quadratic’);
else %% cubic elements

FEMmesh = CreateMeshTriangle(’PotentialFlow’,xy, 9«0.003);
FEMmesh MeshUpgrade (FEMmesh, ' cubic’) ;
endif

X = FEMmesh.nodes(:,1); vy = FEMmesh.nodes(:,2);
function res = gD (xy) res = 1-xy(:,1)/5; endfunction
u = BVP2Dsym(FEMmesh,1,0,0,"gD’,0,0);
figure(l); FEMtrimesh (FEMmesh, u)

xlabel ('x'); ylabel ('y’); zlabel ('potential’)

[xx,yy] = meshgrid(linspace(0,5-0.01,25),1linspace(0,2-0.01,21));
[u_int,ux_int,uy_int] = FEMgriddata (FEMmesh,-u, xx, VVy);
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(a) field of velocity vectors (b) velocity contours
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(c) horizontal speed profile along y = 0.25

(d) the velocity

Figure 86: Velocity field of an ideal fluid
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figure(2); quiver (xx,yy,ux_int,uy_int)
xlabel ("x"); ylabel('y");
hold on; plot([xy(:,1);01,[xy(:,2);0],"k"); hold off; axis equal

xx = linspace(0,5,101); yy = 0.25xones(101,1);
[u_int,ux_int,uy_int] = FEMgriddata (FEMmesh, -u, Xx,Vy) ;
figure(3); plot (xx,ux_int)
xlabel ('x’); ylabel ('horizontal velocity’); ylim([0 0.5])

[ux,uy] = FEMEvaluateGradient (FEMmesh,u) ;
figure(4); FEMtrimesh (FEMmesh, sqrt (ux. 2+ uy." 2))
xlabel ("x'); ylabel('y’); zlabel(’v=|grad ul’); zlim([0 0.5])

figure(5); FEMtricontour (FEMmesh, sgrt (ux. 2+ uy.” 2),21)
xlabel ("x"); ylabel('y"); zlabel(’| grad ul’)
hold on; plot([xy(:,1);01,[xy(:,2);0],"k’); hold off

| x1im ([0 5]); ylim([0 2]); axis equal |

By integrating the horizontal velocities along vertical cuts observe the flux conservation, i.e whats coming in
on the left has to flow through the canal and leave on the right.

flux atinletx = 0.0 ~ 0.18337
flux in middle x = 2.5 0.18328
flux at outlet x = 5.0 ~ 0.18333

Q

Selecting a finer mesh or using quadratic elements will make the differences smaller.

yy = linspace(0,2); xx = zeros(size(yy));

vx = FEMgriddata (FEMmesh, -ux, xx, VV); Flux_inlet_ = trapz(yy,vx)
yy = linspace(0,0.5); xx = 2.5xones(size(yy));

vx = FEMgriddata (FEMmesh, —ux, xx,vy) ; Flux _middle = trapz(yy,vx)
yy = linspace(0,2); xx = 5xones(size(yy));

vx = FEMgriddata (FEMmesh, -ux, xx, VV); Flux_outlet = trapz(yy,vx)

9.6 A potential flow problem in a circular pipe

An ideal liquid is flowing through a circular pipe with diminished radius in a central section. The outer radius is
given by
2 for |z| >1

2—cos?(5z) for |z <1

R(z) =

The upper half of a section is visible in Figure 87. Assuming that the solution is independent on the angle € the
equation AP = 0 has to be reformulated in cylindrical coordinates and simplified.

1 1
0 = A® = div(grad®) = @y + ~ & + — Py + D
r r

%(T(I)T)ng(T(I)Z).

1
0 = 7 (P +-P+P,. ) =7 P, + P + 7P, =
r 0 0z
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Setting & = +1 at the left edge and & = —1 at the right edge, the BVP can be solved for the potential ®(z, )
with the help of FEMoctave. The velocity vector is again given by the gradient

0P

F— Uz ) _ 8z
- - X3
Ur or

Observe that there are no singularities for the velocities, compared to the previous section 9.5, since there are no
sharp corners in the domain.

TRV ASND
R R AR R Ry

(a) field of velocity vectors (b) velocity contours

g?(lS’
8
o 0.6
>
<
€ 04
(@]
N
2 0.2

0 L L L

-2 -1 0 1 2
z
(c) horizontal speed profile along = 0.5 (d) the velocity

Figure 87: Velocity field of a ideal fluid in a circular pipe

PotentialFlowCircular.m

o\

% define the domain and mesh

R =2; R in = 1.0; area = 0.001;

z = linspace(-l+sqrt (area), l1-sqgrt (area),21)’; r = R-R_inxcos(pi/2+*z)."2;
b = —-2+xones(size(z));

zr = [-2 0 -1; -2 R-2; -1 R-2; [z,r,b]l; 1R -2; 2 R -1; 2 0 -2];

if 0 %% linear elements

FEMmesh = CreateMeshTriangle (’PotentialFlow’,zr,area);

[}

elseif 0 %% quadratic elements
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FEMmesh = CreateMeshTriangle ('PotentialFlow’, zr, 4xarea);
FEMmesh = MeshUpgrade (FEMmesh, 'quadratic’);

else %% cubic elements
FEMmesh = CreateMeshTriangle (’PotentialFlow’,zr, 9xarea);
FEMmesh = MeshUpgrade (FEMmesh, ' cubic’);

endif

z = FEMmesh.nodes(:,1); 2z = FEMmesh.nodes(:,2);
function res gD (zr) res = —zr(:,1)/2; endfunction
function res = a_coeff(zr) res = zr(:,2); endfunction

u = BVP2Dsym(FEMmesh,’a_coeff’,0,0,"gD’,0,0);

[zz,rr] = meshgrid(linspace(-2,2-0.01,35),1linspace(0,R-0.01,41));
[u_int,uz_int,ur_int] = FEMgriddata (FEMmesh,-u, zz, rr);

figure(l); quiver(zz,rr,uz_int,ur_int)
xlabel ("z"); ylabel('r");
hold on; plot([zr(:,1);-2]1,I[zr(:,2);0],’k’); hold off
xlim([-2,2]); ylim([O,R]);

[uz,ur] = FEMEvaluateGradient (FEMmesh,u) ;

figure(2); FEMtrimesh (FEMmesh, sqrt (uz. 2+ ur.”2))
xlabel ("z"); ylabel(‘r"); zlabel('v=|grad ul’)
z1lim ([0 11); caxis([0,11)

zz = linspace(-2,2,101); rr = 0.5xones(101,1);
[u_int,uz_int,ur_int] = FEMgriddata (FEMmesh,-u, zz,rr);
figure(3); plot(zz,uz_int)
xlabel (" z’); ylabel ("horizontal velocity’);
ylim ([0 1.lxmax(uz_int) ]

figure(4); FEMtricontour (FEMmesh, sgrt (uz. 2+ ur."2),31)
xlabel ("z"); ylabel (‘r"); zlabel(’ |grad ul’)
hold on; plot([zr(:,1);-2],[zr(:,2);0],’k’); hold off
x1lim([-2 2]); ylim([0 R]); axis equal

The total flux accross a vertical line z = const can be determined by the integral

R(z) R(z)
ﬂux—/ vz(r,z)27rrdr—27r/ —Mrdr.
0 0 0z

rr = linspace(0,R); zz = —-1.9xones(size(rr)); vz = FEMgriddata (FEMmesh, -uz, zz, rr);
Flux_inlet = trapz(rr,rr.*vz)*2+pi

rr = linspace(0,R-R_in); zz = 0Oxones(size(rr)); vz = FEMgriddata (FEMmesh,-uz,zz,rr);
Flux_middle = trapz(rr,rr.*vz) *2+pi

rr = linspace(0,R); zz = 1.9%ones(size(rr)); vz = FEMgriddata (FEMmesh,-uz, zz, rr);
Flux_outlet = trapz(rr,rr.*vz) *2+pi

——>

Flux_inlet = 3.3115

Flux_middle = 3.2897

Flux_outlet = 3.3115
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The accurracy of the numerical results

Q

flux atinlet z = —1.9 3.3115
flux in middle z = +0.0 3.2897
flux atoutlet r = +1.9 =~ 3.3115

Q

could be improved by a finer mesh. This would verify the conservation of flux at different z—levels.

9.7 A minimal surface problem

Let u(x, y) be the hight of a surface above the border of a 2-dimensional domain €2 is given by a function g(z, y).
Then the function u representing the surface of minimal with has to solve a nonlinear PDE.

div( gradu) = 0  indomain €

1
V14 |gradu|?

u = g on ['=00Q

FEMoctave is not directly capable of solving non linear problems, but a simple iteration will lead to an approxi-

0.8
0.6
0.4
0.2

Figure 88: A minimal surface

mation of the solution.
o start with an initial solution ug(z,y) = 0
* repeat until the change in solution is small enough

— compute the coefficient function
1

al@y) = = Nu(z, )]

— Solve the boundary value problem

in domain €

div(a(z,y) gradu) = 0
u = g on I'=00Q
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The code below implements this algorithm for a square €2 and leads to the result in Figure 88. While iterating the
area of each surface is determined by integrating

area = // V14 |Vu? dA
Q

and the average difference of subsequent solutions is computed.

| MinimalSurface.m
Xy = [11 Ol_l; Or 11_1;_11 Or_l; Ol_l!_l] 7
FEMmesh = CreateMeshTriangle ("square",xy,0.01);
$FEMmesh = MeshUpgrade (FEMmesh, "quadratic’);

X = FEMmesh.nodes(:,1); y = FEMmesh.nodes(:,2);
function res = BC(xy) res = abs(xy(:,1)); endfunction

u = BVP2Dsym(FEMmesh,1,0,0,’BC’,0,0);

difference = zeros(5,1); area = difference;

for ii = 1:5
[T,grad] = FEMEvaluateGP (FEMmesh,u) ;
coeff = sqgrt(l+grad(:,1) .72+ grad(:,2).72);
area(ii) = FEMIntegrate (FEMmesh, coeff);
u_new = BVP2Dsym(FEMmesh, coeff,0,0,’BC’,0,0);
difference(ii) = mean (abs(u_new-u));
u = u_new;

endfor

Area_Difference = [area,difference]

figure(l); FEMtrisurf (FEMmesh, x,y,u)
xlabel ("x"); ylabel('y"); zlabel(’'z")

—-——>

Area_Difference = 2.30454229746 0.00271116350
2.30609424101 0.00030136719
2.30586894444 0.00003705316
2.30589632291 0.00000508928
2.30589260378 0.00000078521

I i i |
By choosing quadratic or cubic elements, or a finer mesh, one can observe that the computed minimal area
will be smaller. This should not come as a surprise, the better the resolution, the smaller the minimal area.

9.8 Computing a capacitance
9.8.1 State the problem

Examine a circular plate capacitance as shown in Figure 89. Based on the radial symmetry one should be able to
consider a two dimensional section only for the computations.

Consider the voltage v as unknown. On the upper conductor assume v = 1 and on the lower conductor
u = —1. Based on the symmetry consider a section only and use v = 0 in the plane centered between the
conductors. Use the Laplace operator in cylindrical coordinates. Thus the following boundary value problem has
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y
5 4
6 7
N
1 2 3 X

Figure 89: The capacitance and the section used for the modeling

to be solved.

div(x grad u(zx,y)) in domain
u(z,0)
u(z,y)
u(z,y) =

Assume that the domain is embedded in the rectangle 0 < x < R and 0 < y < H. The lower edge of the
conductorisaty = hand 0 < z < r. If h < r expect the gradient of u to be 1/h between the plates and zero
away from the plates. Thus

R T 2
0 1
ﬂux://ﬁ-gradudA:27r/ xudx%%r/mdm:w.
0 Ay o h h

disk

B (85)

0

0 alongedge y =0

1 along edges of upper conductor
0

b ..
I on remaining boundary

Because the electric field will not be homogeneous around the boundaries of the disk expect deviations from the
result of an idealized circular disk. With the divergence theorem and a physical argument one can verify that
the flux trough the midplane is proportional to the capacitance. By applying the following steps compute the
capacitance by analyzing the solution of a boundary value problem.

1. Create a mesh for the domain in question.
2. Define parameters and boundary conditions.
3. Solve the partial differential equation and visualize the solution.

4. Compute the flux through the midplane as an integral to determine the capacitance.

9.8.2 Create the mesh and solve the BVP

According to Figure 89 create a mesh with the following data.

h = 0.2 | distance between midplane and lower edge of capacitance
r = 1.0 | radius of disk of the capacitance
H = 0.5 | height of the enclosing rectangle

R = 2.5 | radius of the enclosing rectangle

As input for the mesh generating code triangle (see [ ]) use

* the coordinates of the corner points, numbered according to Figure 89
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* alist of all the connecting edges and the type of boundary conditions to be used
* information of the desired area of the triangles to be generated

Then use two different sizes of the triangles since a finer mesh between the plates is required, expecting large
variations in the solution. The file capacitance.poly provides this information. The numbering of the
nodes is visible in Figure 89. With the above use the program t riangle to generate a mesh.

triangle -pga capacitance.poly

The mesh consists of 2189 nodes, forming 4036 triangles.

0.5

0.4

0.3
0.2

0.1

(0] 0.5 1 1.5 2 2.5

Figure 90: A mesh on the domain

o
[6)
|

o
N
T

height z

0] 0.5

radius r

Figure 91: The contour lines of the resulting voltage

To solve the BVP (85) one needs a definition of the coefficient function and the Dirichlet boundary function.
Then set up and solve the system of linear equations. This leads to a system for 1937 unknowns. Now generate a
plot of the voltage u(z,y) and its level curves. Find the results in Figure 92.

9.8.3 Compute the capacitance

It remains to compute the flux through the midplane. For this start out by computing the gradient of the voltage
u along the line y = 0. Find the plot of the normal component in Figure 92. The graph confirms that between the
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voltage
o000
o ONPMOOE

15 0.2 . - ‘ ‘ ‘ ‘
radiusr = : 0 0.5 1 . 25
: radius r
(a) the voltage (b) vertical field along the horizontal axis

Figure 92: Voltage plot and electric field between the plates of the capacitance

plates the gradient is approximately 1/h = 1/0.2 = 5 and vanishes away from the plate. Then a trapezoidal rule
is used to determine the flux accross the midplane with the integral.

R
ﬂux://ﬁ-gradudA:27r/ x%dm
0 dy

disk

For the selected values of h, H, r and R obtain a factor of 1.5 between result of the boundary value problem and
the idealized approximation 7 r2/h. Thus the simple formula is not a good approximation, the distance h is too
large compared to the radius r.

Capacitance.m
FEMmesh = ReadMeshTriangle (’capacitance.l’);

%% FEMmesh = MeshUpgrade (FEMmesh, "quadratic’); %% uncomment fora quadratic mesh
figure(l); FEMtrimesh (FEMmesh) %% display the generated mesh
function res = a(xy,dummy) res = xy(:,1); endfunction

function res Volt (xy,dummy) res = xy(:,2)>0.1; endfunction
u = BVP2Dsym(FEMmesh,’a’,0,0,’Vvolt’,0,0);
figure(2); FEMtrimesh (FEMmesh,u) ;
view([38,48]); xlabel('radius r’); ylabel(’height z’); zlabel ('voltage’)
figure(3); FEMtricontour (FEMmesh,u,21);
xlabel ("radius r’); ylabel ('height z');

[ux,uy] = FEMEvaluateGradient (FEMmesh,u) ;
xi = linspace(0,2.5,101)’; yi = zeros(101,1);
uy_1i = FEMgriddata (FEMmesh,uy,xi,yi);
figure(4); plot(xi,uy_1i)
xlabel ("radius r’); ylabel (‘u_z’); ylim([-1,6])

Integral = [2+pi*trapz(xi,xi.*uy_1i), pix17°2/0.2]
—>
Integral = 23.782 15.708
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9.9 Torsion of beams, Prandtl stress function

Examine the torsion of a shaft with constant cross section. Based on a few assumtions determine the deformation

of the shaft under torsion. The problem is presented in [ ] and more detailed in [ , $12].
/F\
N Y

(‘T + U,y + u2)
(z,9)

z
-z
A\ |y
>D
Figure 93: Torsion of a shaft

9.9.1 The setup with the warp function and the Prandtl stress function

Consider a vertical shaft with constant cross section. The centers of gravity of the cross section are along the
z axis and the bottom of the shaft is fixed. The top surface is twisted by a total torque 7'. The situation of a
circular cross section is shown in Figure 93. There is no exact specification of the forces and twisting moments
applied to the two ends. Based on Saint-Venant principle (see [ , §5.6]) assume that the stress distribution
in the cross sections does not depend on z, except very close to the two ends. The twisting leads to a rotation of
each cross section by an angle 5 where 8 = z - a. The constant « is a measure of the change of angle per unit
length of the shaft. Its value « has to be determined, using the moment 7'. Based on this determine the horizontal
displacements for small angles 5 by the right part of Figure 93 and a linear approximation

ui(z,y) = rcos(B+0)—rcos(f) = —frsinf=—-yf=—-yza
ug(z,y) = rsin(B+0)—rsin(d) ~ +Brcosf =+xf=+4r20

It is assumed that the vertical displacement is independent of z and given by a warping function ¢(x,y). This
leads to the displacements

u=-yza , u=xza , uz=ad(x,y)

and thus the strain components

€ € € € 0 € + 9¢ € = + 9¢
= = = = N = —*Qy - — N = — - —
T Yy 2z Ty Tz 2 2 ) Yz 2 2 ay
Using Hooke’s law find the stress components
Ea« 0¢ Ea« 0¢
U:c:Uy:UzZTxyZU s szzm(_ 87) > Tyz:m($+@)-
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The problem is neither plane stress (7. # 0, 7, # 0) nor plane strain (¢ # 0). Using the stresses determine the
horizontal forces and the torsion along a hypothetical horizontal cross section. Since the origin is the center of
gravity of the cross section 2 the first moments vanish and

B _ Fa 9o, aj
T = 4/x7yz_y7ysz—2(1+V) //x(x+ 8y) y( y+ 8:1:)

Ea 2 o 0o 8(13 Ea
= — — —y—dA= .
2(1+v) //m Ty +x8y 8a:d 1+VJ
Q

9o 8¢
_ 2 2 bl
J—//x—i-y—i-may 83:

Q

Using the torsional rigidity J with

determine the constant o by

2(1+v)
= —=T
T JE

and thus for a shaft of height H the total change of angle 3 as

2(1+v)

:H- =
b “T7JE

H-T.
The only difficult part is to determine the function ¢, then J is determined by an integration.

The above computations allow to compute the energy F in one cross section €2 by

E = //amrxz—l—aszysz // y—i—— (x—i_?)(b)QdA
Y

agi) d¢
_ 2 _ 2 2
e // ) 2y o +2x ay+:p +y° dA.

The warp function ¢ has to minimize this expression. Using calculus of variations (e.g. [ ]) one can show
that ¢ has to solve the boundary value problem

div(Vg)=A¢ = 0 in the cross section 2

y (86)
n-Vo = -7 on the boundary 02

Since the stress components are given by
Op =0y =0, =Tgy =0 , Tpp =

the boundary condition can be written as

This equation implies that there is no stress on the lateral surface of the shaft. This condition is consistent with
the mechanical setup.
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The Prandtl stress funktion  is characterized by

ox o 2(1+v ox 0 2(1+v
oy vy = g e and ax:“ay:(m e
By differentiating the above equations by y (resp. =) and subtracting and using gx %Z’ a@a—d’ find
?*x | 9*x
Ay = S 1+ — 2
X~ 522 * 0y?

To determine the boundary conditions for x assume that there are no external forces on the boundary

Trz 9x o
Tyz —X

ox

=2

where t is a tangential vector of the boundary curve. Assuming that there are no holes®', this implies that one can
work with x = 0 on the boundary I'. Thus the Pandtl stress function is a solution of the boundary value problem

Ay = 2 in

. 87)
x = 0 on T
The torsional rigidity is determined by

0 0 8
J://x2+y2+x(—x—x)—y(+x // XdA
or
Q
For ductile materials the von Mises stress indicates the possible fractures in the material. In this case it is given
by

3 Fa 3
]2 (2 2 — 2
OvM 9 (sz +7—yz 1 n U \/7\/ ) 2(1 +V) \/g ||VX|| :

9.9.2 On a disk with radius R

On a disk with radius R the solution is given by x(x,y) = % (R? — 22 — y?). Thus the nonzero stresses are

_, Fo Ox_ Eo 4 . —__Fa Ox_ . FEa
T Y0y oy 2(1+v) vz =

5(1+v) 0z 2(1+v) "
The BVP (86) for the warp function ¢ is

div (Vo) = Aé

0

in the cross section {2

n-Vo = \/:E;T?ﬂ<_yx><z>:0 on the boundary 02

with the unique solution ¢(z,y) = 0, i.e. no warping. The torsional rigidity is given by

J:// x2+y2dA:27r/r2rdr:gR4
0
Q

and the von Mises stress is given by

oM 1+1/ \[\/ ) 1—|—1/ \[”xzﬂ/ 1+u)\/§T'

3This restriction can be removed.
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9.9.3 On asquare

To examine the stiffness of a square cross section with a circular cross section examine a square with the same
area as a circle with radius R = 1. Thus the length of a side is /7 & 1.77. The code below solves the boundary
value problem (87) and then computes the torsional rigidity by integrating

B dx dx
J = //x3$+y8ydA'
Q

The numerical result of J ~ 1.39 has to be compared to the result of J = § ~ 1.57 for the disk with Radius 1.
Thus the square cross section leads to less torsional rigidity. Then examine the von Mises stress by plotting

o) = /(G2 + (0 = 19xl.

Find the result in Figure 94(a). The maximal value of ~ 1.20 is larger than the maximal value 1 for the disk.
Thus for the same twisting angle the square is exposed to a larger von Mises stress.

Y
“ \\\ \\\\\\\N\
) ‘\“ ‘E\N\W\\Vn\

TR
3 ‘“\\\*“&\\W\\S Uy

A
ORI
YA \Vs

\

(a) on a square (b) on arectangle

Figure 94: The von Mises stress caused by torsion of a bar with square or rectangular cross section

TorsionSquare.m
N = 10;
1 = sqgrt(pi)/2; al = 1; %% al = sqrt(2); % use this for the rectangle
4

Mesh = CreateMeshTriangle(’Torsion’, ...
[-alxl -1/al+1l -1; alxl -1/alxl -1; al*l 1/alxl -1; —-al+l 1/al*l -11,pi/2/N"2);
Mesh = MeshUpgrade (Mesh, 'quadratic’);

chi = BVP2Dsym(Mesh,1,0,2,0,0,0);
[chiGP,gradChi] = FEMEvaluateGP (Mesh,chi);
XGP = Mesh.GP(:,1); yGP = Mesh.GP(:,2);

f = xGP.*xgradChi(:,1) + yGP.xgradChi(:,2);
J = FEMIntegrate (Mesh, -f)

[chi_x,chi_y] = FEMEvaluateGradient (Mesh,chi);
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figure(l); FEMtrisurf (Mesh,sqgrt(chi_x."2 + chi_y."2))
xlabel ("x"); ylabel('y");

—>

J = 1.3873

9.9.4 On a rectangle

The above can be repeated for a rectangle with the same are but a ratio of 2 for the length of the sides. The value
of J ~ 1.13 indicates that the rectangle is even softer and the maximal von Mises stress of ~ 1.16 is slightly
smaller than for the square cross section.

9.10 Dynamic heat conduction problems

The dynamic heat equation with a thermal conductivity a(z,y) is of the form given in equation (4). For the
simplified case with no external heating, no convection and the boundary either insulated or at a given temperature
arrive at the initial boundary value problem

% —V-(@aVu) = 0 for (z,y,t) € Q2 x(0,T]
u g for (l’,y,t) el x (OvT] (88)
n-(aVu) = 0 for (z,y,t) € I'y x (0,7]
U = U on ) at t=0

In Figure 95 the upper half of the domain is shown, at the lower edge the symmetry constraint 8% u = 0 is used.
Assume insulation on all of the boundary, except the left edge I'; at x = 0, where the temperature equals 1 . As
initial temperature we use ug(x,y) = 0 and observe how the domain is warming up as time advances.

Figure 95: The mesh for a dynamic heat problem

9.10.1 With a narrow section in the domain

The first case to be examined uses a narrow section between to bigger sections. The dimension of the narrow
section can be changed by modifying the parameters h = 0.2 and | = 0.5.

* In Figure 96 observed the delayed heating of the section on the right.
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* In Figure 97 the temperature along the edge y = 0 for 0 < z < 2.5 and 0 < ¢t < 10 is shown, as surface
and contour lines.

* In Figure 98 the temerature at the corner (z,y) = (2.5, 0) is shown as function of time.

08

(a) att =2 (b) att =5 (c)att =10

Figure 96: The evolution of the temperature surface at different times
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(a) surface along the edge y = 0 (b) contours along the edge y = 0

Figure 97: The temperature surface at different times along y = 0

| HeatDynamic.m
%% parameters
h=20.2;, 1=0.5 Nt =60; %% number of time steps
FEMmesh = CreateMeshTriangle (' Test’, ...

[0 0,-2; 241 0 -2; 2+1 1,-2; 141 1 -2; 141 h -2; 1 h -2; 11 -2; 01 -1]1,0.01);

FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’);

figure(l); FEMtrimesh (FEMmesh) ;
axis equal; xlabel ('x’); ylabel('y’)

[u t] = IBVP2D(FEMmesh,1,1,0, 0, O, 0,1, O, O, O, 0, 10, [Nt,10]);

figure(2); FEMtrimesh (FEMmesh,u(:,end))
xlabel ("x'); ylabel('y’); zlim([0,1]); view([10 30]); caxis([0,1]);

SHA 9-10-23



9 EXAMPLES, EXAMPLES, EXAMPLES 232

=0

[y

o
[e?

o
o

o
[N

temperature at x=end and y
o
o N

o
N
N
(o2}
oo

10

Figure 98: The temperature as function of time at the endpoint (2.5, 0)

text(0.2,0.2,0.2,sprintf ('t =
figure(3); FEMtrimesh (FEMmesh,u(: Nt/2+l)
xlabel ("x'); ylabel('y’); zlim
text(0.2,0.2,0.2, sprintf( =%
figure(4); FEMtrimesh (FEMmesh, u ( Nt/3+l ))
xlabel ("x"); ylabel ('y’); zlim(
text(O.Z,O.2,0.2,sprintf(’t =%

%4.2f" ,t(end))); zlabel ('temperature’)

)

([0,1]1); view([10 30]); caxis([0,1])
$4.2f" ,t (Nt/2+1))); zlabel (' temperature’)

[0,11); view([10 30]); caxis([0,1])
4.2f" , £ (Nt/5+1))); zlabel ('temperature’)

x = linspace(0,2+1,51); wu_int = zeros(size(t,2)-1,size(x,2));
for jj = 2:size(t,2)

u_int(jj-1,:) = FEMgriddata (FEMmesh,u(:,jj),x,zeros(size(x)));
endfor

2:end),u_int)

figure(10); mesh(x,t(
x"); ylabel('t’); zlabel ('temperature at y=0')

figure(12); plot(t
xlabel

nd) ,u_int (:,end))
); ylabel (! temperature at x=end and y=0")

xlabel(
figure(ll); [c,h] = contour(x,t(2:end),u_int, [0:0.1:171);
clabel (c,h);
xlabel (' x ), ylabel ("t");
(2
("t

9.10.2 With a section of lower thermal conductivity

On the modified domain visible in Figure 99 in the middle section the conductivity is considerably smaller than
in the two side section, i.e.
a(z,y) = {

* In Figure 100 observed the delayed heating of the section on the right.

forO<zx<landz >1.5
forl<x <15

[N

* In Figure 101 the temperature along the edge y = O for 0 < x < 2.5and 0 < ¢ < 10 is shown, as surface
and contour lines.

¢ In Figure 102 the temperature at the corner (x,y) = (2.5, 0) is shown as function of time.

Observe the similar, but not identical, behavior of the two cases examined.
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Figure 100: The evolution of the temperature surface at different times

\
\\\\ \wRuny
s

(a) surface along the edge y = 0

pen

AN
ENRARRRARRIRA
LR
\y ARRSAY yens
LR

\
IR

Rt

(b) contours along the edge y = 0

Figure 101: The temperature surface at different times along y = 0
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Figure 102: The temperature as function of time at the endpoint (2.5, 0)

HeatDynamicCoefficient.m
%% parameters
h=1.2;, 1=0.5; Nt = 60; %% number of time steps
FEMmesh = CreateMeshTriangle (' Test’, ...

[0 0,-2; 241 0 =2; 2+1 1, -2; 141 1 -2; 141 h -2; 1 h-2; 11 -2; 01 -1],0.01);
FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’);
%%FEMmesh = MeshUpgrade (FEMmesh, ' cubic’) ;

figure(l); FEMtrimesh (FEMmesh) ;
axis equal; xlabel ('x’); ylabel('y’)

function res = a(xy,dumnmy)

1 =0.5;

res = ones(size(xy,1),1);

res (find(abs(xy(:,1)-1-1/2)<1/2)) %= 1/6;
endfunction

[u t] = IBVP2D (FEMmesh,1,’a’,0, 0, 0, 0,1, 0, O, 0O, 0, 10, [Nt,101);

figure(2); FEMtrimesh (FEMmesh,u(:,end))
xlabel ("x'); ylabel ('y’); zlim([0,1]); view([10 30]); caxis([0,1]);
text (0.2,0.2,0.2,sprintf ("t = %$4.2f’,t (end))); zlabel ('temperature’)

figure(3); FEMtrimesh (FEMmesh,u(:,Nt/2+1))
xlabel ("x"); ylabel ("y’); zlim([0,1]); view([10 30]); caxis([0,11)
text(0.2,0.2,0.2,sprintf ('t = %$4.2f",t (Nt/2+1))); zlabel ('temperature’)

figure(4); FEMtrimesh (FEMmesh,u(:,Nt/3+1))
xlabel ("x'); ylabel('y’); zlim([0,1]); view([10 30]); caxis([0,1])
text(0.2,0.2,0.2,sprintf ('t = %$4.2f",t (Nt/5+1))); zlabel (' temperature’)

x = linspace(0,2+1,51); wu_int = zeros(size(t,2)-1,size(x,2));
for jj = 2:size(t,2)

u_int (jj-1,:) = FEMgriddata (FEMmesh,u(:,j]j),x,zeros(size(x)));
endfor

figure(10); mesh(x,t(2:end),u_int)
xlabel ("x’); ylabel ("t’); zlabel ('temperature at y=0’)
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figure(11l); [c,h] = contour(x,t(2:end),u_int, [0:0.1:1]);
clabel (c,h);
xlabel ("x"); ylabel("t’);

figure(12); plot(t(2:end),u_int(:,end))
xlabel ("t’); ylabel ('temperature at x=end and y=0")

9.10.3 Cooling of a cylinder

Examine a cylinder with elliptical cross section and an initial temperature distribution uo(z, y), independent on z.
The boundary temperature is fixed at 0 . The domain and the initial temperature profile are visible in Figure 103.

The selected, nonsymmetric initial temperature is

uo(x,y) = exp(—(z — 0.5)* = 24°) - (4 —2? — *) .

The initial boundary value problem is solved for times 0 < ¢ < 2. A few snapshots are visible in Figure 104. By

looking at different time slices an animation can be generated.
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(a) the elliptical domain

(b) the initial temperature

Figure 103: The domain and initial temperature

1 t=050 2

temperature
temperature
temperature

(a) att =0.5 (b) att =1.0 (c)att=1.5

Figure 104: The temperature at different times
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CylinderCooling.m
R =2; N = 50; alpha = linspace(0,2*pi*N/ (N-1),N)’;

Tend 2; Nt = 60; %% number of shown time steps
FEMmesh = CreateMeshTriangle(’circle’, [Rxcos(alpha),l.5+«Rxsin(alpha), ...

—ones (size(alpha))],0.1);

figure(l); FEMtrimesh (FEMmesh)
xlabel ("x') ; ylabel('y’); axis equal
FEMmesh = MeshUpgrade (FEMmesh, ' cubic’);

function res = u_init (xy)

x =xy(:,1); v =xy(:,2);

res = exp(—(x-0.5).72-2xy."2) .x (272 -x.72-y."2);
endfunction

figure(2); FEMtrimesh (FEMmesh,u_init (FEMmesh.nodes))
xlabel ("x"); ylabel ('y"); zlabel (’'temperature’);

[u,t] = IBVP2Dsym(FEMmesh,1,1,0, 0, 0, O, O, 'u_init’,0, Tend, [Nt,10]);

figure(3); FEMtrimesh (FEMmesh,u(:,Nt/4+1))

xlabel ('x’); ylabel('y’); zlim([0,11); view([10 30]); caxis([0,1])

text (-1.8,-2,0.9,sprintf ('t = %4.2f",t (Nt/4+1))); zlabel (' temperature’)
figure(4); FEMtrimesh (FEMmesh,u(:,Nt/2+1))

xlabel ("x"); ylabel ("y’); zlim([0,1]); view([10 30]); caxis([0,11)

text(-1.8,-2,0.9,sprintf ('t = %$4.2f",t (Nt/2+1))); zlabel ('temperature’)
figure(5); FEMtrimesh (FEMmesh,u(:, 3*Nt/4+1))

xlabel ("x'); ylabel ('y’); zlim([0,1]); view([10 30]); caxis([0,1]);

text (-1.8,-2,0.9,sprintf ('t = %4.2f",t (3«Nt/4+1))); zlabel ('temperature’)

figure(ll) %% show the animation
steps = 2;
for jj = 0:30
FEMtrimesh (FEMmesh, u(:, jj*steps+l))
text (-1.8,-2,0.9,sprintf ('t = %4.2f",t (jj*steps+l))); zlabel(’'temperature’)
xlabel ('x"); vylabel(’'y’); zlim([0,1]); view([10 30]); caxis([0,1])
pause (0.2)
endfor

Obviously the temperature is decaying as time advances. To examine this behavior determine the tem-

petarures along the center line at y = 0, as function of time. In Figure 105.

x = linspace(-R,R,31); u_center = zeros(length(x),length(t));
for jj = l:length(t)
u_center(:,jj) = FEMgriddata (FEMmesh,u(:,Jjj),x,zeros(size(x)));
endfor
figure(21); mesh(t,x,u_center)
xlabel ("time t’); ylabel(’x’); zlabel (’temperatur’)
figure(22); contour(t,x,u_center,5l)

xlabel ("time t’); ylabel('x’);

The decay of the temperature at the center point (0, 0) is visible in Figure 106, with linear and logarithmic

scale. The exponential decay is clearly displayed in the logarithmic scale. This is consistent with the theoretical
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Figure 105: The temperature at different times along y = 0
result
oo
u(t,z,y) =Y ene  up(x,y) (89)

n=1

where A} < A2 < A3 < Ay4... and uy, (2, y) are the eigenvalues and eigenfunctions of the boundary value problem

-V -Vu, = AMu
u = 0

for (z,y) €
for (z,y) el

For large times ¢ in equation (89) the first eigenvalue will dominate, i.e.

U(t,fb,y) ~ C1 e_)\ltul(xay) .

Using the Octave command polyfit () with data from the right section in the logarithmic plot in Figure 106

35
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(a) linear scale

10t

100 L

temperature at center

107t

time t

(b) logarithmic scale

Figure 106: The temperature decay at the center (0, 0)

0 0.5 1 15 2

estimate the decay by the exponential exp(—1.06¢). Using BVP2Deig () the exponent is estimated by A\; ~
1.04, i.e. rather close to the above result by polyfit (), which indicates

log(u(0,0,t)) ~ 0.1556 — 1.0638¢ or wu(0,0,t) ~ 1.1684 ¢ 19538 for ¢ large.
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figure(23); plot(t,u_center(l6,:))

xlabel ("time t’); ylabel ('temperature at center’)
figure(24); semilogy(t,u_center(1l6,:))

xlabel (‘time t’); ylabel (temperature at center’)

p = polyfit (t(40:end),log(u_center(1l6,40:end)),1)
EigVal = BVP2Deig (FEMmesh,1,0,1,0,3)’

—>

o) = -1.0638 0.1556

| Eigval = 1.0425 2.1314 3.1506 |

Observe that Ao # A3, since the domain is not circular. If the above computations are rerun on a circle of radius
R = 2 obtain A\; ~ 1.45 and Ao = A3 = 3.68. The first eigenvalue \; ~ 1.45 is larger, thus the cylinder will
cool down faster and the second and third eigenvalues coincide, caused by the circular symmetry of the domain.

9.10.4 Heat waves

In Figure 107 a domain €2 C R? is visible. The heat equation (a special case of the IBVP (4)) to be solved is

% u(z,y,t) — Au(z,y,t) = f(x,y,t) for (z,y,t) € Qx (0,7
a% u(z,y,t) = 0 for (z,y,t) €T x (0,7
u(z,y,0) = 0 on

The function f(x,y,t) equals cos(0.5 7 ¢) for z < —0.9 and zero otherwise. Thus there is a periodic excitation
with period 5 at the very left end of the appendix for —1 < x < —0.9.

Figure 107: The domain for a heat wave propagation

The solution is generated by the command IBVP2D () and then evaluated along the slice at height y = 1 for
different values of the time ¢, using FEMgriddata (). Find the result in Figure 108.

* In Figure 108(a) the periodic behavior of the temperature is clearly visible.
* In Figure 108(b) observe the phase shift as one moves away from the heat source.

Observe that the behavior of the solution is very different from a wave equation in Section 9.11, even if the setup
is comparable.
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Figure 108: The propagation of a heat wave

| HeatWave.m
l1=1; h=0.1; L=4; d=2; H= 2;
FEMmesh = CreateMeshTriangle ('test’, ...
[(-1,0,-2;0 0 -2;0,-4,-2;L,-d,-2; L,H,-2;0,H,-2;0,h,-2;-1,h,-2],0.01);
figure(l); FEMtrimesh (FEMmesh)
xlabel ("x"); ylabel('y"); axis equal
FEMmesh = MeshUpgrade (FEMmesh, ' cubic’);

function res = f(xy,t)
res = cos(0.2xpixt)*ones(size(xy,1),1);
res(xy(:,1)>-0.9) = 0;

endfunction

function res = ul (xy) res = zeros(size(xy,1),1); endfunction

tic(

[u,t] = IBVP2D (FEMmesh,m, a,b0,bx,by,”£f’,0,gnl,gn2,’ud’, 0,30, [2%«60,10]);
%% [u,t] = IBVP2Dsym(FEMmesh,m,a,b0,’£f’,0,gnl,gn2,’ul’,0,30, [2x60,10]);
SolverTime = toc()

m=1; a=1; b0 =0; bx = by = 0; £ =0; gnl = gn2 = 0;
)i
]

figure(2); FEMtrimesh (FEMmesh,u(:,end))
xlabel ('x"); ylabel('y’); x1im([O0,L]);

umax = 0.3*max ([-min(u(:)),max(u(:))1);
figure(3)
if 0 %% animation
for 3j = 1l:length(t)
FEMtrimesh (FEMmesh,u(:, jJ))
xlabel ("x"); ylabel("y’)
zlim(umax* [-1 1]); caxis(0.3xumax*[-1 1]);
text (0.8xL,0.8xH,umax, sprintf ('t = %$4.2f",t(373)))
x1im([0,L])
pause(0.1);
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endfor
else

FEMtrimesh (FEMmesh,u(:,end))

xlabel ("x"); ylabel ('vy")

zlim(umax*[-1 1]); caxis(0.3xumax*[-1 1]);

text (0.8xL,0.8«H,umax, sprintf ('t = %$4.2f’,t (end)))
endif

x = linspace(0,L,101); u_line = zeros(size(t,1l),size(x,2));
for jj = l:length(t)

u_line(jj, :) = FEMgriddata (FEMmesh,u(:, jJj),x,ones(size(x)));
endfor

figure(4); mesh(x,t,u_line)
xlabel ("x"); ylabel ('t’);

figure(5); contour(x,t,u_line,0.003x[-1:0.1:+1])
xlabel ("x"); ylabel ("t’);

9.10.5 Static heat equation in a ball in R3, solved as a 1D problem

The dynamic heat equation in spherical coordinates (r, 8, ¢) is given by

pc 0 1 0,6 ,0u 1 o ,. ,0u 1 d%u
— sin ) —

:725“ 87’)4_7*281110%( 80)+r251n298g02+f'
Examining a static problem, depending on the radius  only leads to the ordinary differential equation

9 ,0u

~a (r 87“) =r2f(t,r) .

At first sight>> FEMoctave is not set up to solve problems depending on one variable only, but one may construct
solutions whose values do not depend on the second variable, i.e. transform a 1D problem artificially to a 2D
problem. It has to be pointed out that this is not computationally efficient. Find the efficient 1D approach at the
end of the section.

The BVP —g (7"2%) = 0 with u(1) = 0 and u(R) = 1 is solved by**

r

R r—1
=R

With FEMoctave the solution can be solved by the code below.
* Define the parameters of the system.

* Generate the mesh for 1 < r < R = 3 and the dummy variable —% <y< —i—%. At the upper and lower
edge at y = i% apply the Neumann boundary conditions a% u = 0. This assures that the solution will
depend on r only. At r = 1 and » = R specify the Dirichlet conditions.

* Define the functions for the parameter a(r) = r2 and the Dirichlet conditions u(1) = 0 and u(R) = 1.

* Solve the BVP with the help of BVvP2Dsym () .

32The command IBVP1D () will solve this problem.

»The ODE Z (r® 2%) = 0 implies 7> 2% = ¢y, ie. 2 u = 5. An integration leads to the general solution of the ODE u(r) =
e
¢z — L. Then use the two boundary conditions to determine ¢1 = ¢z = 7o and u(r) = 45 1.
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* Display the solutions. To obtain the graphs with one independent variable r use FEMgriddata () along
theaxisy =0and 1 <r < R=3.

* In Figure 109 find the graphs of the solution u, either as function of r and y, or as function of r only.

| HeatBall.m
%% solve a static heat problem in a ball, using the radius r only as variable
R=3; W=0.1; N =10;
FEMmesh = CreateMeshRect (linspace(1,R,N+1), [-W/2,+W/2],-2,-2,-1,-1);
$FEMmesh MeshUpgrade (FEMmesh, ' quadratic’) ;
$FEMmesh = MeshUpgrade (FEMmesh, ' cubic’) ;

o° oo

function res = a(r) ; res = r(:,1).72; endfunction

(
gD(r); res sign(r(:,1)-1); endfunction

function res
u3D = BVP2Dsym(FEMmesh,’a’,0,0,’gD’,0,0);

figure(l); FEMtrimesh (FEMmesh,u3D)
xlabel ("r’); ylabel (dummy’); zlabel ('temperature u’)

r = linspace(1l,R); u = FEMgriddata (FEMmesh,u3D, r, O0xr) ;
u_exact = R/ (R-1)x(r-1)./r;

figure(2); plot(r,u,r,u_exact)
xlabel (' radius r’); ylabel(’temperature u’)
legend(’u_{FEM}’,’u_{exact}’,’location’,’northwest’)

figure(3); plot(r,u-u_exact)
| xlabel (' radius r’); ylabel ('u_{FEM}-u_{exact}’)

1 — UFEM
5 5 0.8 || = Yexact
o 0.8 °
S 5 I
206 \ 206
5 0.4 o
£0.2 204
2 0]/ / 202

0.96 04 '
Yoo 3
B 0 R
dummy U4 1.5 r 1 15 2 25 3
.06 1 :
radius r
(a) as function of  and the dummy variable (b) as function of the radius 7 only

Figure 109: The steady state solution of a heat problem in a ball

For the results in Figure 109 linear elements are used. A simple call of MeshUpgrade () allows to use
cubic elements. In Figure 110 find the differences to the exact solution for linear and cubic elements. Observe
that the error for cubic elements is considerably smaller.

The above is a problem with one space variable only. Thus it is advisable to use BVP1D (). Find the results
of the code below in Figure 111. Observe the effect of superconvergence
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Figure 110: The errors of the steady state solution of a heat problem in a ball

| HeatBallRadial.m
Rl = 1; R2 = 3; BCleft = 0; BCright = 1;
interval = linspace(R1,R2,11);
[r,u] = BVP1D(interval,@(r)-r."2,0,0,1,0,BCleft,BCright);
figure(4); plot(r,u,r,R2/ (R2-R1) * (r-R1) ./r)
xlabel (' radius r’); ylabel( ’'temperature u’)
legend(’u_{FEM}’,’u_{exact}’,’location’,’northwest’)

figure(5); plot(r,u-R2/ (R2-R1)* (r-R1)./r,’+=")
xlabel (' radius r’); ylabel( ’'temperature u’)
legend(’difference’,”location’,’southeast’)

r_fine = linspace(R1,R2,501)’; u_fine = pwquadinterp(r,u,r_fine);
u_exact = R2/ (R2-R1) * (r_fine-R1l) ./r_fine;
figure(6); plot(r_fine,u_fine-u_exact,’k’,r,u-R2/(R2-R1) * (r-R1) ./r,"b+")
xlabel (' radius r’); ylabel ("u_{FEM}-u_{exact}’)
| legend(’ interpolated’,’at nodes’)

9.10.6 Dynamic heat equation in a cylinder, solved as a 1D problem

Similar to Section 9.10.5 the dynamic heat equation in cylindical coordinates (r, 8, z) is given by

pc 0 10, Ju 1 0%u  O0%u
— —u=4A =—-—0r=—)+—= — .
T A = L D s g
Assuming that the solution depends on time ¢ and radius r only and some rescaling leads to the dynamic equation
0 0o, 0 t
T@U(’F t) = 8r(rua(:))—i-rf(r,t).

Examine a cylinder of radius R and apply time dependent heating in the inner section r < % of the cylinder, e.g.

F(rt) = { sin(t) for

0<r<
0 for §§ <

oy ™|y
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Figure 111: The steady state solution of a heat problem in a ball with second order elements, solved as true 1D
problem

| HeatCylinder.m
R = 3; BCleft = [0,0]; BCright = [0,0];

f = @Q(r,t)sin(l*t)* (r<R/2);

u0 = 0; t0 = 0; t_end = 6xpi; steps = [121,10]; interval = linspace(0,R,21);

r = Q(r)r; solver = "RK’;

[r,u,t] = IBVP1D(interval,r,r,0,0,r, £f,BCleft,BCright,ul,t0,t_end, steps,’solver’,solver);

figure(l); mesh(t,r,u)
xlabel ("time t’); ylabel(’radius r’); zlabel ('temperature u’)
figure(2); contour(t,r,u, [-0.5:0.1:+0.5])
xlabel (‘time t’); ylabel ('radius r’);
figure(3); plot(t,u(l,:),t,u(end, :))
xlabel (‘time t’); ylabel ('temperature u’); x1lim([0,max(t)])
| legend(’at center r=0’,’at outer edge r=R’,’location’,’south’) |
As results obtain the temperature v as function of time ¢ and radius 7, visible in Figures 112 and 113. The
periodic oscillations of U are clearly visible. In Figures 113 and 114 observe the smaller amplitudes of u with
respect to time at the outer edge » = R and the phase shift.

With the above code HeatCylinder.mitis easy to examine the effects of a different frequency or ampli-
tude in k sin(wt).
9.11 Wave propagation, Kirchhoff diffraction
9.11.1 A dynamic solution

In Figure 115 half of a domain  C R? is visible, the lower half is generated by a reflection at the lower edge.

For the computation this is taken into account by the symmetry boundary condition g—;‘ = 0. The wave equation
(a special case of the IBVP (6)) to be solved is
Srule,y,t) = Mu(z,y,t) = fla,yt)  for (v,9,1) € Qx (0,7]
%u(az,y,t) =0 for (z,y,t) el x (0,7] . (90)
u(z,y,0) = %u(x,y,O) =0 on €
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Figure 112: The temperatur u(r, t) inside the cylinder
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Figure 113: The contours of the temperatur u(r, t) inside the cylinder
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Figure 114: The temperatur u(r, t) at the inner (r = 0) and outer (r = R) edge
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The function f(x,y,t) equals sin(37¢) for z < —0.9 and zero otherwise. Thus there a periodic excitation at the
very left end of the appendix for —1 < x < —0.9. The wave speed equals 1 and the appendix (more precise: the
two appendices) is a source of waves.

10

-2 0 2 4 6 8 10

Figure 115: The domain for the wave propagation

Figure 116 shows the solution u(z,y, 11) at time ¢t = 11.

* The wave speed equals 1, thus at ¢ = 11 the first waves are about to arrive at z = 10 for y = 0 and at
y = +10 for x = 0.

* In the top right section the unperturbed waves generated by the outlet of the appendix at y = O are visible.

* In the top left corner the upward moving waves interfere with the waves reflected at the upper edge at

y=9.
* At the lower edge at y = —2 the waves are reflected leading to interference. The result is identical to the
situation of a second source at y = —4.

* In the lower part of the figure observe the result of the classical double-slit diffraction pattern by Kirchhoff,
see e.g. en.wikipedia.org/wiki/Double-slit_experiment.

Observe that the behavior of the solution is very different from a heat equation in 9.10.4, even is the setup is
comparable.

In the code below you can play with the different parameters and select whether an animation is shown on

the screen or the final snapshot only.

WavePropagation.m
l1=1; h=20.1; L =10; d=2; H=9;
FEMmesh = CreateMeshTriangle(’test’, ...
(-1,0,-2;0 O -2;0,-d4,-2;L,,-d4,-2; L,H,-2;0,H,-2;0,h,-2;-1,h,-21,0.01);
figure(l); FEMtrimesh (FEMmesh)
xlabel ("x'); ylabel ('y’); axis equal
FEMmesh = MeshUpgrade (FEMmesh, ' cubic’);

function res = f(xy,t)
res = sin(3*pixt)*ones(size(xy,1),1);
res(xy(:,1)>-0.9) = 0;
endfunction
function res = v0(xy); res = zeros(size(xy,1),1); endfunction
function res zeros (size(xy,1),1); endfunction

I
[}
(@]

X

=
s
®
@]

I
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Figure 116: Wave propagation, leading to a Kirchhoff diffraction pattern
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m=1;, a=1; b0 =0; bx = by = 0; £
tic();

[u,t] = I2BVP2D (FEMmesh,m,0,a,b0,bx,by,’”£f’,0,gnl,gn2,’ud’,’v0’,0,11, [56,101]);
SolverTime = toc()

Il
=
Q
o]
—
Il
Q
o]
N
Il
[=

umax = 0.3*max([-min(u(:)),max(u(:))1);
figure(2)
if 0 %% animation
for jj = l:length(t)
FEMtrimesh (FEMmesh, u(:, j3j))
xlabel ("x"); ylabel('y’)
zlim(umax*[-1 1]); caxis(0.3xumax*[-1 1]);
text (0.8%L,0.8%H,umax, sprintf ('t = %4.2f’,t (33)))
view(0,90); x1im([0,L]); vylim([-d,H]);
pause(0.1);
endfor
else
FEMtrimesh (FEMmesh,u(:,end))
xlabel ("x"); ylabel ('vy")
zlim(umax*[-1 1]); caxis(0.3xumax*[-1 11]);
text (0.8xL,0.8«H,umax, sprintf ('t = %$4.2f’,t (end)))
view(0,90); x1im([0,L]); vylim([-d,H]);
endif

9.12 Sound waves in R? and R3

. 2 . . oo
The standard wave equation % u — Au = 0 can be written in cylindrical

0? (p. 6, 2,1) 18< 8u)+1 0? +82

—u(p,p,z,t) =——(p—)+ 5 su+ Su

gz P p Op P dp’  p? 0¢? 022
or spherical coordinates

0? 1 0, 450u 1 o . Ju 1 0% u
@U(T,¢,9,t)—ﬁ§(’r E)+7r2sin0%(81n9%)+7r2 Sin208i¢2.

This allows to reduce some problems to two space dimensions.

9.12.1 A sound wave in R? with cylindrical coordinates

Assuming that the solution u(p, z, t) is independent on ¢ and multiplying the wave equation by p arrive at

0? 0, Ou 0, Ou
—u(p,z,t) —=—(p=—)— = ((p—=)=0 91
P gz ulpsz:t) 8p(pap) 5 P, 91)
and thus it is in the from of the general hyperbolic equation (6) and can be solved numerically with I2BVP2D ().
Onadomain 0 < p < Rand 0 < 6 < 7 we assume zero initial velocity % u(p, z,0) = 0 and initial displacement

U(p,Z,O):{ 1+ cos(107) for0 <r < 75

s
formgr

where we use r = 1/ p? + 22. The result of solving this initial boundary value problem will be a spherical wave
moving with speed 1 and a decaying amplitude. Find the result at time ¢ = 1.75 in Figure 119. Using an energy
argument the amplitude of the wave front is expected to decay like c % Using linear regression this is confirmed
in Figure 119.
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Figure 117: A spherical sound wave at time ¢ = 1.75, and the decaying amplitude with the best fitting §

SoundWaveSpherical.m
R=2; H=2; N = 60;

FEMmesh = CreateMeshRect (linspace(0,R,N),linspace(0,H,N),-2,-2,-2,-2);
FEMmesh MeshUpgrade (FEMmesh, ' quadratic’) ;

function res = u_0(xy)

r = sqgrt(xy(:,1). 2+xy(:,2).72);
res = l+cos (10xr); res (r>pi/10) = 0;
endfunction
function res = rho(xy,dummy); res = xy(:,1); endfunction;

function res v_0(xy) ; res zeros (size(xy,1),1); endfunction
tic();
[u,t] = I2BVP2D (FEMmesh,’rho’,0,"rho’,0,0,0,0,0,0,0,’u_0’,’v_0’,0,1.75,[100,101);

ComputationTime = toc()

figure(l); clf
if 0 %% animation
for jj = 1l:length(t)
FEMtrimesh (FEMmesh,u(:, jJ))
xlabel (" rho'); ylabel('z’); zlim([-0.5 0.5]); caxis(0.1%x[-0.5,0.5])
pause(0.1)
endfor
else
FEMtrimesh (FEMmesh,u(:,end))
xlabel (' \rho’); ylabel(’'z’)

endif
max_u = max(u) — min(u); t_start = find(t>0.6,1); t_tail = t(t_start:end)’;
[p, ~, ,p_var] = LinearRegression(l./t_tail,max_u(t_start:end)’);

figure(2); plot(t,max_u,t_tail, p./t_tail)
xlabel (‘time t’); ylabel (‘amplitude’); legend(’amplitude’,’best fit’)
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9.12.2 A sound wave in R?

In arectangle 0 < z,y < R solve the standard wave equation

9% u B 9% u B 9% u
o2 922 0y?

=0

with Neumann boundary conditions ‘g” = 0, initial zero velocity and initial displacement

(x y,O):{ 1+ cos(107) for0 <r < 5
0 for {5 <r
where we use 7 = \/x2 + y2. The result of solving this initial boundary value problem will be a circular wave
moving with speed 1 and a decaying amplitude. Find the result at time t = 4 in Figure 118. Using an energy
argument the amplitude of the wave front is expected to decay like c \[ Using linear regression this is confirmed
in Figure 118.

0.2
0.15 | 5
0.1 — amplitude
0.05 n — best fit
0 g '
-0.05 2,
-0.1 3
5 L 05"
5
0
0 12 3 4
time t
(a) the wave (b) decay of the amplitude

Figure 118: A circular sound wave at time ¢ = 4 and the decaying amplitude with the best fitting %

| SoundWave.m
=4.5; H=4.5; N = 60;
FEMmesh = CreateMeshRect (linspace(0,R,N),linspace(0,H,N),-2,-2,-2,-2);
FEMmesh = MeshUpgrade (FEMmesh, 'quadratic’);
function res = u_0(xy)
r = sqgrt(xy(: ) 2+xy( ,2).72);
res = l+cos (1
res (r>pi/10)
endfunction
function res = v_0(xy) ; res = zeros(size(xy,1),1); endfunction
tic();
[u,t] = I2BVP2D (FEMmesh,1,0,1,0,0,0,0,0,0,0,”u_0","’v_0",0,4,[100,101);
ComputationTime = toc()

HO‘

O;

figure(3); clf
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if 0 %% animation
for jj = l:length(t)
FEMtrimesh (FEMmesh,u(:, jJ))
xlabel ("x"); ylabel('v");
z1lim(0.1x[-2 2]); caxis(0.5x[-2 2])
pause(0.1)
endfor
else
FEMtrimesh (FEMmesh,u(:,end))
xlabel ("x"); ylabel('y")

endif
max_u = max(u) — min(u); t_start = find(t>1,1); t_tail = t(t_start:end)’
[p, ", ",p_var] = LinearRegression(l./sqrt (t_tail),max_u(t_start:end)’);

figure(12); plot(t,max_u,t_tail, p./sqrt(t_tail))
xlabel ("time t’); ylabel (‘amplitude’); legend(’amplitude’,’best fit’)

9.12.3 Sound waves in R? and R? as 1D problems

* As spherical wave:
. . 2 .
If a solution u of the wave equation 25 u = Aw depends on the radius r = /22 + y2 + 22 only the IBVP

ot?
is given by
2 a; u(r,t) = & (12 Zu(r,t)) for0<r<Randt>0
u(r,0) = wup(r) forO0<r <R
su(r,0) = ui(r) for0<r <R
For a zero initial ve1001ty u1(r) = 0 and initial amplitude

1+ cos(107) for0 <r < {j
0 for {7 <r

u(r,0) = up(r) = {
and Neumann boundary conditions at 7 = 0 and » = R the problem can be solved by T2BVP1D () with
the code SoundWaveSphericallD.m below. Find the result in Figure 119. Observe that for advanced
time ¢ the solution is equal to zero at the origin r = 0.

I —1=0.0/|
2 0.6 Ry
12 5 04 t=1.0|/
! [0} —1t=1.5
=) 0'8 S 02 —1=2.0 |
-0.5 = AN
-1 / I 0 O
15 ] ' ® 02| \/
. A5 PR @ ot 152 29 o4 S —
radius r 05 5~ 05 time t 0 05 1 15 2 25 3

radius r

Figure 119: A spherical wave as function of time ¢ and radius r = /22 + y2 + 22
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| SoundWaveSphericallD.m

N = 2x60; R = 3; interval = linspace(0,R,N)’

fr2 =Q(r)r.”2;

ul0 = Q(r) (1+cos(10+r)) .* (r<pi/10); ul = 0;

w2 = f r2; wl =0; a=f_r2; b=0; c=0; d=1; £ =0;

BCleft = [0,0]; BCright = [0,0];
t0 = 0; tend = 2.5; steps = [100,10];
[r,u,t] = I2BVP1D(interval,w2,wl,a,b,c,d, f,BCleft,BCright,ul,ul,t0,tend, steps);

figure(l); mesh(t,r,u); xlabel (‘time t’); ylabel ('radius r’); zlabel('u’)

x1lim([min(t),max(t)]); ylim([min(r),max(r)])
[t05,t05_ind] = find(abs(t-0.5)<le-5); [tl,tl_ind] = find(abs(t-1)<le-5);
[t15,t15_ind] = find(abs(t-1.5)<le-5); [t2,t2_ind] = find(abs(t-2)<le-5);

[t25,t25_ind] find(abs(t-2.5)<1le-5);
figure(2); plot(r,u(:,1),r,u(:,t05_ind),r,u(:,tl_ind),r,u(:,t1l5_ind),
r,u(:,t2_ind), r,u(:,t25_ind));
ylabel (amplitude u’); ylim([-0.5,0.7]); xlabel(’'radius r’);
legend (' t=0.0",'t=0.5","t=1.0","t=1.5","t=2.0","t=2.5",
"location’,’northeast’)

* As cylindrical wave:
. . 2 . .
If a solution u of the wave equation 3‘9— u = Awu depends on the radius r = \/x2 + y2 only the IBVP is

2
given by
r 2> = u(r, t) 2 (rZu(rt)) for0<r<Randt>0
u(r,0) = wup(r) forO0<r <R
su(r,0) = wu(r) forO<r <R

For a zero initial Velocity w1 (r) = 0 and the same initial amplitude u((r) as above and Neumann boundary
conditions at » = 0 and » = R the problem can be solved with the code SoundWaveSphericallD.m
below, using I2BVP1D (). Find the result in Figure 120. Observe that for advanced time ¢ the solution is
not equal to zero at the origin » = 0. The amplitudes at ¢ > 0 are larger than for the above spherical case.
This can be derived analytically, using a conservation of energy argument.

I —1=0.0||

2 0.6 —1-05
1.5 S 04 t=1.0

1 {g /ﬂ\\ —t=1.5
0.5 5 02} — =201

5 . 1

0 3 ol /\ /\ =25
05 E YR YRY

4] -0.2 \/

S5 - o5 04 |

CAsL - s I N I
radius r 05 5= g 05 time t 0 05 1 15 2 25 3

radius r

Figure 120: A cylindrical wave as function of time ¢ and radius r = /22 + 32
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| SoundWaveCylindricallD.m
N = 2x60; R = 3; interval = linspace(0,R,N)’;
f_r =Q(r)r;
ul = @(r) (1+cos(10*r)) .* (r<pi/10); ul = 0;

w2 =f r; wl=0;, a=fr; b=20; c=0; d 1; £ =0;

BCleft = [0,0]; BCright = [0,0];

t0 = 0; tend = 2.5; steps = [100,10];

[r,u,t] = I2BVP1D (interval,w2,wl,a,b,c,d, f,BCleft,BCright,u0,ul,t0,tend, steps);

figure(l); mesh(t,r,u); xlabel ('time t’); ylabel(’radius r’); zlabel ('u’)
xlim([min(t),max(t)]); ylim([min(r),max(xr)])

[t05,t05_ind] = find(abs(t-0.5)<le-5); [tl,tl_ind] = find(abs(t-1)<le-5);
[t15,t15_ind] find(abs (t-1.5)<le-5); [t2,t2_ind] find(abs (t-2)<1le-5);
[t25,t25_ind] = find(abs(t-2.5)<le-5);

figure(2); plot(r,u(:,1),r,u(:,t05_ind),r,u(:,tl_ind),r,u(:,tl5_ind), ...
r,u(:,t2_ind), r,u(:,t25_1ind));
ylabel (famplitude u’); ylim([-0.5,0.75]); xlabel(’'radius r’);
legend(’t=0.0","t=0.5","t=1.0","t=1.5","t=2.0","t=2.5", ...
"location’,’northeast’)

9.13 Reflection and transmission of a wave by a change of impedance

A change of impedance will cause an incoming wave to be partially reflected. Examine the initial boundary value
problem

g—; w(z,t) = 2 (a(z) L u(zx,t)) for0<z<12andt>0
Lu(0,t) = Zu(12,t) 0 fort >0
u(xz,0) = wup(x) for0 < z < 12
% u(z,0) = wui(x) for0 <z < 12

1 for0<x <4
2 ford < x

and the initial values

—m cos(m x) for0 <z <1

0 forl < x

() sin(7 ) for0<z <1
Ug\r) =
0 forl <z

and uy(z) = {

The sin—shaped pulse will travel in th positive z—direction with speed 1 and then at x = 4 a part will be reflected
and traveling back with speed 1 and another part will continue, but with speed /2. In Figure 121 find the plot of
the surface and in Figure 122 a plot of the solutions at times ¢ = 0, 2, 4, 6 and 8, and the contour plot.

| Reflection.m
interval = linspace(0,14,301)’;
a = Q(x) 1+1*(x>4);
b=0;, c=0;, d=1; £ =0;
w2 = 1; wl = 0; ; BCleft = [0,0]; BCright = [0,0];
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Figure 121: The amplitude u(z,t) for a reflected pulse

14
12 ¢
< 10 ¢
S 8
3 6l
o g
2 4 ¢
4 I
f m— ;
T T T T 0 I L L
4 12 10 8 6 4 2 0 8 0 2 4 6
position x time t
(a) slicesatt =0,2,4,6and 8 (b) the contours at u(z,t) = £0.1

Figure 122: Waterfall plot and contour plot for the amplitude u(z, t) for a reflected pulse
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t0 = 0; tend = 9; steps = [90,100];
ul = @(x)sin(pi*x) .*x(x<=1); ul = @(x)-pi*cos (pix*x) .x (x<=1);

[x,u,t] = I2BVP1D (interval,w2,wl,a,b,c,d, f,BCleft,BCright,u0,ul,t0,tend, steps);

figure(l); mesh(t,x,u); xlabel ('time t’); ylabel ('position x’); zlabel('u’)
x1im([min(t),max(t)]); ylim([min(x),max(x)]); view([-20,10])
t_ind = [1 21 41 61 81];
figure(2); H = waterfall (x,t(t_ind),u(:,t_ind)’); view([-177,20])
xlabel (‘position x’'); zl bel( ")
set (H, ’edgecolor’, ,0.0,1]); set(H, ’"linewidth’, 3)
1]

[0
| figure(3); contour(t,x,u, [-0.1,0. ), xlabel( time t’); ylabel ('position x’');

9.14 The Black-Scholes equation of mathematical finance

To determine the value of a stock option the partial differential equation of Black, Scholes and Merton can be
used, see [ 1,1 Jor|[ ]. A call option on a stock gives you the right (but not the obligation) to
buy the stock at the maturity time 7 at a given strike price K. If the actual price S is above the strike K, you call
the option and gain S — K. If the actual price S is below the strike K you let the option expire. For this right
to buy you have to pay a fair price V, the value of this call option. To determine the fair price of the option the
possible evolution of the value of the stock is taken into account, assuming that it is a Brownian motion. For the

Symbol
value of stock S =e€*
logarithm of value of stock z = In(5)
time to maturity 0<r<T
value of option at time 7 at stock value S = e* V(z, 1)
safe interest rate 70
expected return of stock r
volatility o
strike K
forward time t=T-7>0

Table 16: Variables for the Black—Scholes PDE

Black—Scholes equation use the symbols in Table 16. The Black—Scholes PDE is given by
2 82

V(z,7)+r 9 V(z,7)—roV(z,71) (92)

0 o
7V(z77_>: az

ar 2 922
with the boundary conditions for a call option
V(S,7) =~ 0 for S very small and V(S,7)~ S for S very large

leading to
lim V(2,7)~0 and lim — V(z T)~1.

Z——00 z——+o00 €%

To respect the compatibility condition at maturity use V (t,b) = S — K = e’ — K for b > 1. The initial
conditions at 7 =0 ort =T are

V(2,0) = max{0,S — K} = max{0,e* — K} .
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This initial boundary value problem can be solved by FEMoctave with the command IBVP1D (). The code
BlackScholesCall.m below generates Figure 123. In this figure you can read of information for a call
option with strike K = 120.

* If the value of the stock is S = 110 half a year before the maturity time, then the fair value of the call
option is V' (110,0.5) ~ 2.1.

* If the value of the stock is S = 130 half a year before the maturity time, then the fair value of the call
option is V'(130,0.5) ~ 15.4 .

* If the value of the stock is S = 110 one year before the maturity time, then the fair value of the call option
is V(110,1) = 5.6 .

* If the value of the stock is S = 130 one year before the maturity time, then the fair value of the call option
is V(130,1) =~ 20.5 .

30 ‘
: —at =0
25 25 || — gt T=T/2
?20 L at T=T
& 20
wn Y _
< 10 | H
> : n 15
0 10 t
o
02 Ml |
0.4
0. ;
T 13¢
1 100105110115120125130 - - 120 I |

S

Figure 123: The value V' of a European call option as function of time 7 and the value of the stock S

| BlackScholesCall.m
%% script file to solve Black-Scholes for a European call option
K = 120; % strike
r = 0.076; % annual gain of stock
sigma = 0.13; % volatility
r0 = r+sigma”2/2; % safe interest rate
T=1.0; % maximal time to maturity

a =-0.5; b =+0.5; interval = log(K)+linspace(a,b,101)’;
= 0; BCright = exp(max(interval))-K;
ul = @(z)max(0,exp(z)-K);
[z,V,tau] = IBVP1D(interval,1l,sigma”2/2,-r,+r0,0,0,BCleft,BCright,u0,0,T, [10,10]);

figure(1l); mesh(tau,exp(z),V); xlabel('\tau’); ylabel(’'S"); zlabel ('V(S,\tau)’)
x1im([0,T]); ylim([90,135]); zlim([0,30]); caxis([0,25]); view([70,30])
S = linspace(90,140,101)";
V0 = interpl(exp(z),V(:,1),3); Vend = interpl(exp(z),V(:,end),S);
t_ind = find(abs (tau-T/2)<100+eps); Vmid = interpl (exp(z),V(:,t_ind),S);
figure(2); plot(S,V0,S,Vmid, S,Vend); xlabel (’S’); ylabel ('V(S,\tau)’)
legend(’at \tau=0’,’at \tau=T/2’,’at \tau=T’,’location’,’northwest’)
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The above results are about a European call option, but there are similar put options. A put option on a stock
gives you the right (but not the obligation) to sell the stock at the maturity time T at a given strike price K. If the
actual price S is below the strike K you buy on the market at price S and use the put option to sell at price K.
You gain K - S. If the actual price S is above the strike K you let the option expire. For this right to sell you have
to pay a fair price V , the value of this call option. Determine the value of a pput option use the Black—Scholes
PDE (92) again, but with the boundary conditions

V(S,7)~ K —S for S very small and V(S,7)~0 forS very large.

To respect the compatibility condition at maturity use V' (t,a) = K — S = K — e® for e* < 1. The initial
conditions at 7 = 0 ort =T are

V(2,0) = max{0,K — S} = max{0,K —e*} .

This initial boundary value problem can be solved by FEMoctave with the command IBVP1D (). The code
BlackScholesCall.mbelow generates Figure 124. In this figure you can read of information for a put option
with strike K = 120.

o If the value of the stock is .S = 110 half a year before the maturity time, then the fair value of the put option
is V(110,0.5) =~ 7.12..

* If the value of the stock is S = 130 half a year before the maturity time, then the fair value of the put option
is V(130,0.5) ~ 0.48 .

* If the value of the stock is S = 110 one year before the maturity time, then the fair value of the put option
is V(110,1) ~ 5.85 .

o If the value of the stock is S = 130 one year before the maturity time, then the fair value of the put option
is V(130,1) =~ 0.76 .

20 ‘
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15 att=T |
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>
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S

Figure 124: The value V' of a European put option as function of time 7 and the value of the stock S

| BlackScholesPut.m
%% script file to solve Black-Scholes for a European put option
K = 120; % strike
r = 0.076; % annual gain of stock

sigma = 0.13; % volatility
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r0 = r+sigma”2/2; % safe interest rate
1.0; % maximal time to maturity

a =-0.5; b =+0.5; interval = log(K)+linspace(a,b,101)’;
= 0; BCleft = K-exp(min(interval));

ul = @(z)max(0,K-exp(z));

[z,V,tau] = IBVP1D(interval,1l,sigma”2/2,-r,+r0,0,0,BCleft,BCright,u0,0,T, [10,10]);

figure(1l); mesh(tau,exp(z),V); xlabel ('\tau’); ylabel(’'S"); zlabel ('V(S,\tau)’)
x1im([0,T]); ylim([100,135]); zlim([0,30]1); caxis([0,25]); view([140,30])

S = linspace(100,140,101)";

V0 = interpl(exp(z),V(:,1),3); Vend = interpl(exp(z),V(:,end),S);

t_ind = find(abs(tau-T/2)<100xeps); Vmid = interpl(exp(z),V(:,t_ind),S);

figure(2); plot(S,V0,S,Vmid, S,Vend); xlabel(’S’); ylabel ('V(S,\tau)’)
legend(’at \tau=0’,’at \tau=T/2’,’at \tau=T’,’location’,’northeast’) |

The above codes use an initial boundary value problem to determine the fair price of an European call or put

option. For this very simple option this is not necessary. It is possible to express the solution in terms of error
function or the cumulative distribution function normcdf () for the normal distribution. The Octave package

financial does implement this approach.

pkg load financial

S = 130; tau = T/2;

[Call,Put] = blsprice(S,K,r+sigma”2/2,tau,sigma ,0);

disp (sprintf ("For S = %g obtain Call = %g or put = %g at time tau = %g",S,Call,Put,tau))
—-—>

For S = 130 obtain Call = 15.4411 or put = 0.479557 at time tau = 0.5 |

9.15 Schrodinger’s harmonic oscillator

The dynamic Schrodinger equation is given by>*

h?  9?
2m da?

in 2wzt - [—

5 + V(x)] U(z,t) .

Searching for solutions of the form ¥ (z,t) = f(t) ¢ (x) leads to

2 2
zh%f(t)w(:v) = [—;ljﬁJrV(ir)} f(@t) ()
N0 1 n2 02
=3 dt — _ T X
peanitll LB T v) v
d FE E
7/ = =) = f{) = Cexp(~iz1)

With the potential V (z) = % m w? 22 for a harmonic oscillator Schrodinger’s eigenvalue equation for a harmonic
oscillator is given by

m? o2 1
R T 93)

3*Source: Wikipedia en.wikipedia.org/wiki/Schroedinger_equation
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A simple rescaling with z = \/% x and u(x) := P(z) = P (4/ % x) leads to

0? 0% h

B ai(f)—l—ﬁu(x) - 8222) mw+mhw ZY()
2 B2 9% (z)  mw?
= wn(‘zm 92 T3 “M)

- % Fo(z) = Au()
Thus the eigenvalue problem to be solved is
92
Oz
Then the eigenvalues of the Schrddinger equation (93) are given by E = %ﬁ AL

The code below uses the command BVP1Deig () to approximate the first six eigenvalues. The numerical
result confirms that the eigenvalues of the Schrodinger equation (93) are given by

h h
%)\n - %(2n+1) for n=0,1,2,3,4,...

Figure 125 shows the shape of the corresponding eigenfunctions u,, (x). The exact formulas for the eigenfunctions

use the physicist’s Hermite polynomials and exponential functions™.

u(z) + 2% u(z) = Au(z) with u(too) =0.

E, =

| SchroedingerHarmonic.m
x_max = 6; interval = linspace(-x_max,x_max,100)’;
BCleft = 0; BCright = 0;
[x, eVal, eVec] = BVPlDeig(interval,1,0,@(x)x."2,1,BCleft,BCright, 6);

Eigenvalues = eVal’

figure(l); plot(x,eVec(:,1:3)
legend(’1’,"2"," 3’

figure(2); plot(x,eVec(:,4:6)
legend (47,5, 6’

; xlabel("x"); ylabel('u’); xlim([-x_max, +x_max])
; xlabel ("x"); ylabel (Yu’); xlim([-x_max, +x_max])

)
)
)
)

——>
Eigenvalues = 1.0000 3.0000 5.0000 7.0000 9.0001 11.0001

9.16 The EIT forward problem

For a conductivity o on a bounded domain © C R? consider the PDE

V-(cVu)=0 in QCR? (94)
* Apply a voltage u on the boundary and measure the resulting current density J
ou(z)
J(z) = f € 00
(z2) =0(2) o or z
to obtain the Dirichlet to Neumann map
0
Ao iu = o2 on 99 (95)
on

also called voltage to current density map.

1 mw 1/4 7%72 mw n (22) dn 722)
= ihad R idhad — (_ el
Pn(x) Voo ( % ) e 2h Hy(y/ 5 x) where H,(z)=(-1)"e e (e )

35
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Figure 125: The first six eigenfunctions of the harmonic Schrodinger operator

* Apply a current density J on the boundary and measure the resulting voltage u. For a static situation the
total current into €2 has to be zero, i.e.

ou
J(s dSZy{ oc—ds=0
jéa (#) a0 On

to obtain the Neumann to Dirichlet map

Ro - a@ — u on Of) (96)
on

also called current density to voltage map.

Figure 126: The conductivity with the conducting “heart” on the left and the insulating “lung” on the right

From either one of these maps it is possible to determine the conductivity o in the domain. This method is called
Electrical Impedance Tomography, or short EIT. For a good, readable introduction consider the book [MuelSilt12]
or the article [MuelSilt20]. The Neumann to Dirichlet map R, is more reliable to measure, based on less sus-
ceptibility to noise. Using FEM examine the forward problem, i.e. apply a known current pattern and determine
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the resulting voltage u on the boundary. In real live this is performed by measurements. Examine the domain
(a very theoretical chest cross section) in Figure 126 with the graph of the conductivity o shown. On the left
observe a simple heart with high conductivity, caused by the blood. On the right observe a section with very low
conductivity, caused by the air filled lung. Then two current patterns are examined:

1. A current input at the lower edge of the cross section in Figure 127 and a matching current sink at an angle
of approximately 120°. Thus the current is expected to go through the heart, mainly.

2. A similar current input at the lower edge and a matching current sink at an angle of approximately 60°.
Thus the current is expected to go through the lung, mainly.

The boundary I" of the domain (2 is given by

R, cos« .
for0 <o <2mwith R, =1and R, = 0.5,

Ry sina

with a conductivity of ¢ = 1. A simple calculation on the ellipse leads to an arc length of

ds = \/Rgsin2a+R§cos2ada.

The “heart” is given by
(z +0.5)> + 2 < 0.25%  with conductivity o =4

and the “lung” is given by

1
(z —0.4)* +y* <0.35 with conductivity o = 1

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

X X
(a) current sink at angle 120° (b) current sink at angle 60°

Figure 127: Contours of the voltages

FEMoctave is used twice to determine the voltage u in the domain, leading to the level curves in Figure 127.
Observe that the two setups are rather similar, but not exactly symmetrical.

Since the normal derivative g—g on all of the boundary is specified, the BVP does not have a unique solution.
An arbitrary constant can be added and consequently the standard FEMoctave code will fail. If the additional

condition )
an = ———— dA =0
Hmean area(2) //u
Q
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is required, the problem has a unique solution again, and there is hope to obtain a good aproximation by FEM. To
get around this problem use the open and free source code of FEMoctave and modify the solver in BVP2Dsym.m.
Add an additional equation

=1
by one additional line, containing n=size (A, 1); A(n+1l,:)=1; b (n+1)=0; .Itisagoodidea to rename
the function, e.g. to BVP2DsymMean . m.
| BVP2DsymMean.m
function u = BVP2DsymMean (Mesh, a, b0, £,gD,gN1, gN2)
if nargin "= 7
print_usage();
endif

switch Mesh.type
case ’"linear’ %% first order elements
[A,b] = FEMEquation (Mesh,a,b0,0,0,f,gD,gN1,gN2); % compute with compiled code
case ’"quadratic’ %% second order elements
[A,b] = FEMEquationQuad (Mesh, a,b0,0,0, £f,gD,gN1,gN2);
case ’'cubic’ %% third order elements
[A,b] = FEMEquationCubic(Mesh,a,b0,0,0,£f,gD,gN1,gN2); % compute with compiled code

endswitch

%% add the zero mean condition

n = size(A,1); A(n+l,:) = 1; b(n+tl) = 0;

u = FEMSolve (Mesh,A,b,gD); %% solve the linear system
endfunction

|
Using the current density J = —o Vu the vector fields in Figure 128 can be determined. With FEMgriddata ()
determine Vu and then multiply by the conductivity o to obtain the current density J. Using the same starting
points along y = —0.4 a few streamlines are shown.

* In Figure 128(a) the current takes the path of least resistance and is attracted by the highly conducting
“heart”.

* In Figure 128(b) the current tries to avoid the “lung” section with the low conductivity.

If the conductivity would be constant in all of the domain €2, then the two graphics in Figure 128 would be
perfectly symmetric.

As a reference the situation of constant ¢ = 1 is computed too and the resulting voltages on the boundary
are shown in Figure 129. The deviations from the reference on the boundary I' contain information about the
conductivity inside of the domain 2. The deviations from the reference are shown in Figure 130. Many of those
“measurements” allow to determine the Neumann to Dirichlet map, leading to the conductivity ¢ by an EIT
algorithm.

| EITforward.m

global Rx Ry dalpha my_angle

N = 2x64; %% number of angle segments

alpha = linspace(0,2*pix (N-1)/N,N)’; Rx = 1; Ry = 0.5;
dalpha = 2« (alpha(2)-alpha(l));

x = Rxxcos (alpha); y = Ryxsin(alpha);

BC = —-2+%ones(size(x));

my_angle = 120 %% select the configuration, use 60 or 120

function res = sigma (xy, dummy) %% the conductivity
x=xy(:s,1); vy =xy(:,2);
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Figure 128: The vector field for the current density J and a few streamlines
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Figure 129: Voltage along the boundary
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Figure 130: Differences of the voltage and the reference voltage

res = ones(size(x));
res ((x+0.5).72+y." 2<=0.2572) »= 4 ;

heart on the left

res((x-0.4).72+y."2<=0.35"2) = 1/4; %% lung on the right

endfunction

FEMmesh = CreateMeshTriangle ('EIT’, [x,vy,BC],0.003);
FEMmesh MeshUpgrade (FEMmesh, ' cubic’) ;

figure(l); FEMtrimesh (FEMmesh, sigma (FEMmesh.nodes)) ;

%%

% show the conductivity

xlabel ('x"); ylabel('y’); zlabel(’\sigma’); view(20,50)

function res = flux_n(xy) %% define the current density on the boundary

global dalpha my_angle Rx Ry

alpha = atan2(xy(:,2)/Ry,xy(:,1)/Rx); %% assure correct angle

res = zeros(size(alpha));
res (abs (alphat+pi/2) < dalpha) = -1;
switch my_angle
case 60
res (abs (alpha-pi/3) < dalpha)
case 120
res (abs (alpha-pi*2/3) < dalpha)
endswitch
res = res./sqrt (Rx"2*sin(alpha).”2 + Ry 2xcos (alpha)
endfunction

+1;

+1;

u_0
u

BVP2DsymMean (FEMmesh, 1 ,0,0,0,”flux n’,0);
BVP2DsymMean (FEMmesh, ' sigma’,0,0,0," flux_n’,0);

o\
o\

figure(2); FEMtrimesh (FEMmesh, u)
xlabel ("x"); ylabel('y");

o\
o

figure(3); clf; FEMtricontour (FEMmesh,u, 41)
hold on;

.72) ;%% adjust for the arc length

the reference result
the actual result

o° oo

o° oe

show the solution

show the contour levels

plot ([x;x(1)1, [y;y(1)1,"k"); %% add the boundary
hold off; xlabel('x’); ylabel('y’'); axis equal
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u_boundary FEMgriddata (FEMmesh,u, x,y);
u_0_boundary = FEMgriddata (FEMmesh,u_0, x,vy) ;

figure(4); plot(alphax180/pi,u_boundary,alpha*180/pi,u_0_boundary)
xlabel ("angle [deg]’); ylabel ('u’); x1lim([0,360])
legend(’true’, ' reference’) %% show the voltages on the boundary

figure(5); plot(alpha*x180/pi,u_boundary-u_0_boundary)
xlabel ("angle [deg]’); ylabel (Yu-u_0"); x1lim([0,360])
legend (' true-reference’) %% show the difference

%% create the vector field for the current density

[xx,yy] = meshgrid(linspace (-Rx,Rx,21),linspace(-0.8*Ry,0.8%Ry,21));
[ui,uxi,uyi] = FEMgriddata (FEMmesh,u, xx,VYV) ;

conductivity = reshape(sigma([xx(:),yy(:)]),size(xx));

uxi = conductivity.*uxi; uyi = conductivity.=xuyi;

figure(6); quiver (xx,vyy,uxi,uyi, 2) %$%% show the vector field
xlabel ("x"); ylabel('y’)
hold on; plot([x;x(1)1,[y;y(1)1,’k"); %% add the boundary
hold off

%% create and show the streamlines

streamline (xx,yy,uxi,uyi, [-0.3 -0.2,-0.1,0,0.1,0.2 0.3],-0.8%Ry*ones(1,7));

Since the condition 5
J(s)ds:f oSl ds =0
29 oa O

n

is critical it is a good idea to examine the numerical approximation of the flux through the boundary. For this use
the nornal vector
1 R, cos«

\/R:% sina + R2cos?a \ o sina

n=

and then integrate over the segements where the flux is not zero

/ (1i, Vu) ds .
section
ou Ou

To evaluate this numerically use FEMgriddata () to determine the values of the gradient (%, a—y) and then
trapz () to perform a numerical integration. Observe that along the boundary the length segment is given by

ds = \/R%sinzoz—i—Rf/cos?adqﬁ.

The code below leads to in inlet flux of ~ 0.1975 and to outlet fluxes at either ~ 0.1980 at 60° or ~ 0.1964 at
120°.

| AnalyzeBoundary.m
%% script to analyze the flux on the boundary
%% assumes that EITforward.m was run before
Angle = -90 % use 60, 120 or -90
Angle = deg2rad(Angle) ;
Section = pi/20; phi = Angle + linspace (-Section,+Section,100)’;
x_b = 0.999%Rx*cos (phi); y_b = 0.999xRy*sin(phi) ;
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Figure 131: Flux density at inlet and outlet

[u_boundary, ux_boundary,uy_boundary] = FEMgriddata (FEMmesh,u,x_b,y_Db);

ds = sgrt (Rx"2+sin(phi)."2 + Ry"2+*cos (phi)."2);
n = [Ry*cos(phi)./ds, Rx*sin(phi)./ds];

flux = (ux_boundary.*n(:,1) + uy_boundary.*n(:,2));
figure(l); plot(rad2deg(phi), flux)

xlabel (' \phi [deg]’); ylabel (’flux density’)
TotalFlux = trapz (phi, flux.xds)

9.17 Stretching of a beam

A beam with variable cross section A(x) is stretched by a force F' applied to the right endpoint at z = L. With

Young’s modulus of elasticity E' the boundary value problem to be solved is

du(L)
dx

d du(x)

. (EA(x) I

)=F with u(0)=0 and EA(L) =F.

The solution is the displacement function w(z). The resulting strain is given by the first derivative dzgp) . Fora

beam with a thinner midsection examine

1 T

FEA(x) = 5 <2 — sin(T)) .

In Figure 132 find the displacement u(z) and the resulting strain dZ—gf), determined by 10 elements of equal

length. It is clearly visible that the strain «’(x) is a piece-wise linear function. Thus just evaluating v’ (x) at more
grid points will not improve the appearance of the solution. Rerunning the code below with more elements (e.g.
N=50) will improve the situation.

| BeamStretch.m |
L =23; F=0.2; N=10; EA = @(x) (2-sin(x/Lxpi))/2;
[x,u] = BVP1D(linspace(0,L,N),EA,0,0,0,0,0,[F,01);
figure(l); plot(x,u)
xlabel ("position x’); ylabel (displacement u’)
[u2,strain] = pwquadinterp(x,u, x) ; %% evaluation at nodes
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Figure 132: Displacement and strain for a beam with thinner midsection

x_fine = linspace(0,L,501);
[u_fine,strain_fine] = pwquadinterp(x,u,x_fine); %% interpolation to a fine grid
figure(2); plot(x,strain,x _fine,strain_fine)

xlabel ('position x’); ylabel (/strain du/dx’)

legend(’at nodes’, ’'fine grid’)

9.18 Keller’s nonlinear boundary value problems

In[ , p- 317] the boundary value problem
—u"(2) = —e"®  with wu(-=1)=u(1)=0

is examined. The exact solution is given by

u(w) = In <1+2<x>> |

where the value of the constant c is determined as solution of the equation ¢> = 1+ cos ¢ . Use Newton’s method
to find ¢ ~ 1.1765019 . There are two possible approaches to solve this nonlinear boundary value problem,
partial successive substitution or Newton’s method. The command BVP1DNL () is based on Newton’s method.
9.18.1 Partial successive substitution

Start with an initial guess, e.g. ug(z) = 0, leading to — exp(ug) = —1. Then use the iteration

" ( ) _ _eun(z) ]

“Up1 T

The coding in FEMoctave is rather straightforward, shown in the code below. Find the solution by (partial)
successive substitution in Figure 133(a) and the difference to the exact solution after 5 iterations in Figure 133(b).

I Keller.m |
%% successive substitution

= 51; interval = linspace(-1,1,N)’;

= 1.176501939901833; %% or use the solver

opt.TolFun = le-15; opt.TolX = le-15; ¢ = fsolve(@(c)l+cos(c)-c"2,1,o0pt);

Q =z
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[x,u] = BVP1D(interval,1,0,0,1,-1,0,0);
u_exact = log(c”2./(1+cos(c*x)));
figure(l); plot(x,u); xlabel ('x’); ylabel ('u_1")
for jj = 1:4;
[x,u] = BVP1D(interval,1,0,0,1,-exp(u),0,0);
figure(2); plot(x,u,x,u_exact); xlabel ('x’); ylabel(’'u’)
legend ('FEM' ,’exact’, ’location’,’north’)
figure(3); plot(x,u-u_exact); xlabel('x’); ylabel ('u’)
legend (' FEM-exact’)

pause (0.2)
endfor
0 0.0002 4e-05
—FEM
— exact 0 3e-05
-0.1
-0.0002
2e-05
5-0.2 >-0.0004 =]
1e-05
-0.0006
-0.3 0
-0.0008
-0.4 -0.001 -1e-05
-1 -0.5 0 05 1 -1 -0.5 0 05 1 -1 -0.5 0 05 1
X X X
(a) the solution (b) error of successive substitution (c) error of Newton’s method

Figure 133: The solution of Keller’s boundary value problem and the difference of the approximations by suc-
cessive substitution and Newton’s method

9.18.2 Newton’s method

With an approximate initial guess ug(z) (start with up(x) = 0) search a sequence of new solutions of the form
Un+1(2) = up(xz) + ¢(x). Use the idea of a linear approximation to solve 0 = f(z, + ¢) ~ f(xn) + f'(zn) ¢

to find ¢ = —%, leading to the usual iteration formula z,,+1 = xp + ¢ = xp, — ]{C,((Z’;). Examine the linear
boundary value problem for the unknown function ¢(z). The Taylor approximation e+ ~ ¥ +e%p = e*(1+¢)

leads to the BVP for ¢(x).

—up(z) = ¢"(x) = —e"n @D & @ (14 g(x))
—¢"(z) + e Pg(z) = wup(x) — e with (—1) = (1) =0

Use [du,ddu] = FEM1DEvaluateDu (xn,u) to find the values of the first and second derivatives at the
nodes. The coefficient e%#(*) of the term ¢(z) depends on the previous solution wu, (z) and its values have to be
known at the Gauss integration points. Find the Gauss points with the help of the function FEM1DGaussPoints ()
and use uGauss=pwquadinterp (xn, u, xGauss) to evaluate u, (x) at the Gauss points. Find the solution
by Newton’s method in Figure 133(a) and the difference to the exact solution after 5 iterations in Figure 133(c).

| Keller.m |
%% Newton’s method
N = 51; interval = linspace(-1,1,N)’;
c = 1.176501939901833; %% or use the solver
opt.TolFun = le-15; opt.TolX = le-15; ¢ = fsolve(@(c)l+cos(c)-c"2,1,o0pt);
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[x,u] = BVP1D(interval,1,0,0,1,-1,0,0);
u_exact = log(c”2./ (1+cos(c*x)));
figure(l); plot(x,u); xlabel ('x’); ylabel (‘u_1")
xGauss = FEM1DGaussPoints (x);
for 33 = 1:4
[du,ddu] = FEM1DEvaluateDu (x,u);
RHS = + ddu - exp(u);
uGauss = pwquadinterp (x,u,xGauss); %% evaluate u at Gauss points
u_coeff = exp(uGauss) ;
[x,phi] = BVP1D(interval,1l,0,u_coeff,1,RHS,0,0);
disp(sprintf (‘max (abs(phi)) = %g, max(abs(RHS)) = %g’,max(abs(phi)), max(abs(RHS))))
u = u + phi;
figure(2); plot(x,u,x,u_exact); xlabel ('x’); ylabel('u’)
legend('FEM' ,’exact’,’location’,’north’)
figure(3); plot(x,u-u_exact); xlabel('x’); ylabel ('u’)
legend (' FEM—exact’)
pause (0.2)
endfor

9.18.3 Using BVP1DNL ()

Newton’s method can be used with very few lines of code. Provide the partial derivative

51 fz,u) = (‘?u (—exp(u)) = —exp(u)

and start with the naive initial guess ug(x) = 0. The graphical result and the information provided in inform
indicate the the algorithm converged with 4 iterations and the size of the last correction was of the order 1.4-1075.
The RMS of the error is approximately 3 - 10~%, only computable since we know the exact solution. The graph
shows an actual maximal error of ~ 2 - 1077,

Keller.m
%% use BVP1DNL

= 51; interval = linspace(-1,1,N)’;

= 1.176501939901833; %% or use the solver
opt.TolFun = le-15; opt.TolX = le-15; ¢ = fsolve(@(c)l+cos(c)-c"2,1,o0pt);

Q =z

f = {@(x,u)-exp(u) , @(x,u)-exp(u)};

[x,u,inform] = BVP1DNL(interval,1,0,0,1,£,0,0,0,"Tol’,1le-5,’display’,’iter’);

u_exact = log(c”2./ (1+cos(c*x)));

figure(2); plot(x,u,x,u_exact); xlabel('x’); ylabel ('u’)
legend ('FEM' ,’exact’,’ location’,’north’)

figure(3); plot(x,u-u_exact); xlabel('x’); ylabel('u’)
legend (' FEM—exact’)

inform

endswitch

RMS_difference = norm(u-u_exact) /sgrt (length (u))

——>

iteration 1, RMS (correction) 9.323090e-02, RMS(phi) = 9.468330e-02
iteration 2, RMS (correction) 3.300574e-04, RMS (phi) 3.300764e-04
iteration 3, RMS(correction) = 4.332861e-09, RMS(phi) = 4.332859%9e-09

inform = scalar structure containing the fields:
info 1
iter =3
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AbsError = 4.3329e-09

| RMS_difference = 1.6647e-09

9.18.4 A similar problem with multiple solutions

At first sight the nonlinear boundary value problem
1
—u"(z) = B @ with w(—1) = u(1) =0

found in [ , p- 150] is very similar to the above. But it turns out’® that this problem has two solutions,
one with ©(0) =~ 0.3 and another solution with «(0) ~ 3. By selecting appropriate initial functions ug(z) =

up (1 — :c2) the algorithm used in BVP1DNL () will determine either one of these two solutions.
| Keller2.m |

y0l = 0.3 %% more accurate y0 = 0.3290;
y02 = 3.0 %% more accurate y0 = 2.8955;
RHS = {Q@(x,y)0.5%exp(y), @(x,y)0.5xexp(y)};
interval = linspace(-1,1,21);

BCleft = 0; BCright = 0;

[x1,y1l] = BVP1DNL(interval,1,0,0,1,RHS,BCleft,BCright, @ (x)y0lx (1-x."2),
"MaxIter’,30,’Display’,’iter’);

[x2,y2] = BVP1DNL (interval,1,0,0,1,RHS,BCleft,BCright, @ (x)y02x (1-x."2),
"MaxIter’,30,’Display’,’iter’);

| figure(l); plot(xl,vl,x2,v2); xlabel ('x"); ylabel ('y(x)")

-1 -0.5 0 05 1
X

Figure 134: Two solutions of —u”(z) = § exp(u(z)) with u(—1) = u(+1) =0

9.19 A mathematical pendulum problem

With what angular velocity does a pendulum have to start at the lowest point with angle «(0) = 0 to reach the
maximal angle at time ¢ = 7?7 What is the resulting maximal angle? A boundary value problem leading to the
answers is

i(t) = —sin(u(t)) with «(0)=0 and &(7)=0. 97)

*Examine the initial value problem v” (z) = —3 exp(u(z)) with v’(0) = 0 and u(0) = uo. Examine the value u(1) as function of
uo and use a graph or £solve () to find two zeros at up ~ 0.32895 and ug ~ 2.8955 .
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This BVP always has the trivial solution u(¢) = 0. Since sin(u) < w for v > 0 the acceleration for the
mathematical pendulum is smaller than the one for the physical pendulum (¢) = —u(t). The solution of the
physical pendulum is u(t) = c sin(t). As consequence require 7' > 7 to obtain a nontrivial solution for the
BVP (97). Conservation of energy’’ requires

1
initial kinetic energy = 3 (4(0))* = (1 — cos(u(T)) = final potential energy.

The code Pendulum.m shown below solves the BVP (97) for 7' = 2 and the conservation of energy is verified.

| Pendulum.m |
N = 1001; interval = linspace(0,T,N)’;
T = 2.0; BCleft = 0; BCright = [0,0];
f = {@(t,u)sin(u), Q(t,u)cos(u)};
[t,u] = BVP1DNL(interval,1,0,0,1,f,BCleft,BCright,Q(t)t,
"Display’,’off’,’Tol’,1le-8);

figure(l); plot(t,u); xlabel ('time t’); ylabel (’angle u’)
v = FEM1DEvaluateDu (t,u);
disp(sprintf(For T = %g: initial angular velocity v(0) = %g, maximal angle u(T) =
T,v(1l),u(end)))
KineticEnergy = v (1) "2/2; Potential = l-cos(u(end));
disp(sprintf (Kinetic energy at t=0: %g, potential energy at t=T: %g, difference: %g’,
KineticEnergy,Potential,KineticEnergy-Potential))

o\°

g’

——>
For T = 2: initial angular velocity v(0) = 1.60481, maximal angle u(T) = 1.86263
Kinetic energy at t=0: 1.2877, potential energy at t=T: 1.2877, difference: 8.5831e-07

9.20 A BVP with multiple nonlinear contributions

In [ ] find Exercise 5.4.1 on page 241, a nonlinear boundary value problem with multiple nonlinear
contributions.
—u"(z) + 1/ (2)u(z) +u(z) = €°
w0) =1 , 4'(2) =

A first attempt at solving this BVP with BVP1DNL () directly will fail. The algorithm does not converge, caused
by the naive initial guess ug(x) = 0, which should bee close to the solution. It turns out that the contribution
u3(x) leads to the blowup of the Newton algorithm. One possible way to solve this BVP is to parameterize the
critical contribution. Introduce a parameter 0 < o < 1 and examine

—u"(z) = falz,u(z), ' (z) = =/ (z)u(z) — aud(z) + &

fa(z,u,u) = —v'u—oaud+e®

3Conservation of energy can be used directly to determine the maximal angle as function of the initial velocity. The travel time 7" is
then given by a singular integral.

—v° = (1 —cos(Umaz)) — (1 —cos(u)) = cos(u) — cos(tmaz)

— =o(u) = +/2(cos(u) — cos(Umaz))

T = [ V2 (cos(u) icos(“m”” "

The code in Pendulum.m evaluates this integral.
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— folz,u, ) = —u' —a3u?

ou

%fa(x,u,u’) = —u

Then increase the value of « step by step from 0 to 1. This approach will generate a reliable solution. Find the

result from the code AtkinsonHan .m below in Figure 135.

1.8 3
—a=0.00
—a=0.25
1.6 | 25 r|—a=0.50
—a=0.75
—_ — _G=1.00
Z 14 X 2+
= =1

0 02 04 06 08 1 0 0.2 04 06 08 1
X X

(a) The final solution u(z) (b) The solutions for different values of o

Figure 135: A BVP with multiple nonlinear contributions

| AtkinsonHan.m
N = 501; interval = linspace(0,1,N)’; BCleft = 1; BCright = [2,0];
u = 0;
figure(2); clf; hold on; box on
for alpha = linspace(0,1,5)
alpha
f = {@(x,u,du)-u.*du - alphaxu.”3 + exp(x),@(x,u,du)-du —alphax3*u.”2 ,@(x,u,du)-u};
[x,u,inform] = BVP1DNL(interval,1,0,0,1,f,BCleft,BCright,u,
"Display’,’iter’);
plot (x,u) ;xlabel ("x’); ylabel (u(x)’)
pause(0.1)
endfor
legend(’ \alpha = 0.00’,’\alpha = 0.25",’\alpha = 0.50’,’\alpha = 0.75’,’\alpha = 1.00’,
"location’,’northwest’)
figure(l); plot(x,u) ; xlabel("x'); ylabel("u(x)’)

The output generated by the above code nicely illustrates the quadratic convergence of Newton’s algorithm,

i.e. the number of non-changing digits is approximately doubled at each step, after an initial search.

alpha = 0

iteration 1, RMS(correction) = 1.271951e+00, RMS(phi) = 9.217815e-01
iteration 2, RMS(correction) = 1.859463e-01, RMS(phi) = 1.978042e-01
iteration 3, RMS (correction) = 5.875778e-03, RMS(phi) = 5.886006e-03
iteration 4, RMS (correction) = 5.074170e-06, RMS(phi) = 5.074184e-06
alpha = 0.2500

iteration 1, RMS(correction) = 2.750162e-01, RMS(phi) = 5.594625e-01
iteration 2, RMS(correction) = 1.661185e-01, RMS(phi) = 2.075803e-01
iteration 3, RMS(correction) = 2.746584e-02, RMS(phi) = 2.827483e-02
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iteration 4, RMS(correction) = 5.465197e-04, RMS(phi) = 5.468251e-04
iteration 5, RMS (correction) = 2.064430e-07, RMS(phi) = 2.064488e-07
alpha = 0.5000

iteration 1, RMS(correction) = 1.734538e-01, RMS(phi) = 4.004352e-01
iteration 2, RMS(correction) = 1.315342e-01, RMS(phi) = 1.798543e-01
iteration 3, RMS(correction) = 3.380237e-02, RMS(phi) = 3.581552e-02
iteration 4, RMS (correction) = 1.465643e-03, RMS(phi) = 1.469075e-03
iteration 5, RMS (correction) = 2.503296e-06, RMS (phi) = 2.503313e-06
alpha = 0.7500

iteration 1, RMS(correction) = 1.283952e-01, RMS(phi) = 3.183453e-01
iteration 2, RMS(correction) = 1.084098e-01, RMS(phi) = 1.567254e-01
iteration 3, RMS(correction) = 3.454831e-02, RMS(phi) = 3.743495e-02
iteration 4, RMS (correction) = 2.185036e-03, RMS(phi) = 2.195112e-03
iteration 5, RMS(correction) = 7.654415e-06, RMS(phi) = 7.654543e-06
alpha =1

iteration 1, RMS(correction) = 1.031818e-01, RMS(phi) = 2.665817e-01
iteration 2, RMS(correction) = 9.226889%-02, RMS(phi) = 1.381142e-01
iteration 3, RMS(correction) = 3.318699%-02, RMS(phi) = 3.653564e-02
iteration 4, RMS (correction) = 2.598465e-03, RMS(phi) = 2.615903e-03
iteration 5, RMS(correction) = 1.360277e-05, RMS(phi) = 1.360325e-05
iteration 6, RMS(correction) = 3.689710e-10, RMS(phi) = 3.715615e-10

~

Another approach to find good initial values is the parametrization
fa(z,u,v') = a (= u—u?®) + €.

With smaller steps for 0 < o < 1 this parametrization leads to the same final result.

9.21 Fisher’s equation

Examine Fisher’s equation (named after statistician and biologist Ronald Fisher), also known as the Kolmogorov—
Petrovsky—Piskunov equation, or shorter Fisher-KPP equation.

82
ox?
This initial boundary value problem can exhibit traveling wave solutions that switch between the two equilibrium
states given by f(u) = 0, i.e. atu = 0 and u = 1. Such equations occur, e.g., in ecology, physiology, combustion,
crystallization, plasma physics, and in general phase transition problems.

When searching for a traveling wave solution with speed ¢ use u(z,t) = u(x — ct) and the above partial
differential equation turns into an ordinary differential equation.

— u(z,t) — u(z,t) = f(u(z,t)) = u(z,t) (1 —u(x,t)) with u(—o0) = 1 and u(+o00) = 0. (98)

—cu/(z) —u"(2) = u(z) (1 —u(z)) withu(—oo0) = 1and u(+oc) =0 (99)

This ODE does not have a unique solution. Each translation u(z + D) of a solution u(z) is a solution too. Thus a
naive usage of BVP1DNL () will not succeed. It also turns out that the condition u(4o00) = 0 leads to numerical
problems. A solution of (99) was generated with the ideas and algorithm spelled out below.

e Usec= % ~ 2.0412% and select a value of M = 20 >> 1. Then examine two boundary value problems:

5
—cup —ulh = up(1—w,) on—M <z <O0andu,(—M)=1and u,(0) = %
—cup —uy = up(l—wu,) on0 <z <+M andu,(0) = § and u,(+M) = ValueAtM

6

BFor ¢ = — an exact solution is given by u(z) = (1 + exp(;—%))”. This was also useful to find the good value for u, (+M).
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Consider the value of up(4M) as parameter and determine its value such that u;,(0) = u;,(0). Use a
graphical hint in Figure 136(a) to select an initial interval for the Octave command fzero () to determine

a numerical solution of u/,(0) = u/,(0). The code below leads to the value u,,(+20) ~ 8.0826 - 10~

* With the obtained optimal value of u(+ M) solve the two boundary value problems on —M < x < 0 and
0 <z < +M. Since u,(0) = u,(0) and uy,(0) = u,(0) these two solutions can be patched together at
x = 0 to obtain a solution of the ODE (99) on —M < x < M, leading to Figure 136(b) and the numerical

confirmation of uy, (0) = u,,(0).

I I
| first derivatives: u’ (x-0)= -0.102206 and u’ (x+0)= -0.102206, difference = 6.6294e-10

0.1 ‘ ‘ ‘ 1

o 0 0.8
>|I<
E-OJ 0.6+
%) >
g-02 04
ks
7

-0.3 ¢ —x>0 1 021

—x<0
-0.4 ‘ ‘ ‘ 0 ‘ :
0 5e-08 1e-07 1.5e-07 2e-07 20 10 0 10 20
value of u(+M) X
(a) The slopes at = 0 as function of u(+M) (b) The solution for —-M <z < M

Figure 136: The solution of Fisher’s equation

| Fisher.m
function Fisher ()
c = 5/sqgrt(6); M = 20; N = 50; Join = 0.25;
f={Qx,u) (u.x(1-u)), €(x,u) (1-2%u)};
interval = linspace(0,M,N)’; intervaln = linspace(-M,0,N)’;
%% find the parameter
function slopes = FindSlopes (valueM, graphs)
BCleft = Join; BCright = valuelM;
[xp,u0] = BVP1D(interval,1l,-c,0,1,0,BCleft,BCright);
[xp,up,inform] = BVP1DNL(interval,1,-c,0,1,f,BCleft,BCright,u0);
BCleft = 1; BCright = Join;
[xn,u0] = BVP1D(intervaln,1,-¢,0,1,0,BCleft,BCright);
[xn,un,inform] = BVP1DNL(intervaln,1,-c,0,1,f,BCleft,BCright,ul);
dup = FEM1DEvaluateDu (xp,up); dun = FEMIDEvaluateDu(xn,un);
slopes = [dun(end),dup(l)];
endfunction

%$%ValueMList = linspace(0,1e-3,10); %% for M = 10
ValueMList = linspace(0,2e-7,10); %% for M = 20
for jj = 1l:length(ValueMList)
s = FindSlopes (ValueMList (33)); sn(jj) = s(1); ,sp(JjJ) = s(2);
endfor
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figure(l); plot (ValueMList, sp,ValueMList, sn);
xlabel (‘value of u(+M)’); ylabel (’slopes at x=0");
legend(’ x>0’ ,’x<0’,’location’,’south’)

%% find the best value at x=+M
SameSlope = @ (valueM)diff (FindSlopes (valueM)) ;
ValueAtM = fzero(SameSlope, [5, 9] *1e-8) %% for M = 20

%% solve the two BVPs
BCleft = Join; BCright = ValueAtl; %% for M = 20
ul0 = @ (x) (xp—M) . " 6/M"6%Join;
[xp,up,inform] = BVP1DNL(interval,1,-c,0,1,f,BCleft,BCright,u0,
"Display’,’off’,’tol’,1le-8);
figure(11l); plot (xp,ul (xp),xp,up); xlabel ('x’); ylabel('u’);
legend(’u_0’,’u’,’location’, "northeast’)
intervaln = linspace(-M,0,N)’; BCleft = 1; BCright = Join;
u0 = @(x)1-(x+M) . 4/M 4% (1-Join) ;
[xn,un,inform] = BVP1DNL(intervaln,1,-c,0,1,f,BCleft,BCright, u0,
'Display’,’off’,’tol’,1e-8);
figure(12); plot (xn,ul (xn),xn,un); xlabel ('x’); ylabel('u’);
legend(’u_0’,’u’,’location’,’southwest’)
figure(2); plot(xn,un,xp,up); xlabel ('x"); ylabel('u’);

%% evaluate the derivatives at x=0

[dup, ddup] = FEM1DEvaluateDu (xp,up) ;

[dun, ddun] = FEM1DEvaluateDu(xn,un);

disp(sprintf ("first derivatives: u’ (x-0)= %g and u’ (x+0)= %g, difference = %g",
dun (end) ,dup (1) ,dun (end)-dup (1) ))

endfunction

9.22 From Salt Lake City to Ziirich, the shortest connection on a sphere

On the right find a graphics of the northern hemisphere (radius
R = 6300 km) with the two cities Ziirich and Salt Lake City
shown. The geographic data of the towns is given by

B N\ N
=3

latitude 7 — @ | longitude ¢ - N
2 Ve NS\
Y AN
Salt Lake City 41° 1120 TAINS

Ziirich 47° +8°

Airlines prefer to use the shortest connection possible and will
fly north first, and then turn back south. Use calculus of varia-
tions to find the corresponding boundary value problem and ver-
ify that the shortest connection follows a great circle.

To examine this problem use spherical coordinates.

x sin @ cos ¢
y | =R | sin6 sing
cos 6

The longitude equals the angle ¢ and the latitude is given by 7 — ). Represent the connection from Salt Lake City
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to Ziirich by writing the latitude as a function of the longitude, i.e. # = u (¢). To find the total length L express
the length element d! in terms of spherical coordinates. Use basic calculus to find

dl = R\/sin?0d¢? +dh%2 = R\/sin®(u(p)) + (u/(¢))? de

1 1
L) = R [ \fsin(u@) + (u (0)? do = R [ o(6.uto) w(0)) o

To be determined is the function # = u(¢) such that the above functional L(w) is minimized, respecting the
boundary conditions u(¢src) = Ospc and u(dzy) = Ozy. Use calculus of variations to find the Euler—
Lagrange equation

d 0 _ 0
do <0u’ 9> R
_d u ___cos(u) sin(u)
a¢ < Sin2(“)+(“')2> sin?(u) + ()2 (100)

This is a nonlinear boundary value problem for the function u(¢).

9.22.1 A solution based on successive substitution

With FEMoct ave use the method of successive substitution and hope for convergence. Start with a straight line
.. . 2 . .
connection, i.e. the solution of dcf? u(¢) = 0. Then hope for the iteration u,_1 — u,, where wu,, solves

d ul, cos(Up—1) sin(u,—1)

0\ \foinlun 12+ (1) i )? + (1 )2

to converge. To use the command BVP 1D () for this iteration the following steps are performed.

* Determine the Gauss integration points by phiG = FEM1DGaussPoints (phi).

Evaluate u(¢) = 6(¢) and v/(¢) = % () at the Gauss points with the help of
[thetaG,DthetaG] = pwquadinterp (phi, theta, phiG)

* Evaluate the coefficients a(¢) and d(6) at the Gauss points by

(sin(thetaG)." 2 4+ DthetaG." " 2)."(-1/2)
— d = sin(thetaG) .*cos (thetaG) ./sgrt (sin(thetaG).”2 + DthetaG."2)

- a

e Call [phi,theta] = BVP1D (interval,a,0,0,d,-1,BCleft,BCright)

To verify that the shortest connection is on a great circle use the vectors psyc and pzgr connecting the center of
the earth to the two cities. Then determine the vector 7 orthogonal to the plane of the great circle connecting Salt

Lake City and Ziirich.
_ 1 - |
n=q5————= 7 DSLC X PZH
[Psce % pzull
The scalar product (p, 77) will determine the distance of the point p from the plane containing the great circle.
In Figure 137 find the results of successive substitution performed by the code SaltLakeCity2Zuerich.m

below. The (slow) animation also shows the length L for each iteration.
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Iteration 1: L = 9510.058645 km
Iteration 2: L = 8532.915369 km
Iteration 3: L = 8491.805282 km
Iteration 4: L = 8485.252338 km
Iteration 5: L = 8483.738234 km

* Figure 137(a) shows the latitude as function of the longitude. The result of the first computations stays
clearly to far south. The sequence of solutions is monotonically increasing and converging.

* Figure 137(b) shows the resulting curves in space. The length unit is the radius R of the earth.

* Figure 137(c) shows the distance from the plane of the great circle connecting Salt Lake City and Ziirich.
This distance converges to zero, i.e. the shortest connection is along a great circle.

»
a
o
©
o
=

60 0.85 \ 0
855 08 \ -0.1
—_ N
0.75
& 50 02
@ 0.7
45 -03
0.65
40 029 a4 -0.4
-120-100 -80 -60 -40 -20 0 20 0. 6.8 0.4 0.6 0.8 -120-100 -80 -60 -40 -20 0O 20
. .04-020 0.2 0.
@ [deg] Y 04-0 X @ [deg]
(a) graph of the angles (b) the curves in space (c) distance from the plane

Figure 137: The connections between Salt Lake City and Ziirich. The plots of latitude as function of longitude,
the curves in space on the earth as sphere with radius 1 and the distances from the plane with the great circle.

| SaltLakeCity2Zuerich.m
N = 51; R 6300;
Angles_ZH [8,90-47]1/180%*pi; Angles_SILC = [
Vec_ZH = Rx[sin(Angles_ZH(2) ) xcos (Angles_ZH(1)
sin(Angles_ZH(2) ) *sin (Angles_ZH(1)
Vec_SLC = R« [sin(Angles_SLC(2)) *xcos (Angles_SLC
sin(Angles_SLC(2)) *sin(Angles_SLC
n = cross (Vec_SLC,Vec_ZH); n = n/norm(n);
BCleft = Angles_SLC(2); BCright = Angles_ZH(2);
interval = linspace (Angles_SLC(1l),Angles_ZH(1),N);
[phi, theta] = BVP1D(interval,1,0,0,1,0,BCleft,BCright);
figure(l); plot (phi/pi*180, 90-theta/pi*180);
xlabel (" \phi [deg]’); ylabel (' 90-\theta [deg]’); hold on
x = sin(theta) .*cos(phi); y = sin(theta) .*xsin(phi); z = cos(theta);
Dtheta = FEMIDEvaluateDu(phi, theta);
figure(2); plot3(x,v,2);
xlabel ("x'); ylabel('y’); zlabel(’'z’"); view([-20,10]); hold on
disp(sprintf("Iteration 1: L = %f km",Rxtrapz(phi, sgrt (sin(theta) . 2+Dtheta.”2))))
figure(3); plot (phi*180/pi, [X,y,2z]*n);
xlabel (' \phi [deg]’); hold on;
phiG = FEM1DGaussPoints (phi) ;
for jj = 2:5;
[thetaG,DthetaG] = pwquadinterp (phi, theta, phiG) ;

-112,90-41]/180xpi;

)
) ;cos (Angles_ZH(2))1;
(1))
(1)) ;cos(Angles_SLC(2))1;
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a (sin(thetaG) .2 + DthetaG."2)." (-1/2);
d = —-sin(thetaG) .*cos (thetaG) ./sqrt (sin(thetaG) ."2 + DthetaG."2);
[phi,theta] = BVP1D(interval,a,0,0,d,1,BCleft,BCright);
Dtheta = FEM1DEvaluateDu (phi,theta);
disp(sprintf ("Iteration %i: L = %f km",
j3,R+trapz (phi, sgrt (sin(theta) . "2+Dtheta.”2))))
figure(1l); plot (phi/pi*180, 90-theta/pi*180);
x = sin(theta) .*cos(phi); y = sin(theta).*sin(phi); z = cos(theta);
figure(2); plot3(x,v,2z);
figure(3); plot (phi*180/pi, [X,y,z]*n);
pause (0.2)
endfor %% jJ
figure(l); legend('1’,’2","73",74","5"); hold off;
figure(2); hold off; figure(3); hold off

9.22.2 A solution using BVP1DNL ()

When solving the BVP (100)

d o cos(u) sin(u)

d¢ sin?(u) + (u')? a VsinZ(u) + (/)2
with the help of BVP1DNL () the partial derivatives of the right hand side with respect to u and «’ will be used.

~ cos(u) sin(u)
V/sin?(u) + (u')?
fléuu) = — 1 — 2 sin?(u) cos?(u) sin?(u)
V/sin?(u) + (u/)? sin(u) + (u/)23
cos(u) sin(u) v’

fu = o/ f(¢7u7u/) = 3

sin?(u) + (u/)?

f(¢7 u? ul) =

0
fu—%
9

The the algorithm in the code below will use a combination of Newton’s method and partial substitution. Thus
the convergence will not be drastically faster then the pure partial substitution implemented in the above code,
but there is some error control and the algorithm has not to be coded explicitly.

| SaltLakeCity2Zuerich.m
N = 51; R = 6300;

Angles_ZH = [8,90-47]/180xpi; Angles_SLC = [-112,90-411/180%pi;
BCleft = Angles_SLC(2); BCright = Angles_ZH(2);

interval = linspace(Angles_SLC(1l),Angles_ZH(1),N);

a = @(x,u,du) (sin(u) . 24+du.”2) .7 (-0.5);

f = {@(x,u,du) (—cos (u) .xsin(u)) ./sqgrt (sin(u) . 2+du."2),

@(x,u,du)—(1-2*sin(u) ."2)./sqrt(sin(u) . "2+du."2) ...
+(cos(u) . 2.%sin(u).”2) ./ (sqrt(sin(u) . "2+du."2)."3),

@(x,u,du) (cos(u) .*sin(u) .xdu) ./ (sqrt (sin(u) . "2+du.”2).73) };
[phi2,theta2] = BVP1D(interval,1,0,0,1,0,BCleft,BCright); %% generate an intial guess
[phi2, theta2, inform] = BVP1DNL(interval,a,0,0,1, f,BCleft,BCright,theta2,

"MaxIter’,20,’Display’,’iter’);
figure(4); plot (phi/pi*180, 90-theta/pi*180);
xlabel (" \phi [deg]’); ylabel (' 90-\theta [deg]’);

Dtheta2 = FEM1DEvaluateDu(phiZ2,theta?2);
disp (sprintf ("BVPIDNL() : L = %f km",Rxtrapz (phi2, sgrt (sin(theta2) . 2+Dtheta2.72))))
—>
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iteration 1, RMS(correction) = 3.564728e-02, RMS(phi) = 2.463522e-02
iteration 2, RMS(correction) = 9.219981e-03, RMS (phi) = 3.524064e-03
iteration 3, RMS(correction) = 3.832637e-03, RMS(phi) = 1.109014e-03
iteration 4, RMS(correction) = 1.851140e-03, RMS (phi) = 4.995842e-04
iteration 5, RMS(correction) = 9.461144e-04, RMS(phi) = 2.493060e-04
iteration 6, RMS(correction) = 5.000805e-04, RMS (phi) = 1.302717e-04
iteration 7, RMS(correction) = 2.705884e-04, RMS (phi) = 6.998341e-05
iteration 8, RMS(correction) = 1.490106e-04, RMS (phi) = 3.832821e-05
iteration 9, RMS(correction) = 8.320151e-05, RMS(phi) = 2.129955e-05
iteration 10, RMS(correction) = 4.698144e-05, RMS(phi) = 1.197436e-05
iteration 11, RMS(correction) = 2.677860e-05, RMS(phi) = 6.796374e-06
iteration 12, RMS(correction) = 1.538521e-05, RMS(phi) = 3.888693e-06

BVPIDNL() : L = 8483.161942 km

9.23 A 1D nonlinear bending beam problem

The bending of a slender beam can be described by the angle a(s) as function of the arc length s. For a beam

with inertia of the cross section I and a material with Young’s modulus E' the curvature is given by

(s) = ol(s) = 1)

where M (s) is the total moment at position s. Examine a beam attached at (x,y) = (0,0) and starting out
horizontaly (i.e. a(0) = 0) with a vertical force F» applied at the other endpoints s = L. The (z,y) coordinates

of the beam at s = [ are the given by an integral
x(s) /5 cos(a(T))
= dr
y(s) 0 \ sin(e(7))

L
M(s) = F(x(L) —x(s)) = —F» / cos(a(r)) dr

The moment M (s) is given by

Using the above equation for the bending of the beam leads to

M(s) B [F

a(s) = 5L - EI cos(a(r)) dr
d F,od [* F:
%a(s) = EQIds/s cos(a(T)) dr = —Ele cos(s)
a"(s) = = cos(a(s)

This ODE has to be supplemented with the boundary conditions «(0) = /(L) = 0 to arrive at a nonlinear BVP.

For small forces the approximation cos(a)) ~ 1 leads to the solution

Fy

Fy
a(s) ~ SET

5)?) = —=-(2Ls—s?).

L?— (L - =
( ( 2EI

Use this result for code varification or as possible starting value for Newton’s method.
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9.23.1 Solving the BVP using Newton’s algorithm
This can be solved using Newton’s method. Use the idea of linearization to arrive at an iterative algorithm.

Fy

—a’(s) = Vi cos(a(s)) for 0<s< L and «(0)=d'(L)=0
" Vi _ Fy ~ Fy .
—a'(s) = ¢"(s) = I cos(a(s) + ¢(s)) = i (cos(a(s)) — sin(a(s)) ¢(s))
~'(5) + 12 sin(0n()) 6(s) = +al(s) + o= (cos(an(s))) with 6(0) = (L) = 0
any1(s) = an(s)+¢(s)

The code BendingBeamlD.m implements the above algorithm. For small values of F5 the results are as
expected. But for larger values of F5 the resulting figure is at best surprising. In Figure 138(a) find the result
for F, = 1.5, and this is in fact a solution of the nonlinear BVP, but not the expected solution. Newton’s method
works extremely well, if the initial guess is “close enough” to the desired solution. But the last point is critical
and failed for this bending beam problem for large forces Fb.

| BendingBeam1D.m
1; %% as single run
% try values of 0.1 0.5 1.0 and 2
N = 1000; s = linspace(0,L,N);
[sn,alpha] = BVP1D(s,1,0,0,1,F2/EI,0,[0,0]);
figure(1l); plot(sn,alpha); xlabel (’arclength s’); ylabel(’angle \alpha’)
xGauss = FEM1DGaussPoints(sn);
[xGauss,Nodes2GaussU] = FEM1DGaussPoints(sn);
for §j3 = 1:20
[dalpha,ddalpha] = FEM1DEvaluateDu(sn,alpha); %% evaluate derivative at nodes
RHS = ddalpha + F2/EIxcos (alpha);

&
N
Il
= .
)]
~
o ||

alphaGauss = Nodes2GaussUxalpha; %% evaluate u at Gauss points
[sn,phi] = BVP1D(s,1,0,+F2/EI*sin(alphaGauss),1,RHS,0,[0,0]);
disp (sprintf (‘max(abs(phi)) = %g , max(abs(RHS)) = %g’,max(abs(phi)), max(abs (RHS))))

alpha = alpha + phi;
figure(2); plot(sn,alpha); xlabel (’x’); ylabel(’angle \alpha’)
pause (0.2)
endfor
x = cumtrapz(sn,cos(alpha)); y = cumtrapz(sn,sin(alpha));
| figure(3); plot(x,y); xlabel('x’); ylabel('y’)
To obtain a reliable solution for F5 = 2 it is advisable to use a parameterized approach. In the code below
the value of F5 is increased form O to 2.0 is steps of 0.25 and at each new level of F5 the result of the previous
computation is used as starting value for «.(s). Find the results in Figure 138(b).

| BendingBeam1D.m
L =3; EI = 1; F2_List = [0.25:0.25:2]; %% a parametrized approach
N = 100; s = linspace(0,L,N)’;
[sn,alpha] = BVP1D(s,1,0,0,1,F2_List(1)/EI,0,[0,01);
figure(1l); plot(sn,alpha); xlabel(’arclength s’); ylabel (’angle \alpha’)
xGauss = FEM1DGaussPoints(sn);
figure(3); clf; hold off
for F2 = F2_List
for 33 = 1:10
[dalpha,ddalpha] = FEM1DEvaluateDu(sn,alpha);
RHS = ddalpha + F2/EIxcos (alpha);
alphaGauss = pwquadinterp (sn,alpha,xGauss); %% evaluate u at Gauss points
[sn,phi] = BVP1D(s,1,0,F2/EIxsin(alphaGauss),1,RHS,0, [0,0]);
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(a) the result for F» = 1.5 (b) the parametric results for F5 up to 2

Figure 138: The solutions for a bending beam

alpha = alpha + phi;
endfor % jJ
x = cumtrapz (sn,cos(alpha)); y = cumtrapz(sn,sin(alpha));
figure(3); plot(x,y); xlabel ('x’); ylabel(’'y’); hold on
endfor %% EF2

hold off

9.23.2 Solving the BVP with the command BVP1DNL ()

The above bending beam problem can be solved with the help of BVP1DNL (). There is less coding involved,
but the problem of converging to a non desired solution remains. Observing the results of the iterations confirms
that at first the algorithm is “searching for a solution”, but once it is close to a solution quadratic convergence sets

in, i.e. the number of stable digits is doubled at each step. This is expected for Newton’s method.

| BendingBeam1D.m
F2 = 1.5; %% try values of 0.1 0.25 0.5 1.0 and 2
= {@(s,alpha)F2/EI*cos (alpha), @(s,alpha)-F2/EI*sin(alpha)};
= 100; s = linspace(0,L,N)’;
%$%% generate a good initial guess
[sn,alpha0] = BVP1D(s,1,0,0,1,F2/ETL,0,[0,0]); %% as solution of linear BVP
%% alphaO = Q@ (s)F2/ (2+EI)* (L"2—-(L-s)."2); %% use the analytical solution
[sn,alpha,inform] = BVP1DNL(s,1,0,0,1,£f,0,[0,0],alphaO,
"tol’, le-8,"'MaxIter’,50,'Display’, iter’);
inform
figure(1l); plot(sn,alpha); xlabel(’arclength s’); ylabel(’angle \alpha’)
X = cumtrapz(sn,cos(alpha)); y = cumtrapz(sn,sin(alpha));
figure(3); plot(x,y); xlabel(’'x’); ylabel('y’);

The output of the above code illustrates the long search for a solution by Newton’s method, and the quadratic

convergence as soon as close to one of the possible solutions.

iteration 1, RMS(correction) = 2.148167e+00, RMS (phi) = 3.658963e+01
iteration 2, RMS(correction) = 1.534256e+00, RMS (phi) = 1.281984e+00
iteration 3, RMS(correction) = 3.233207e-01, RMS(phi) = 6.380582e-01
iteration 4, RMS(correction) = 1.715649e-01, RMS(phi) = 6.706732e-01
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iteration 5, RMS(correction) = 1.442408e-01, RMS(phi) = 5.281602e-01
iteration 6, RMS(correction) = 1.380244e-01, RMS(phi) = 4.177463e-01
iteration 7, RMS(correction) = 1.388972e-01, RMS(phi) = 3.168041e-01
iteration 8, RMS(correction) = 1.277986e-01, RMS (phi) = 2.140754e-01
iteration 9, RMS(correction) = 8.810050e-02, RMS (phi) = 1.124749%e-01
iteration 10, RMS(correction) = 3.198417e-02, RMS (phi) = 3.424090e-02
iteration 11, RMS(correction) = 3.261890e-03, RMS (phi) = 3.282558e-03
iteration 12, RMS(correction) = 3.022821e-05, RMS(phi) = 3.022996e-05
iteration 13, RMS(correction) = 2.563226e-09, RMS(phi) = 2.562500e-09
inform = scalar structure containing the fields:

info =1

iter =13

| AbsError = 2.5632e-09

The parametric approach will again reliably generate the desired solution. It is using very few iterations for
each value of F5.

| BendingBeam1D.m
L =3; EI = 1;
F2_List = [0:0.25:2];
N = 100; s = linspace(0,L,N)’; sn = sort([s; s(l:end-1)+diff(s)/2]);
alpha = 0;
for F2 = F2_List
f = {Q(s,al)F2/EIxcos(al), Q(s,al)-F2/EIxsin(al)};
[sn,alpha,inform] = BVP1DNL(s,1,0,0,1,£f,0,[0,0],alpha);
inform
endfor
inform
figure(1l); plot(sn,alpha*180/pi); xlabel ('arclength s’); ylabel (‘angle \alpha [deg]’)
X = cumtrapz(sn,cos(alpha)); y = cumtrapz(sn,sin(alpha));

| figure(3); plot(x,y); xlabel(’'x'); ylabel('y’);

9.24 Mass transfer in a porous catalyst

In [ , p- 92, Example 4.3, p. 255, Example 5.7] a nonlinear boundary value problem is examined,
describing the mass transfer in a porous catalyst.
n o a 2 vB(1-y) . /
—y ——y =—a"y exp(————=) with 0)=0 and 1)=1
v =y y Xp(1+5(1_y)) y'(0) y(1)
For av = 0 there is the trivial solution y(z) = 1. The nonlinear contribution and its partial derivative are given by
18 —y)
fly) = —aPyexp(————~
i SRR TeRL
9 A Y8(A—-y) yBA+B8A-y)+vB(10—-y)B
87 (y) _ —042€Xp(1 ( ) )+042yexp( ( ) ) ( ( )) 2( )
Y +8(1—-y) 1+8(1—y) (1+8(1—-y))
2 1B —y) < — 8 >
= —aexp(————"F) | 1+y .
Traa—y UM a2
In [ ] the values @ = 2, v = 20 and 5 = 0.05 are used and the parameter 0 < « < 1 is increased
fromOto 1. BVP1DNL () can solve the problem directly for « = 1, but a parametric solution is possible too. Find
the solutions of the code below in Figure 139. The results coincide with the numbers in [ , Example
5.7].
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(a) the solution for a = 1 (b) The solution for different values of «

Figure 139: A BVP describing mass transfer in a porous catalyst

| PorousCatalyst.m
N = 10; interval = linspace(0,1,N)’;
a = 2; gamma = 20; beta = 0.05;
BCleft = [0,0]; BCright = 1;
y = 1;
figure(2); clf; hold on; box on; xlabel(’'x’); ylabel('y’)
for alpha = 0:0.2:1
f = {@(x,y) —alpha”2xy.x*exp (gamma*betax* (1-y) ./ (1+betax (1-y))),
Q(x,y) —alpha”2 *exp (gammaxbetax (1-y) ./ (1+beta* (1-y))) .x...
(1-gammaxbetaxy./ ( (l+betax (1-y))."2) )};
[x,y] = BVPIDNL(interval,1,@(x)-a./x,0,1,f,BCleft,BCright,y);
plot (x,y)
disp(sprintf (‘alpha = $#3.2f, y(0) = %$#g’,alpha,y(1)))
endfor
legend(’ \alpha = 0.00’,’\alpha = 0.20’,"\alpha = 0.40’,’\alpha = 0.60",

"\alpha = 0.80’,"\alpha = 1.00’,’location’,’southeast’)
figure(l); plot(x,y); xlabel ('x’); ylabel(’'y’); box on
—>
alpha = 0.00, y(0) = 1.00000
alpha = 0.20, y(0) = 0.993333
alpha = 0.40, y(0) = 0.973339
alpha = 0.60, y(0) = 0.940066
alpha = 0.80, y(0) = 0.893713
alpha = 1.00, y(0) = 0.834810

I : : |
For a second set of values a = 0, v = 20 and 8 = 0.4 the algorithm converges nicely up to a ~ 0.37. For
a > 0.4 convergence is difficult to obtain.

In[ , Example 4.3] find the values for ¢ = 2, v = 20, 8 = 0.2 and o = 2. A rather sophisticated
iteration scheme was used in [ ]. By increasing the value of o from O to 2 the results in the last row
of [ , Table4-12] can be reproduced by BVP 1DNL () . Find the results of the code below in Figure 140.
| PorousCatalyst.m

N = 51; interval = linspace(0,1,N)’;
BCleft = [0,0]; BCright = 1;
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(a) the solution for o = 2 (b) The solution for different values of o

Figure 140: A BVP describing mass transfer in a porous catalyst, second setup

a = 2; gamma = 20; beta = 0.2;
y = 1;
figure(2); clf; hold on; box on; xlabel (’'x’); ylabel('y’)
for alpha = [0:0.1:1.6, 1.65:0.05:2]
f = {@(x,y) —alpha”2xy.*exp (gammaxrbetax* (1-y) ./ (1+betax (1-y))),
@(x,y) —alpha”2 *exp (gammaxbetax (1-y) ./ (L+beta* (1-y))) .*. ..
(1-gammaxbetaxy./ ( (l+betax (1-y))."2) )};
[x,y] = BVPIDNL(interval,1l,@(x)-a./x,0,1,f,BCleft,BCright,vy);
plot (x,V)
endfor
figure(l); plot(x,y); xlabel(’x’); ylabel(’y’); box on
x_ n = [0:0.2:0.8]; y_n = pwquadinterp(x,vy,x_n);
disp (sprintf ('y(%9)=%5.4e, y(%9)=%5.4e, y(%9)=%5.4e, y(%9)=%5.4e, vy
x n(l),y.n(l),x n(2),y_n(2),x n(3),y_n(3),x n(4 (

—-—>

v(0)=2.7643e-3, y(0.2)=5.3166e-3, y(0.4)=2.1871le-2, y(0.6)=1.0853e-1, y(0.8)=4.3316e-1

9.25 Troesch’s equation

examined.

v’ () = a sinh(ay(z)) with y(0)=0 and y(1)=1

In [IzadSuayNoei21] or [KubiHlav08, p. 244, Example 5.4] Troesch’s nonlinear boundary value problem is

The results for « = 0.5 in [[zadSuayNoei2 1, Table 1] can be generated by BVP1DNL () with very few lines of
code.

Troesch.m
N = 11; interval = linspace(0,1,N)’; BCleft = 0; BCright = 1;
alpha = 0.5;

f = {@(x,y) —alphaxsinh(alphax*y), @(x,y)-alpha”2*cosh (alphaxy)};
[x,y,inform] = BVP1DNL(interval,1,0,0,1,f,BCleft,BCright, @ (x)x);
figure(l); plot(x,y); xlabel ('x’); ylabel('y(x)")

xd = [ 0.1:0.1:0.9]"; vyd = pwquadinterp(x,y,xd);
Results = [xd,yd]

—>

Results = 0.1 0.095944

SHA 9-10-23



9 EXAMPLES, EXAMPLES, EXAMPLES 284

0.2 0.192129
0.3 0.288794
0.4 0.386185
0.5 0.484547
0.6 0.584133
0.7 0.685201
0.8 0.788017
| 0.9 0.892854
To obtain the results for « = 1 in [ , Table 2] just change the value of « in the above code.
In [ , Example 5.4] a shooting method is used to determine « as function of y'(0). The results
in [ , Table5-6] are confirmed by the code below, using BVP1DNL ().

I Troesch.m
N = 51; interval = linspace(0,1,N)’; BCleft = 0; BCright = 1;
figure(l); clf; hold on; box on
y = 1;
for alpha = [0.792, 1.151 1.753 2.394 3.308 4.129 5.0]

= {Q@(x,y) —alpha*sinh(alphaxy), @(x,y)-alpha”2+cosh(alphaxy) };
[x,y] = BVP1DNL(interval,1,0,0,1,f,BCleft,BCright,v);
figure(l); plot(x,y); xlabel ('x’); ylabel('y(x)’); drawnow()
[y0,dy0] = pwquadinterp(x,vy,0);
disp(sprintf ("alpha = $#6.5g, y’ (0)= %g",alpha,dy0))

endfor

—>

alpha = 0.79200, y’ (0)= 0.900027

alpha = 1.1510, vy’ (0)= 0.800195

alpha = 1.7530, vy’ (0)= 0.600109

alpha = 2.3940, vy’ (0)= 0.400003

alpha = 3.3080, vy’ (0)= 0.200008

alpha = 4.1290, vy’ (0)= 0.0999462
alpha = 5.0000, vy’ (0)= 0.0457183

9.26 Motion of a string

Examine the motion of a string of length 5. For 2 seconds apply a force to the very left section (0 < z < 1). Use
a small damping factor, e.g. 0.25. A possible IBVP describing this setup is

2 u(w,t) +0.25 L u(a,t) — Lyu(z,t) = fla,t) for0O<z<5and0 <t <10
w(0,t) = u(5,t) = 0 for 0 <t <10
u(z,0) = Zu(z,0) = 0 for0 <z <5

with the driving force function

fat) cos(5 ) sin(27t) for0<z<land0<t<2
€T =
0 otherwise

This problem is examined with the help of T2BVP1D (). Find the result in Figure141. Observe the two cos—
shaped pulses moving with speed +1. Then they are reflected at the border at x = 5 and travelling with speed —1.
The amplitudes are slowly decaying, caused by the damping.
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Figure 141: Motion of a string, excited by an initial pulse close to x = 0

N

= 101; x_max = 5;

omega = 2+*pi;

f = Q(x,t) (cos(x*xpi/2) .x (x<=1)) + (sin (omega*t) » (£t<=2)) ;

u0 = 0; ul = 0;

w2 =1; wl =0.25; a=2; b=0; ¢c=0; d=1;

BCleft = [0]; BCright = [0];

t0 = 0; tend = 10; steps = [250,10];

[x,u,t] = I2BVP1D(interval,w2,wl,a,b,c,d, £,BCleft,BCright,ul,ul,t0,tend, steps);

figure(l); mesh(t,x,u); xlabel (‘time t’); ylabel ('position x’');

MovingString.m
interval = linspace(0,x_max,N)’;

2

T4
3

position x

zlabel ("u’)

x1lim([min(t),max(t)]); ylim([min(x),max(x)]); view([20,20])

9.27 A pipe under pressure

Examine a pipe with a circular cross section and inner radius R and a wall with thickness AR. On the inside
a pressure P is applied. The pipe under pressure will expand and the wall material will stretch. For ductile
materials (e.g. copper, steel) the maximal value of the von Mises stress is a good criterion to decide whether the
pipe will withstand the pressure, or break. The problem can be examined by FEM as a plane strain problem or as

an axially symmetric problem, or one can determine an exact solution.

As exemplary situation examine:

* a pipe with inner radius R = 0.1 m and a wall thickness of AR = 0.01 m. A quarter of a cross section is
visible in Figure 142.

» apressure of P = 10 atm = 10° Pa = 10° %

» with a copper pipe, i.e. a yield strength of ~ 33 MPa or a steel pipe, i.e. a yield strength of ~ 350 MPa.
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Figure 142: One quarter of a section through the pipe, the original domain (green) and the deformed domain (red)

9.27.1 As a plane strain problem

To examine this problem with FEMoctave start by defining the domain and the boundary conditions.

* Define the domain with the help of polar coordinates R < r < R+ ARand 0 < ¢ < 7. Use
CreateMeshRect () to create a rectangular mesh and then MeshDeform () to create the domain in
Figure 142.

* Atthe lower edge at y = O the edge is free to move in x—direction and no displacement in y—direction. This
is implemented with the code —21 in the function CreateMeshRect () for the boundary condition. See
Table 5 on page 49 for the coding of the boundary conditions.

* At the left edge at x = 0 the edge is free to move in y—direction and no displacement in x—direction. This
is implemented with the code —12 for the boundary condition.

* At the inner edge at r = R pressure P is applied, leading to the code —33 for the boundary condition.
* At the outer edge at » = R + AR there is no force, leading to the code —22 for the boundary condition.

* For good accuracy second order elements are used by calling MeshUpgrade ().

| PipePressure.m
= 110e9; nu = 0.35; %%% copper

$%E = 200e9; nu = 0.25; %%% steel

R =0.1; dR = 0.01;

nR = 5; nPhi = 51; %% number of layers in radial and angular direction
Estar = E/(1-nu”2); nustar = nu/(l-nu);

=

global P
P = 10e5; %% 10 atm pressure
FEMmesh = CreateMeshRect (linspace (R, R+dR,nR+1),linspace(0,pi/2,nPhi+l),-21,-12,-33,-22);
function new_xy = Deform(xy)
new_xy = [xy(:,1).xcos(xy(:,2)),xy(:,1).*xsin(xy(:,2))1;
endfunction
FEMmesh = MeshDeform (FEMmesh, 'Deform’) ;
FEMmesh = MeshUpgrade (FEMmesh, 'quadratic’);

With this domain and the correct boundary conditions the problem can be solved.
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« Start by defining the force density corresponding to the inside pressure P, i.e.

R cosa ] P cosa
at apply the force density

R sin«a P sin«

* Assuming that the pipe will not stretch in the direction orthogonal to the cross section we end up with a
plane strain problem. Thus use PlaneStrain () to find approximations to the displacements u; and uo.

| PipePressure.m |

%% define the radial pressure to be applied on the inside
function res = gNI (xy)

global P

angle = atan2(xy(:,2),xy(:,1)); res
endfunction
function res = gN2(xy)

global P

angle = atan2(xy(:,2),xy(:,1)); res
endfunction

Pxcos (angle);

Pxsin(angle);

[ul,u2] = PlaneStrain (FEMmesh, E,nu, {0,0},{0,0}, {"gNL1’,’gN2"});

factor = 400;
figure(111l); ShowDeformation (FEMmesh,ul,u2, factor); axis equal; xlabel(’x’); ylabel('y’);

I I’

The last few lines in the above code generate the domain visible in Figure 142.

With the displacements determine all stresses at the nodes by using EvaluateStress (). Since four return
arguments are asked for the plane strain setup is used. Then use EvaluateVonMises () to find the values of
the von Mises stress, visible in Figure 143(a). The maximal value of the von Mises stress is approximated by
10 MPa, which is smaller than the yield strength 33 MPa of copper. Thus the pipe is expected to withstand the
applied pressure, but the margin of error is not very large. The pipe will start cracking on the inside, where the
von Mises stress is largest.

| PipePressure.m
[sigma_x,sigma_y,tau_xy,sigma_z] = EvaluateStress (FEMmesh,ul,u2,E,nu);
vonMises = EvaluateVonMises (sigma_x, sigma_y,tau_xy,sigma_z) ;

figure(2); FEMtrimesh (FEMmesh,vonMises); xlabel ('x’); ylabel('y’);
title(’von Mises stress’); view([25,25])

vonMises_min_max = [min (vonMises),max (vonMises) ]
—>
vonMises_min_max = 8.3695e+06 1.0082e+07

To analyze the pipe further choose an angle, e.g. o = 7 = 90°, and evaluate along a straight line with this

angle forradii R <r < R+ AR.
* Start by selecting the angle 0 < o < 7 and define the = and y values along the arc with this angle.

* Use the above values of the stresses and EvaluatePrincipalStress () find the values of the prin-
ciple stresses at the nodes.

* Then calls of FEMgriddata () will determine the values of the principle stresses along the selected
arc. Use 03 = v (01 + 02) to compute the third principle stress. Then a call of plot () will generate
Figure 143(b).
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von Mises stress

1.2e+07
o letO7f —/—/
1.05e+07 2 8406 |
1e+07 % 60+06 ||— 01
9.5e+06 — — 02
S 4e+06 |— o3
9e+06 S
c  2e+06 |
8.5e+06 u =
‘ | Q 0t
8et06 | ﬁg |
— : -2e+06
2.9%.04,06, 5 0b1s O 0§y 0.1 0.1020.1040.106 0.108 0.11
X : radius
(a) the von Mises stress (b) the principal stresses

Figure 143: The von Mises stress in the cross section and the principal stresses along a radius of the pipe under
pressure

¢ The minimal value —9.9770 - 10° &~ —1 MPa of o5 shows that this is the normal stress in radial direction
on the inside of the pipe, coinciding with the given pressure P.

* The maximal value —7 - 10° 2 0 MPa of o5 corresponds to the zero pressure on the outside.

* The values of o1 are considerably larger than the values of o5. This illustrates that the wall of the pipe is
severely stretched in angular direction.

| PipePressure.m
%% evaluation at one angle, all radii
alpha = pi/4; Nr = 101; Nmid = (Nr+l)/2; %% use an odd number for Nr
r = linspace(R,R+dR,Nr)’; x = rxcos(alpha); vy = r*sin(alpha);

[sigma_1,sigma_2] = EvaluatePrincipalStress(sigma_x,sigma_y,tau_xy);
sigma_lr = FEMgriddata (FEMmesh, sigma_1, x,Vy);

sigma_2r FEMgriddata (FEMmesh, sigma_2, x,V) ;

sigma_3r = nux (sigma_lr+sigma_2r);

sigma_2r min_max = [min(sigma_2r),max(sigma_2r) ]

figure(3); plot(r, [sigma_lr,sigma_2r,sigma_3r]);

xlabel (' radius’); ylabel (‘principal stresses’)

legend(’ \sigma_1’,’\sigma_2’,’\sigma_3’,’location’,’ west’)
——>
sigma_2r min_max = —-9.9770e+05 -7.1114e+03

At the midpoint in the wall of the pipe the stress matrix (tensor, to be precise) can be evaluated with the help
of three calls of FEMgriddata ().

Oz Tay +4.7572 —5.2252 106
Tzy Oy —5.2252 +4.7616

Q

Then use a rotation matrix and the transformation rule for second order tensors to determine the stresses in the
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rotated coordinate system.

—0.46582 +0.00217 106
+0.00217  +9.9846

+ cos o +sina] [% Tey

—sina  + cos «

+cosa —sina ]

Tzy Oy +sina 4 cosa

The result shows the normal, compressing pressure of —0.47 MPa in radial direction and the stretching pressure
of +10 MPa in angular direction.

| PipePressure.m
%% examine stress at middle point
x_mid = x(Nmid); y_mid = y(Nmid);

sigma_x = FEMgriddata (FEMmesh, sigma_x,x_mid,y_mid) ;

sigma_y = FEMgriddata (FEMmesh, sigma_y,x_mid,y_mid) ;
tau_xy = FEMgriddata (FEMmesh,tau_xy ,x_mid,y_mid);
RotMat = [cos(alpha) -sin(alpha);+sin(alpha) cos(alpha)l;
stress = [sigma_x,tau_xy;tau_xy,sigma_y]

stress_rotated = RotMat’ *stress*RotMat

—>

stress = 4.7572e+06 -5.2252e+06

-5.2252e+06 4.7616e+06

-4.6582e+05 2.1668e+03
2.1668e+03 9.9846e+06

stress_rotated

With the provided code in PipePressure.m it is easy the modify the parameters of the above problem,
e.g. change from copper to steel, examine larger radii or thinner walls.

For a pipe with a thin wall an analytical approximation is possible. Examine the section shown in Figure 142
and assume that the normal stress o, in angular direction is independent on the radius. Then use a balance of
force law in y—direction and an integration over the angle to conclude

w/2
UwAR:/O Psinpg Rdp=PR.

In the above example this leads to

PR 10°-0.1
AR 0.01
which is very close to the above result generated by FEMoctave. With the known angular stress and Hooke’s law
estimate the angular stretch, i.e.

=107,

Op

o 107 _5
% £09.09-1075.
T F T 110109

Since the angular stretching factor €, equals the radial stretching factor ¢, estimate the change of radius by

R — R(+e)=R+9.09-107°.

This is not too far from the FEMoctave result of max{u;} ~ 8.8 - 1075, The FEM approximation allows to
examine pipes with thick walls and also examines behavior within the wall.
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9.27.2 As an axisymmetric problem

The above problem can be examined as an axially symmetric problem. The domain is givenby R <r < R+dR

and 0 < z < R, and then rotated about the z—axis.

* At the inner edge at x = r = R the pressure P is applied in r—direction and the edge is free to move in z

direction.
* The outer edge at x = r = R + dR is free to move.

* The lower and upper edge are fixed in z—direction and free to move in = r—direction.

Start out be defining the parameters and generating the mesh. Then determine the radial displacement u, and the

z—displacement u, by calling AxiStress ().

| PipePressureAxi.m
R=20.1; dR = 0.01;
if 0 %% regular mesh

Mesh = CreateMeshRect (R+1linspace(0,dR, 20),linspace(0,R,10),-21,-21,-32,-22);

else %% irregular mesh
Mesh = CreateMeshTriangle(’Test’, ...
[R 0 -21;R+dR 0 -22; R+tdR R -21; R R —-32],1e-5);
endif
Mesh = MeshUpgrade (Mesh, 'quadratic’);

P = 10e5; E = 110e9; nu = 0.35; £ = {0,0}; gb = {0,0}; gN = {P,0};
[ur,uz] = AxiStress (Mesh,E,nu, £,gD,gN);
figure(2); FEMtrimesh (Mesh,ur);
xlabel ("r’); ylabel("z"); zlabel (‘u_xr’)
figure(3); FEMtrimesh (Mesh,uz);
xlabel ("r’); ylabel("z"); zlabel (‘u_z’)

Determine all strains by using EvaluateStrainAxi ().

| PipePressureAxi.m
[eps_xx,eps_yy,eps_zz,eps_xz] = EvaluateStrainAxi (Mesh,ur,uz);
figure(1ll); FEMtrimesh (Mesh, eps_xx)

xlabel (‘r’); ylabel(’z’); zlabel (' \epsilon_{xx}’)
figure(1l2); FEMtrimesh (Mesh,eps_vyy)

xlabel (‘r’); ylabel(’z’); zlabel (' \epsilon_{yy}’)
figure(13); FEMtrimesh (Mesh,eps_zz)

xlabel (‘r’); ylabel(’z’); zlabel(’\epsilon_{zz}’)

Determine the normal and shearing stresses by using EvaluateStressAxi ().

| PipePressureAxi.m
[sigma_x,sigma_y,sigma_z,tau_xz] = EvaluateStressAxi (Mesh,ur,uz,E,nu);
figure(21); FEMtrimesh (Mesh, sigma_x)
xlabel ("xr"); ylabel(’z’
figure(22); FEMtrimesh (Mesh,sigma_y
xlabel ("r’); ylabel(’z’
figure(23); FEMtrimesh (Mesh,sigma_z
xlabel ("r’); ylabel(’z’

); zlabel (' \sigma_x')
)

); zlabel (" \sigma_y’)
)
)

; zlabel (' \sigma_z')

Determine the von Mises stress, the principal stresses and the Tresca stress by using the script functions
EvaluateVonMisesAxi (),EvaluatePrincipalStressAxi () and EvaluateTrescalAxi (). The

results coincide with the values from the plane strain approach in the previous section.

| PipePressureAxi.m
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vonMises = EvaluateVonMisesAxi (sigma_x,sigma_y,sigma_z,tau_xz);
figure(24); FEMtrimesh (Mesh,vonMises)
xlabel ("r’); ylabel(’z’); zlabel(’von Mises’)
[sigma_1,sigma_2] = EvaluatePrincipalStressAxi (sigma_x,sigma_z,tau_xz);
r = R + linspace(0,dR,100)";
sigma_1li = FEMgriddata (Mesh, sigma_1, r,R/2+ones (size (r
sigma_2i FEMgriddata (Mesh, sigma_2, r,R/2+ones (size (r
sigma_31 = FEMgriddata (Mesh, sigma_y, r,R/2+ones (size(r)))
figure(25); plot(r,sigma_li,r,sigma_2i,r,sigma_31i); xlabel('r’); ylabel('z");
legend(’ \sigma_1’,’\sigma_2’,’\sigma_3’, ’'location’,’west’)
Tresca = EvaluateTrescaAxi (sigma_x, sigma_y, sigma_z,tau_xz);
figure(26); FEMtrimesh (Mesh, Tresca); xlabel (’'r’); ylabel(’z’); zlabel(’Tresca’)

9.27.3 The analytical solution

For this axisymmetric setup use that u, = 0 and u,(r, z) = u,(r) to determine an exact solution. The energy of
the system is given by

With the constant k = W and the notation u(r) = u,(r) the expression to be minimized is

R+AR r v
Ur(u) = / rk ((1 —v) (W (r)* + Ti?u2(7“)) + v u(r) u’(r)) dr — RPu(R)

R 2 "
R4AR v R+AR
- (0w L) o o] nrun
RLAR . R+AR
Ul ) = U+ [ KO- 0l 4 L) dr ko)~ RPO(R) +0(6)

R+AR 1

= UT(u)—i-/ E(L—v)(—=(ru) +=u) ¢ dr+

R r
R+AR

e (1= 0) 1 (0) 6(0) +vur) () | — RPO(R) +0(6?) .

Use the Euler-Lagrange equation for this problem and determine the exact solution.

0 = =) +ulr)
Ansatz: u(r) =r<
0 = —r(rar*™ )Y +r% = —a?r® 4o
0 = —a’+1 = a==l
1
u(r) = 017“—1—02;

The two natural boundary conditions are

(1-v)RY(R)+vu(R) =
(1-v)(R+AR)u'(R+AR)+vu(R+AR) = 0.

\
> =
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1

Using the above solution u(r) = c1 7 + 2 7 leads to
1 1 R
R(l—V)(Cl—ﬁCQ)"‘V(ClR‘FCQE) = —EP
1 1
AR)(1— —— A —) =
(R+AR)(1—v)(c1 (R+AR)262)+V(01(R+ R)+02R+AR) 0

or as a system of linear equations

I A
(R+AR) —a73% c2 0
Using the above parameters the solutions are ¢; ~ 1.7532 - 107° and ¢5 ~ 7.0714 - 107 and thus

1 1
up(r)y =u(r) =c1r+c— ~1.7532-107°r 4+ 7.0714 - 1077 — .
r T

Using the results in Section 4.14.2 (page 87) all stresses and strains can be computed. The values coincide with
the above FEM solutions.

= E/ ((1+nu) x (1-2xnu) ) ;

[R —(1-2%nu) /R; (R+dR) —(1-2*nu)/ (R+dR) ]\ [-R/k*P;0];
= R + linspace(0,dR,100)";

= c(l)*r + c(2)./r;

o8 Q&
Il

9.28 A crook with a weight attached

Examine the two L—shaped steel beams in Figure 144(a). Each beam has length . = H = 0.1 with a square cross
section of 0.01 x 0.01. The top edge is fixed and at the right end there is a force of 100 N (i.e. a weight of 10 kg)
pulling the beam downwards. The corner at (x,y) = (0,0) is slightly rounded, since the highest stresses are
expected to show up in this area, see Figure 144(b). The applied force of 100 N leads to a surface force density
o gy = 0N, — 100 N,

Start out by defining the domain and generating the mesh with the help of CreateMeshTriangle ().
Since second order elements do not suffer from shear—locking use MeshUpgrade () to generate second order

elements.

I Crook.m
W= 0.01; H= 0.1; Load = 1leb6;;
Layers = 2x5; gap = W/5;

if 0 %% no rounding
Domain = [-W -W -22; -W H -11; 0 H -22; 0 gap —-22;..
0 0 -22; gap 0 -22; H 0 -23; H -W -22];
else %% with a rounded corner
Domain = [-W -W -22; -W H -11; 0 H -22; 0 gap —-22;...
gapx0.366 gapx0.366 -22; gap 0 -22; H 0 -23; H -W -22];
endif

FEMmes CreateMeshTriangle (’Crookl’,Domain, (W/Layers) "2);

h =
figure(l); FEMtrimesh (FEMmesh); xlabel ('x’); ylabel('y’); axis([-W 3xgap -W 3xgap])
FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’) ;
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Figure 144: Original and deformed domain for the hook with attached weight at the right edge

Then find the approximate displacements w1 and ug by calling PlaneStress (). The code segment below
estimates the maximal vertical displacement by —8.96 - 10~% m, i.e. approximately —0.9 mm. Then examine the
vertical displacement generated by the horizontal section of the crook. To verify the order of magnitude of the
displacement use two elementary mechanical arguments:

1. For a bending Euler beam with the dimensions of one arm obtain

AF 5 410

- DPr———01°=-2.10""
EW H3 200 - 1090.014 ’

ug(L) =

1.e. a displacement of 0.2 mm.

2. The slope of the lower arm at the left starting point is estimated by —6.56 - 1073 and with the length
H = L = 0.1 this leads to another contribution of ~ 0.56 mm.

The sum of the two contributions is not too far from the result 0.9 mm by FEMoctave.

| Crook.m
E = 200e9; nu = 0.25; %%% steel
[ul,u2] = PlaneStress (FEMmesh,E,nu, {0,0}, {0,0}, {0,-Load});

MaximalDisplacement = min(u2)
[7,slope_x, ] = FEMgriddata (FEMmesh,u2,0,-W/2)
i = linspace(-0.01,0.1)’"; xi =-0.005+ones (size(yi));
uli = FEMgriddata (FEMmesh,ul, xi,yi);
figure(8); plot(yi,uli)
xlabel ('y’); ylabel (‘u_1")
p = polyfit(yi,uli,2); linear regression of a polynomial of degree 2
slope = polyval ([2+p(l) p(2)],-W/2) %% evaluate the derivative of the polynomial

o\°
oe

—>
MaximalDisplacement = —8.9570e-04
slope_x = —6.5645e-03

slope = 6.6130e-03
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I |
To determine the slope of the horizontal beam at the left starting point the result by FEMoctave was used
above. One can use an analytical approximation by using the moment applied to the vertical beam, generated by
the force at the right endpoint. Along the centerline of the vertical beam use
ui(y) —FH+W/2) —F(H+W/2)

= — ~6.3-1072
oy? EI ELW3W

Then use the conditions u; (H) = u1(0.1) = 3“5; ) — 0 at the top edge to estimate %J/V/Z) ~ 6.62-1073,

which is rather close to the FEMoctave result of 6.56 - 1073, The horizontal displacement u; along the centerline
of the vertical beam is shown in Figure 147(a).

To generate Figure 144(a) with the scaled deformation also shown, start out by creating a coarse mesh and
evaluate the displacement at those nodes. Then show the original and deformed mesh with different colors.

| Crook.m
CoarseMesh = CreateMeshRect ([-W:W/3:H], [-W:W/3:H],-11,-11,-11,-11);
x = CoarseMesh.nodes(:,1); y = CoarseMesh.nodes(:,2);
uli = FEMgriddata (FEMmesh,ul, x,y); u2i = FEMgriddata (FEMmesh,u2, x,V) ;
X (isnan(uli)) = NaN;

figure(2); clf; factor = H/10/abs (min(u2));
trimesh (CoarseMesh.elem, x,y,’color’,’ green’,’ linewidth’, 1); hold on;
trimesh (CoarseMesh.elem, x+factor*uli, y+factor*u2i,’color’,’red’,’linewidth’, 1)

| axis equal; hold off

To examine the mechanical load of the structure evaluate the stresses by calling EvaluateStress (). By
asking for three return arguments a plane stress model is used. It is easy to generate graphs of the whole structure,
but more insight might be gained by a closer look at some slices.

* Atheight y = 5 = 0.05 examine the normal stress o, in y—direction. The result in Figure 145(a) show a
compression in the left segment and traction on the right. This corresponds to the bending on the vertical
arm. By integrating o, along this slice one should obtain the value of the force applied on the right edge of
the crook, i.e.

W/ y(x,0.05) dz ~ Force = 100 .
For the moment with respect to the origin (0, 0) we expect
0
w / x oy(x,0.05) dz ~ H - Force = 10 .
-W

Both results are confirmed by the code below. The values of the normal stress o, are approximately zero.

s Atz = % = 0.05 examine the normal stress o, in z—direction along a vertical slice. The result in Fig-
ure 145(b) shows a compression in the lower segment and traction in the upper segment. This corresponds
to the downward bending on the horizontal arm. For the moment with respect to the point (%, 0) we expect

0
1
W / y04(0.05,y) dy ~ — H - Force =5 .
W 2

The values of the normal stress o, are approximately zero. By integrating the shearing stress 7, obtain
again the applied force, i.e.

0
W / Ty (0.05,y) dy ~ Force = —100 .
-W
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* Observe that the stress values in the vertical arm are considerably larger than in the horizontal arm. The
values in Figure 145(b) are at z = 0.05. For larger values of z the strains o, will be even smaller.

100 ‘ ‘ ‘ ‘ 30
20 |
10 ¢

ol

o, [MPa]
o, [MPa]

-10 |

-20 |

-100 ‘ ‘ ‘ ‘ -30 | | ‘ |
-0.01 -0.008-0.006-0.004-0.002 O -0.01 -0.008 -0.006 -0.004 -0.002 0
X y

(a) ahorizontal slice at y = 0.05 (b) a vertical slice at x = 0.05

Figure 145: A horizontal slice with o, shown and a vertical slice with o, shown

| Crook.m
[sigma_x,sigma_y,tau_xy] = EvaluateStress (FEMmesh,ul,u2,E,nu);
dist = linspace(-W,0,100)’; HH = H/2*ones (size(dist));
sigma_y_slice_H = FEMgriddata (FEMmesh, sigma_y,dist, HH) ;
figure(3); plot(dist,sigma_y_slice_H/1e6);
xlabel (' x"); ylabel (' \sigma_y [MPa]’);xlim([-W,0])

sigma_y_slice_H(isnan(sigma_y_slice H)) = 0;
Integral_sigma_y = Wxtrapz(dist,sigma_y_slice_H)
Integral_Moment = Wxtrapz(dist,dist.x*sigma_y_slice_H)

sigma_x_ slice_V = FEMgriddata (FEMmesh, sigma_x, HH,dist) ;
tau_xy_slice V = FEMgriddata (FEMmesh,tau_xy,HH,dist);
figure(4); plot(dist,sigma_x_slice_V/1e6);

xlabel ('y’); ylabel(’\sigma_x [MPa]’);xlim([-W,0])
Integral_Moment_x = Wxtrapz(dist,dist.*sigma_x_slice_V)
Integral_tau xy Wrtrapz (dist,tau_xy_slice_V)
——>
Integral_sigma_y = 99.769
Integral_Moment 10.002
Integral_ Moment_x = 5.0005
Integral_tau_xy -99.985

Since steel is a ductile material one can use the von Mises stress to decide whether the crook will withstand
the force of 100 N. Use EvaluateVonMises () to find the values of the von Mises stress at the nodes and
then FEMtrisurf () and FEMtricontour () to generate Figure 146. The contour lines in Figure 146 are
supplemented with the borders of the domain. The spikes of the von Mises stress at the corner (0,0) should
be no surprise to mechanical engineers. One possible measure to reduce the maximal value of von Mises is the
rounding visible in Figure 144(b). To obtain more insight the von Mises stress is evaluated along the straight line
connecting (—W, —W) and (0, 0), using FEMgriddata (), leading to Figure 147(b). Since the yield strength
of steel is ~ 330 MPa the crook should be able to support the force of 100 N .
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(a) the surface, in MPa (b) the contour lines
Figure 146: The von Mises stress on the crook, as surface and level curves
0 80
-0.0001 | — 60 ¢
©
a
=3
5-0.0002 | 8 40
=
[
g
-0.0003 + 20 r
-0.0004 : : : : : 0 : : : : :
-0.02 0 0.02 0.04 006 0.08 01 -0.01 -0.008 -0.006 -0.004 -0.002 0 0.002
y X,y
(a) bending in vertical beam (b) von Mises stress across corner

Figure 147: The bending of the centerline of the vertical beam and the von Mises stress on the 45° line through

the origin
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| Crook.m

vonMises = EvaluateVonMises (sigma_x,sigma_y,tau_xy);

figure(5); FEMtrisurf (FEMmesh,vonMises/1e6) ;
xlabel ('x’); ylabel ('y’); zlabel(’von Mises [MPa]’); view(160,25)
colorbar(); shading interp

figure(6); clf; FEMtricontour (FEMmesh,vonMises/le6,1el*[0:0.5:6]);
xlabel ("x'); ylabel('y’); title(’von Mises [MPal’);
caxis(le2*[0 0.7]); axis equal; colorbar(); hold on
plot ([Domain(:, 1) ;Domain(1l,1)], [Domain(:,2) ;Domain(1,2)1, ...
"color’,’black’,’linewidth’,1); hold off

dist = linspace(-W,gap,100)’; HH = H/2+ones(size(dist));
vonMises_slice = FEMgriddata (FEMmesh, vonMises,dist,dist);
figure(7); plot(dist,vonMises_slicexle—6);

xlabel ('x,v"); ylabel (!von Mises [MPa]’)

9.29 A wrench

A classical example application for mechanical FEM is a wrench. With a digital image of a typical wrench the tool
xinput () is used in Octave to grab the contour data from the screen and written to the file WrenchData .m,
see [ , §3.9]. Then rescale the contour to obtain a typical length of 0.15 m of the wrench in Figure 148(a).
Then setup an appropriate configuration of the wrench.

* The material is steel with the parameters £ = 200 GPaand v = 0.25 .
* Most of the boundary is force free, thus with the code —22, according to Table 5 on page 49.

* Along the two horizontal sections on the very left the displacements are zero, modeling the screw head in
the wrench. A closer look at the contour data shows that these are sections 1 and 4 of the contour, used
with the code —11 for the boundary condition.

* The applied force is 100 N over a length of 0.05 m and width 0.005 m, leading to a force density of
% =4-10° % This load is applied on segment 17 of the contour, used with the code —23 for no

force in x direction and the given load in y direction.

With this data the mesh is generated by calling CreateMeshTriangle (). Then the mesh of linear el-
ements should be upgraded to quadratic or cubic elements with the help of MeshUpgrade (). Then use
PlaneStress () to solve for the displacements u; and us.

| Wrench.m
load WrenchData.m
scale = 0.15/max (x) ;
x = scalexx; y = scalexy;

o

load the contour data
scale the contour data

o° oo

o\

Order = 3; %% select the order of the elements 1,2 or 3
BC = -22+*ones(size(x)); %% default is a force free boundary
BC([1 4]) = —-11; BC(17) = -23; %% fixed at the two horizontal section on the left
%% vertical force on top right segment
Load = 100/ (0.05%0.005); %% 100 N, distributed over length 0.05 and width 0.005

Mesh = CreateMeshTriangle ('Wrench’, [x,y,BC],0.017°2/4); %% create the mesh
switch Order

case 2 Mesh = MeshUpgrade (Mesh,’quadratic’);

case 3 Mesh MeshUpgrade (Mesh, ' cubic’) ;
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endswitch
E = 200e9; nu = 0.25; gN = {0,-Load}; %% data for steel
| [ul,u2] = PlaneStress (Mesh,E,nu, {0,0}, {0,0},9N); %% solve the plane stress problem
0.08
0.06
0.04 - ‘;”ggﬁﬁvnw
SRS AKIA RN 7
L SSONS? A
0.02 SRR RS
O L
-0.02
0.04 = ‘ | _ o 006 008 01 012 014
0 0.05 0.1 0.15 ' ' X ' '
(a) the wrench, original and deformed (b) oy along upper edge

Figure 148: The deformed wrench and the stress o, along upper edge with the applied load

With the solution the original and deformed shape can be displayed with the applied load visualized by a few

vectors, see Figure 148(a).

Wrench.m

$%display the original and deformed wrench, with the applied force

scale = 0.001+max (y) /max (u2) ;

x_force = linspace(x(17),x(18),8); y_force = 0.038*ones(size(x_force))+0.02;

vec_x = zeros(size(x_force)); vec_y = —-0.02x0nes (size(x_force));

figure(l); clf

trimesh (Mesh.elem,Mesh.nodes(:,1),Mesh.nodes(:,2), ...
"color’,’green’,’linewidth’,1); hold on

trimesh (Mesh.elem,Mesh.nodes (:,1) +scalexul,Mesh.nodes(:,2) +scalexu2, ...
"coloxr’,’'red’,’linewidth’, 1)

quiver (x_force,y_force,vec_x,vec_y,0)

hold off; axis equal; xlim([-0.01, 0.16]) |

Evaluate the stresses at the nodes, including the von Mises Stress. By asking for three return arguments the

plane stress situation is used. By a piecewise linear interpolation and FEMgriddata () the vertical stress o,
can be evaluated along the upper edge, leading to Figure 148(b). The external load of —0.4 MPa is clearly visible.

| Wrench.m |
[sigma_x,sigma_y,tau_xy] = EvaluateStress (Mesh,ul,u2,E,nu); %% basic stress
vonMises = EvaluateVonMises (sigma_x, sigma_y,tau_xy) ; %% von Mises stress

xi = linspace(0.05,0.15,101)’; yi = interpl(x(14:19),y(14:19),x1i);
sigma_y_interp = FEMgriddata (Mesh,sigma_y,xi,vyi);

figure(2); plot(xi,sigma_y_interp/leb)
xlabel (' x’); ylabel (’\sigma_y [MPa]’); x1im([0.05,0.15]) |

Since steel is a ductile metal the von Mises stress can be used to examine the effect on the wrench. In

Figure 149(a) find the surface plot of the von Mises stress. The highest stress is on the boundary at the mid
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section, but spikes are also visible at the sharp corners on the left. Figure 149(b) shows the contour lines and the
position of the highest and lowest von Mises stress. It should be no surprise that the section on the very right is
almost stress free.

| Wrench.m
figure(3); clf; FEMtrimesh (Mesh,vonMises/1e6)
zlabel ('von Mises stress’); colorbar(); view([40 75])
x1im ([0 0.15]); ylim([-0.025 0.09]);
set (gca, ’XTickLabel’, [], ’'yTickLabel’, [], ’zTickLabel’, [1)
MaxVonMises = max (vonMises); MinVonMises = min (vonMises);

Max_Min_vonMises_MPa = [MaxVonMises,MinVonMises]/le6
MaxInd = find(vonMises == MaxVonMises); MaxPosition = Mesh.nodes (MaxInd, :);
MinInd = find(vonMises == MinVonMises); MinPosition = Mesh.nodes (MinInd, :);

figure(4); clf; FEMtricontour (Mesh,vonMises/le6,41)
hold on; plot ([x;x (1)1, [y;y(1)],"k");
plot (MaxPosition(1l),MaxPosition(2),’ *r’ ,MinPosition(1l),MinPosition(2),’«b");
hold off; axis equal

——>

| Max_Min_vonMises_MPa = 1.2415e+01 2.4078e-03

12 0.08 |
10 0.06 |

0.04 ¢

0.02

von Mises stress

-0.02 |

0.020.040.06 0.08 0.1 0.120.14

Figure 149: Surface and contour plot of the von Mises stress in [MPa]

9.30 A rotating rubber cylinder

A cylinder with radius R = 0.2 and height 2 H = 0.2 is rotating about the z—axis with 10 revolutions per second.
The wall consist of a Silicone rubber of thickness 0.01 and the cover and bottom are 0.02 thick. The goal is to
determine the resulting deformation and the von Mises stress.

Using an axially symmetric setup only a cross section in the y = 0 plane for z = r > 0 have to be examined.
Since the setup is symmetric with respect to the plane 2 = 0 only the upper half has to be modeled, using the
zero z displacement at the lower edge.

Start by defining the parameters and generating the mesh. In this case third order elements are used. Then
define the function for the centrifugal force and solve for the two displacements w, and u, with the help of
AxiStress ().

| RubberBox.m
rho = 1100; E = 1e6; nu = 0.47; %% Silicone rubber
H=20.1; R=0.2; W= 0.01;
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Contour = [0 H -11;0 H-2+W -22; R-2«W H-2«W —-22; R-W H-2«W -22;

R-W 0 -21; R 0 -22; R H-W -22; R-W H -22];

Mesh = CreateMeshTriangle (' RubberBox’,Contour, 3e-5);

Mesh

MeshUpgrade (Mesh, ' cubic’) ;

function res=fr (xy,dummy)

freq = 10;

omega = freg+2+*pi; rho = 1100;

res = rho*xy(:,1)~omega”2;

endfunction

[ur,uz] = AxiStress (Mesh,E,nu, {’' fr’,0},{0,0},{0,0});

Then display the original and the deformed domain in Figure 150 and the displacements in Figure 151.

figure(10);
figure(1ll);
figure(1l2);

RubberBox.m
ShowDeformation (Mesh,ur,uz,1l); axis equal; xlabel('x"); ylabel('y’');
FEMtrimesh (Mesh,ur); xlabel(’'r’); ylabel(’z’); zlabel('u_r’)
FEMtrimesh (Mesh,uz); xlabel(’'r’); ylabel(’z’); zlabel('u_z")

N 2
DA Sy w:-rmw&wa L\ZVSiZb«-‘JV* aﬁ‘%
AR IOIAORRSRINIAS
>0.05¢

0 005 01 015 0.2
X

Figure 150: The upper half of the original and deformed domain for the rotating rubber box

As last step evaluate the stresses and then the von Mises stress, leading to the surface and contour plots in

Figure 152.
| RubberBox.m
[sigma_x,sigma_y,sigma_z,tau_xz] = EvaluateStressAxi (Mesh,ur,uz,E,nu);
vonMises = EvaluateVonMisesAxi (sigma_x,sigma_y,sigma_z,tau_xz);
figure(13); FEMtrimesh (Mesh,vonMises/le6)
xlabel (‘r’); ylabel(’z’); zlabel(’von Mises [MPal]’); view([35 30])
figure(14); clf; FEMtricontour (Mesh,vonMises/le6)

xlabel ("r’); ylabel(’z’); zlabel(’von Mises [MPa]’)
hold on; plot([Contour(:,1);Contour(l,1)], [Contour(:,2);Contour(l,2)],'k’)
hold off; axis equal; colorbar; title(’von Mises stress [MPa]’)

9.31 A washer fastener examined as spring

In this example a washer fastener design is examined. The goal is to determine the force required to deform the
washer.
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Figure 151: The displacements u, and u, for the rotating rubber box
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Figure 152: The von Mises stress for the rotating rubber box
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9.31.1 The setup

* The material is aluminum, with density p = 2700 Il%r, Young’s modulus £ = 70 GPa and Poisson ratio
vr=20.33.

* The intersection of the washer with the plane y = 0 is almost rectangular. The inner part is moved up
slightly and there are two horizontal sections, one at the inner/upper location at height z = 0.001 and the
second at the lower/outer section at height 2 = 0. Find the domain in Figure 153. The corners of the
domain are given by the six points

r [m] | 0.0020 | 0.0020 | 0.0044 | 0.0050 | 0.0050 | 0.0026
z [m] | 0.0010 | 0.0004 0 0 0.0006 | 0.0010

and connected by straight line segments. This domain in then rotated about the z—axis to obtain the washer
in R3.

N 0.0005

0

0.002 0.003 0.004 0.005
r

1 1 A

Figure 153: The original and deformed domain

To determine the resulting deformation of the washer the boundary conditions have to be specified.

* The outer/lower edge at height z = 0 is fixed in z—direction, but free in radial direction.

* The inner/upper edge at height z = 0.001 is moved downward by 0.0001 m and free in radial direction.
* All other edges are force free.

With this information the boundary value problem can be solved, using the command AxiStress (). The code
contains additional configurations with different boundary conditions on the inside and outside.

| WasherSpring.m
pkg load femoctave
rho = 2700; E = 70e9; nu = 0.33; %% Aluminum
H=0.001; Ri = 0.002; Ro = 0.005; D 0.0006; H = 0.0004;
global Offset
Offset = 1xle—4;

if 1 %% free sides

Contour = [Ri H+D -22; Ri H -22;Ro-D 0 -21; Ro 0 -22; Ro D -22;Ri+D H+D -21];
elseif 0 %% clamped on the outside

Contour = [Ri H+D -22; Ri H -22;Ro-D 0 -21; Ro 0 -12; Ro D —-22;Ri+D H+D -21];

else %% clamped on both sides
Contour = [Ri H+D -12; Ri H -22;Ro-D 0 -21; Ro 0 -12; Ro D —-22;Ri+D H+D -21];
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endif

Mesh = CreateMeshTriangle (' Washer’,Contour, 2.5e-9);
%%Mesh = MeshUpgrade (Mesh, 'quadratic’);
Mesh = MeshUpgrade (Mesh, ' cubic’);

function res = gDz (xy, dummy)
global Offset
res = —-Offsetx* (xy(:,2)>0ffset);
endfunction

[ur,uz] = AxiStress (Mesh,E,nu, {0,0},{0,’gDhz’}, {0,0});
figure(10); ShowDeformation (Mesh,ur,uz,1l); xlabel('r’); ylabel(’'z’);
axis equal; xticks([2:5]/1000); yticks([0:0.5:1]/1000)

Display the radial displacement w,- in Figure 154 and the height displacement w, in Figure 155.

3e-05
2e-05
1le-05

-1e-05 7
-2e-05
0.001 g

z 0.003 0.002 0.003 0.004 0.005
0 0.002 r r

Figure 154: The radial displacement w,
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Figure 155: The height displacement u,
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| WasherSpring.m
figure(1ll); FEMtrimesh (Mesh,ur)

xlabel ("r"); ylabel('z"); zlabel ('u_xr’)

xticks([2:5]/1000); yticks([0:0.5:1]1/1000)
Cx = [Contour(:,1);Contour(l,1)]; Cy = [Contour(:,2);Contour(l,2)];
figure(21); clf; FEMtricontour (Mesh,ur)

hold on ; plot(Cx,Cy,’"k’); hold off

xlabel ("r’); ylabel(’z’); title('u_r’);

axis equal; colorbar;xticks([2:5]/1000); yticks([0:0.5:1]/1000)
figure(1l2); FEMtrimesh (Mesh,uz)

xlabel ("r’); ylabel('z"); zlabel(‘u_z’);

xticks([2:5]/1000); yticks([0:0.5:1]/1000)
figure(22); clf; FEMtricontour (Mesh,uz)

hold on ; plot(Cx,Cy,’"k’); hold off

xlabel ("r’); ylabel("z"); title('u_z’');

axis equal; colorbar;xticks([2:5]/1000); yticks([0:0.5:1]1/1000)

9.31.2 Evaluate the force by integrating the normal stress

To determine the force F' required to push the upper edge down by 0.1 mm use the normal stress o, in vertical

direction.

| WasherSpring.m
[sigma_x,sigma_y, sigma_z,tau_xz] = EvaluateStressAxi (Mesh,ur,uz,E,nu);
figure(13); FEMtrimesh (Mesh,sigma_zx1le-6)
xlabel ('r’); ylabel(’'z’); zlabel (’'\sigma_z [MPa]’);
xticks([2:5]1/1000); yticks([0:0.5:1]1/1000)
figure(23); clf; FEMtricontour (Mesh,sigma_z/1le6, [-20:1:20]%100)
hold on ; plot(Cx,Cy,’k’); hold off
xlabel ('r"); ylabel('z’); title(’\sigma_z [MPa]l’);
axis equal; colorbar;xticks([2:5]/1000); yticks([0:0.5:1]1/1000)

0, [MPa]

z 0.003 0.002 0.003 0.004 0.005

0 0.002 r r

Figure 156: The normal stress o,

1000

-100!

-200!

At any height 0 < h < 0.001 examine the slice a < r < b in the domain visible in Figure 153 and perform

an integration to determine F'.

b
F = 277/ roy(r,h) dr
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Examine the graph of the normal stress o, in Figure 156 and observe the singularities at the corners of the edges
with fixed displacement. These singularities cause serious numerical trouble when trying to integrate along the
upper or lower edges.

On a mesh with elements of order 3 with 5968 free nodes obtain the numerical results*”

F, ~ 14151N
Fmiddle ~ 2401.6 N
Fiow ~ 1085.8N

and the graphs in Figure 157. By changing the element types or the size of the meshes the results at the lower
and upper edges can change substantially, while the result at half height remains stable and thus is more reliable.
By changing the height of the slice in the code below (modify the value of s) one may observe that the results for
heights between 20% and 80% are stable.

upper edge at half height lower egde
2e+09 2e+08 2e+09
0 1le+08 0
-2e+09
<) <) 0 B -2e+09
-4e+09
66+09 -1e+08 -4e+09
-8e+09 -2e+08 -6e+09
0.002 0.0022 0.0024  0.0026 0.002 0.003 0.004 0.005 0.0044  0.0046  0.0048 0.005
r r r

Figure 157: The normal pressures o, along upper and lower edge and at half height

| WasherSpring.m
r = linspace(0,D,1000)";
sigma_up = FEMgriddata (Mesh, sigma_z,Ri+r, (H+D) xones (size(xr)));
figure(31); plot (Ri+r,sigma_up); xlabel (‘r’); ylabel (’\sigma_z’); title(’upper edge’)
x1im([Ri,Ri+D]); xticks([2:0.2:2.6]1/1000);
Force_up = 2+pixtrapz (Ri+r,sigma_up.* (Ri+r))

sigma_low = FEMgriddata (Mesh, sigma_z, Ro-D+r, zeros (size(r)));

figure(32); plot (Ro-D+r,sigma_low); xlabel('r’); ylabel(’\sigma_z’); title(’lower egde’)
x1lim([Ro-D, Ro]); xticks([4.4:0.2:5]/1000);

Force_low = 2*pi*trapz (Ro-D+r,sigma_low.* (Ro-D+r))

s = 0.5; %% select the height
r_mid = linspace(Ri,Ro,1000)’;
sigma_mid = FEMgriddata (Mesh,sigma_z,r_mid, s* (H+D) xones (size (r_mid)));
ind = find(isfinite(sigma_mid));
r_mid = r_mid(ind); sigma_mid = sigma_mid(ind) ;
figure(33); plot (r_mid,sigma_mid); xlabel('r’); ylabel ('\sigma_z’);
title(’at half height’); xticks([2:5]/1000);
| Force_mid = 2+pixtrapz(r_mid,sigma_mid.*r_mid) |
¥ A computation with Comsol Multiphysics lead to a force of 2395.5 N at half height and an elastic energy of 0.12077 J. The shape of
the graphs in Figure 157 is confirmed.
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9.31.3 Evaluate the force by an energy argument

Since the above evaluation of the required force F' is rather delicate, it is a good idea to examine an alternative
approach. Since the problem is linear the force F' depends linearly on the displacement d of the upper edge, i.e.
with a displacement 0 < s < d obtain F'(s) = ks = 5 F(d) = 5 F. An elementary integration leads to the

energy U in the system. . .
1
:/)F@)@::/‘SFds:dF
0 o d 2

Thus find the force F' = %. Using the results in Section 8.6 (starting on page 200) the elastic energy U is given
by

U@ = 2 - (1 =) (L2 +(8“Z)2+12u2)+
[ s (-G G

O Uy, 0Uu, 1 Ou, Ou,
+2v(( 5 )( 3 )+—ur( 5 5, ))> dA +

rk 1 8 U ou
T —2)2dA.
1+v 4 0z or
Since the displacements wu, and u, are available use the function FEMIntegrate (). It is best to evaluate the
displacements and their partial derivatives at the Gauss points by using FEMEvaluateGP () and then integrate.

For this example the result is F' = 2402.1 N, which is close to the above integration at half height of the normal
stress o .

| WasherSpring.m
[urGP,ur_rz] = FEMEvaluateGP (Mesh,ur); [uzGP,uz_rz] = FEMEvaluateGP (Mesh,uz);
rGP = Mesh.GP(:,1);
w = E/ (2% (1+nu) x (1-2xnu) ) *rGP.x ( (1-nu) *x (ur_rz(:,1) . 2+uz_rz(:,2) . 2+ (urGP./rGP) ."2) ...
+ 2*nu* (ur_rz(:,1) .xuz_rz(:,2) +1./rGP.*urGP.* (ur_rz(:,1l)+uz_rz(:,2))))...
+E/ (4% (14nu) ) *rGP.x (ur_rz(:,2)+uz_rz(:,1))."2;
U_elast = 2+pixFEMIntegrate (Mesh,w) ;

| Force_energy = 2xU_elast/Offset

9.31.4 Comparison of linear, quadratic and cubic elements

The above results were generated with a mesh consisting of 1294 triangle and piecewise cubic functions. It is
easy to recompute, using the same number of triangles, but linear or quadratic functions. Find the results in
Table 17.

* The FEM algorithm is minimizing the energy U of the system amongst the functions to be used. The space
of piecewise linear functions is a strict subspace of the piecewise quadratic functions. Thus the minimal
energy will be smaller when using elements of order 2 than with elements of order 1. As a consequence

linear element will overestimate the resulting force F' = %.

* The space of piecewise quadratic functions is a strict subspace of the piecewise cubic functions. Thus the
minimal energy will be smaller when using elements of order 3 than with elements of order 1. The force
F" evaluated with elements of order 3 will be the smallest. This is confirmed in Table 17.

*» Using finer meshes will lead to smaller minimal energies U and thus smaller forces F'.

* The estimates in Section 5.4 on page 108 lead to factors of 0.5, 2 or 4.5 for the ratio of number of nodes
divided by the number of triangles for linear, quadratic or cubic elements. This is confirmed in Table 17.
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element type linear | quadratic | cubic
number of nodes 696 2685 5968
elastic energy U | 0.12726 | 0.12118 | 0.12010
force ' = % 2545.2 2423.3 2402.1

Table 17: Comparison of different elements for the washer fastener example

9.31.5 Effect of different boundary conditions

The above setup can be modified by changing the boundary conditions at the inner or outer edge.
* In the original setup both sides are free to move in radial direction.
* The second setup prevents the outer side to move in radial direction.
* The third setup prevents both sides to move in radial direction.

This is implemented by switches at in the first section of the code. The parameter Contour contains the values
of the flags indicating the boundary conditions on the vertical segments.

I

if 1 %% free sides

Contour = [Ri H+D -22; Ri H -22;Ro-D 0 -21; Ro 0 -22; Ro D —-22;Ri+D H+D -21];
elseif 0 %% clamped on the outside

Contour = [Ri H+D -22; Ri H -22;Ro-D 0 -21; Ro 0 —-12; Ro D -22;Ri+D H+D -21];
else %% clamped on both sides

Contour = [Ri H+D -12; Ri H -22;Ro-D 0 -21; Ro 0 -12; Ro D —-22;Ri+D H+D -21];
endif

The results computed by the energy argument are

F 2402.1 N with both sides free
F = 2880.4 N with inner side free and outer side fixed
F = 3809.1 N with both sides fixed

The additional constraints lead to a stiffer system, as expected.

9.32 A water dam

A water dam is deformed by its own weight and the water it should hold back. The code WaterDam.m below is
a naive description of such a situation and generates the results in Figure 158.

* The code allows to select different shapes of the dam and different water levels. Modify the value of
Hwater.

* By setting the density of the dam material to zero generate the stresses caused by the water only, i.e. use
rho = 0x%2.4e3; .

* Different shapes of the dam can be examined by selecting values of CASE .
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Figure 158: The normal stresses and the von Mises stress in a water dam
WaterDam.m
global H Hwater BaselLeft
H = 30; Base = 0.7+H; Crest = 0.2%H; Hwater = 0.9%H; BaselLeft = Hx0.2;
E = 20e9; nu = 0.2;
CASE = 3
switch CASE
case 1 %% no crack
xy = [0,0,-11;Base, 0,-22;Crest,H,-22;0,H,-33];
x = [xy(:,1);xy(1,1)]; v = [xy(:,2);xy(1,2)];
case 2 %% with crack
h = 0.1; depth = 1;
xy = [0,0,-11;Base, 0,-22;Crest,H,-22;0,H,-33;0,H/2+h,-22;depth,H/2,-22;0,H/2-h,-33];

case 3 %% with foot
Baseleft = H*x0.2;

0
x = [xy(:,1);xy(1,1)]; v = [xy(:,2);xy(1,2)];

xy = [-Baseleft,0,-11;Base, 0,-22;Crest,H,-22;0,H,-33;0,BaselLeft,-33];

x = [xy(:,1);xy(1,1)]; v =

[}

[xy(:,2);xy(1,2)];

case 4 %% with slope on both sides

Baseleft = H*0.2;

xy = [-Baseleft,0,-11;Base, 0,-22;Crest,H,-22;0,H,-33];

x = [xy(:,1);xy(1,1)]; v = [xy(:,2);xy(1,2)];

endswitch

FEMmesh =
FEMmesh

CreateMeshTriangle (' Dam’ ,xy, 1) ;
MeshUpgrade (FEMmesh, ' cubic’) ;
figure(l); FEMtrimesh (FEMmesh); xlabel('x’); ylabel ('h’)

function res = f_dam(xy,dummy)

global H BaseLeft
rho = 2.4e3;

res = —9.8lxrho* (H-xy(:,2));

endfunction

switch CASE %% different surface pressures

case {1,2}

function res = px(xy,dummy)

global Hwater

res = +9.8le3* (Hwater—-xy(:,2)) .x(xy(:,1)<eps)

endfunction

function res = ph(xy, dummy)

.x (xy (:,2)<Hwater);
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global Hwater
res = +0%x9.8le3x (Hwater-xy(:,2)) .* (xy(:,1)<eps) .*x (xy(:,2)<Hwater);
endfunction

case 3
function res = px(xy,dummy)
global Hwater Baseleft
res = +9.8le3* (Hwater—xy(:,2)) .x(xy(:,1)<eps) .*x...
((xy(:,2)<Hwater) .=* (xy(:,2)>BaselLeft)+1/sqrt (2) x (xy (:,2)<=Baseleft)) ;
endfunction
function res = ph (xy,dummy)
global Hwater Baseleft
res = +9.81le3* (Hwater-xy(:,2)) .*(xy(:,1)<eps) . (xy(:,2)<=Baseleft) /sqrt(2);
endfunction

case 4
function res = px(xy,dummy)
global Hwater Baseleft H
alpha = atan (BaselLeft/H);
res = +9.8le3* (Hwater-xy(:,2)) .x(xy(:,1)<eps) .*...
((xy(:,2)<Hwater) .* (xy(:,2)>Baseleft)+cos(alpha) * (xy (:, 2) <=Baseleft));
endfunction
function res = ph(xy,dumnmy)
global Hwater Baseleft H
alpha = atan (BaselLeft/H);
res = +9.81e3x (Hwater-xy (:,2)) .x (xy(:,1)<eps) .* (xy(:,2)<=BaselLeft) xsin(alpha) ;
endfunction
endswitch

[ul,u2] = PlaneStrain (FEMmesh, E,nu, {0,’f_dam’}, {0,0}, {'px", "ph’});
[sigma_x,sigma_y,tau_xy,sigma_z] = EvaluateStress (FEMmesh,ul,u2,E,nu);
vonMises = EvaluateVonMises (sigma_x,sigma_y,tau_xy,sigma_z);

figure(2); FEMtrimesh (FEMmesh,ul);

xlabel ('x’); ylabel ('h’); zlabel('u_x’); view([-120,20])
figure(3); FEMtrimesh (FEMmesh,u2);

xlabel ('x’); ylabel ('h’); zlabel(’u_h’); view([-120,20])
figure(ll); FEMtrimesh (FEMmesh, sigma_y=*1le—6);

xlabel ('x’); ylabel(’'h’); zlabel (’\sigma_h [MPa]’); view([60,20])
figure(21); clf; FEMtricontour (FEMmesh, sigma_y*le—6);

xlabel ("x"); ylabel ('h"); colorbar();

hold on; plot(x,y,’k’); title(’\sigma_h [MPa]’)
figure(12); FEMtrimesh (FEMmesh, sigma_x*1le-6) ;

xlabel ('x’); ylabel(’h’); zlabel (’\sigma_x [MPal]’); view([60,20])
figure(22); clf; FEMtricontour (FEMmesh, sigma_xxle—6);

xlabel ("x"); ylabel('h"); colorbar ()

hold on; plot(x,y,’k’); title(’\sigma_x [MPa]’)
figure(13); FEMtrimesh (FEMmesh,vonMisesxle—6);

xlabel ("x’"); ylabel ("h’"); zlabel ('von Mises [MPal]’); wview([60,20])
figure(23); clf; FEMtricontour (FEMmesh,vonMisesxle-6);

xlabel ("x"); ylabel('h"); colorbar ()

hold on; plot(x,v,’k’); title('von Mises [MPa]’)
Max_vonMises = max (vonMises)/le6
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9.33 A tuning fork

A tuning fork is used to generate a sound signal with a given, stable frequency. The sound is generated by an
eigen mode of the fork. On the web page https://www.acs.psu.edu/drussell/Demos/TuningFork/fork-modes.html
find a typical tuning fork and the most important eigen modes. The code TuningFork.m below allows to
generate and analyze a few of the planar modes, leading to Figure 159.

* On the second line of the code you may change the dimensions of the tuning fork.
» With the value of CASE switch between different boundary conditions:

CASE

1 only the lower edge is fixed.
CASE = 2 the lower edge and the two sides at the bottom are fixed.

* With the value of MODE select for which mode the deformation is analyzed and visualized.

0.1 . 01 - , 0.1
0.05 - 8 0.05 - i 0.05
0r 1 oft 8 0
I I ,}5%1:%5 I I -0.05 + : L L I I ?4%1 b | |
004 -002 0 002 004 -004 -002 0 002 004 004 -002 0 002 004
(a) second mode f = 426 Hz (b) third mode f = 1603 Hz (c) fourth mode f = 2613 Hz

Figure 159: Three eigenmodes of a tuning fork

| TuningFork.m
angle = linspace(0,pi,11); halfangle = linspace(0,pi/2,6);
Rl = 5.5; R2 = 6.25; H1 = 108.5; H2 = HI1+15;

x = [Rlxcos(fliplr(angle)),R1l,R1+7,R1+7-R2xsin (halfangle),R1+7-R2,-R1-7+R2, ...
-R1-7+R2*sin(fliplr (halfangle)),-R1-7,-R1]/1000;
y = [-Rlxsin(angle),H1l,H1,H1-H2-R2+R2*cos (halfangle),-50,-50, ...

H1-H2-R24+R2*cos (fliplr (halfangle)),H1,H1]/1000;
$%$figure(l); plot(x,y); axis equal
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CASE = 1;

IND

= find(y==-50/1000,1);

switch CASE
case 1 %% only lower edge fixed

Xy

[x",y",-22%0ones (length(x),1)]; xy(IND,3)=-11;

case 2 %% lower edge and sides fixed

Xy

[x",y",-22x0ones (length(x),1)]; xy([IND-1:IND+1],3)=-11;

endswitch

FEMmesh = CreateMeshTriangle (’'Fork’,xy,3e-6);

FEMmesh = MeshUpgrade (FEMmesh, ' quadratic’) ;
E = 200e9; nu = 0.21; rho = 7.9e3; %% use SI units

[la,ulall,u2all] = PlaneStressEig(FEMmesh, E, nu, rho, 6) ;
Frequencies = sqrt(la’)/ (2+pi)

Mode = 2;

ul

= ulall(:,Mode); u2 = uz2all(:,Mode);

MaxDisp = max (max (abs(ul)),max(abs(u2))); %% scale the values

ul

= 0.005*ul/MaxDisp; u2 = 0.005*u2/MaxDisp;

figure(ll); FEMtrimesh (FEMmesh,ul); xlabel ('x’); ylabel('y’); zlabel (‘u_1")
figure(12); FEMtrimesh (FEMmesh,u2); xlabel('x’); ylabel('y’); zlabel('u_2’)

[sigma_x,sigma_y,tau_xy] = EvaluateStress(FEMmesh,ul,u2,E,nu);

figure(21); FEMtrimesh (FEMmesh, sigma_x/1le6); xlabel ('x’); ylabel(’
figure(22)

v’); zlabel(’\sigma_x’)
FEMtrimesh (FEMmesh, sigma_y/1e6); xlabel ('x’); ylabel('y’); zlabel(’\sigma_y’)
14

( ;
figure(23); FEMtrimesh (FEMmesh,tau_xy/le6); xlabel (’'x’); ylabel ('y’); zlabel (' \tau_{xy}’)
(30) ;

figure (3

——>

; ShowDeformation (FEMmesh,ul,u2,1); axis equal

Frequencies = 321.78 425.64 1602.83 2612.85 4077.76 7000.23

9.34

Vibrations of a ring

The planar eigen modes of a ring can be evaluated with the help of PlaneStressEig (). The code in
RingVibration.m evaluates the first twelve frequencies and the corresponding modes.

The first 3 frequencies are (approximately) zero. They correspond to translations in horizontal and vertical
direction and a rotation. Since no constraints are applied the ring is free to move, without deformation. See
also Section 5.13 for the consequence of missing boundary constraints.

Modes 4 and above always show up in pairs with the same frequency and rotated shape of the eigen modes.
The 2 through 6 maximal and minimal deformations are clearly visible.

For the computations in RingVibration.m quadratic elements are used. This avoids the effect of shear
locking and increases the accuracy. Since only (approximately) 3 layer of elements are used, the effect of
shear locking is essential. If linear elements are used the resulting frequencies are considerably higher and
the differences in the pairs is larger.

The code in RingVibration.m uses the plane stress assumption, i.e. no forces in the z—direction. If
the ring is supposed to be a section of a long circular tube, which can not move in z—direction, then use the
plan strain assumption, i.e. the command PlaneStrainEig (). The frequencies will be slightly higher,
since the setup is stiffer, £* > F and v* > v.
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Figure 160: Eigen modes of a ring
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| RingVibration.m
R =0.03; D= 0.002;
Nring = 36; angles = linspace(0,2+xpi,Nring+l)’; angles = angles(l:end-1);

Ring = [ (R+D/2) *cos (angles), (R+D/2) *xsin (angles), -22+ones (size (angles))];
Hole.name = "Hole’;

Hole.border = [ (R-D/2)xcos (angles), (R-D/2) *sin(angles),—-22xones (size (angles))];
Hole.point = [0,0.01];

FEMmesh = CreateMeshTriangle(’Ring’,Ring, 5e-7, Hole);
FEMmesh MeshUpgrade (FEMmesh, ' quadratic’)

E = 200e9; nu = 0.25; rho = 8e3; %% steel

Nmodes = 12;

[lambda,ul_all,u2_all] = PlaneStressEig(FEMmesh, E, nu, rho,Nmodes) ;
frequencies = sqgrt (abs (lambda’) )/ (2+pi)

for Mode = 1:Nmodes

ul = ul_all(:,Mode); u2 = u2_all(:,Mode); scale = 3e-3/ (max(abs([ul;u2])));

figure (10+Mode); ShowDeformation (FEMmesh,ul,u2,scale); axis equal;

title(sprintf (‘mode %i’,Mode))
endfor
—>
Frequencies = 3.759%e-3 6.9476e-3 8.9547e-3 1.3678e+3 1.3678e+3 3.8556e+3
3.8556e+3 7.3570e+3 7.3571e+3 1.1825e+4 1.1825e+4 1.7219%+4

9.35 Hertz contact of a rigid cylinder with an elastic half space

In this section the contact of an rigid cylinder with a half space y < 0 is examined and compared to result for the
Hertz contact theory.

9.35.1 The model and the algorithm

A rigid, horizontal cylinder with radius R is pushed downwards by D into an elastic half space. The goal is to
determine the resulting deformation and stresses. This contact problem is not a linear problem and thus requires
some additional work if analyzed with the help of FEMoctave.

The algorithm is based on the observation, that the normal stress o, or the vertical displacement u2 are known
along the upper edge of the half space at y = 0. In the contact zone —a < x < +a the displacement of the plane
is given by the equation of the displaced cylinder.

R? = 22+ (y— R+ D)?
2

2
y = R-D- VR 2% ~ R—D—R+;—R - —D+;—R

As consequence use the boundary conditions

ug(x) = R—D—+VR2—22 for |z|<a
oy =0 for |z|>a

oy, =0 for |z| <W

along the upper edge y = 0. Due to the obvious symmetry only half of the physical domain has to be used,

SHA 9-10-23



9 EXAMPLES, EXAMPLES, EXAMPLES 314

symbol units
R radius of cylinder mm
D penetration depth mm
x horizontal coordinate mm
Y vertical coordinate mm
a half width of the contact area mm
P total pressure per length N/mm
P local pressure N/mm?
B Young’s modulus of elasticity N/mm?
v Poisson’s ratio
width of the computational domain mm
H height of the computational domain mm

Table 18: Parameters for the contact of a cylinder with a half space

leading to the computational domainis 0 < x < W and —H < y < 0. On the other section of the boundary use
uy=0 , o,=0 along =0
uy =0, o,=0 along =W
uy =ug =0 along y=-H

In the domain a plane strain model is used with the material parameters £ and v.

* To start the iteration the intersection of the cylinder with the plane y = 0 is used.
y=0=R-D—VR?—22 = al=2>=R*-(R-D)?=2RD-D*=D(2R~- D)
The initial value of ag will be updated to a by each iteration.

* A triangular mesh is generated with smaller triangles in the corner [0 < 2 < 2ag] X [-2a¢ <y < 0]. By
adding points close to [a, 0] an even finer mesh is used in the critical area of the contact point at x = +a.
Find the original mesh and an elraged area in Figure 161.

* For each iteration solve the plain strain problem with the help of the command PlaneStrain (). Then
evaluate the normal stress o, () along the upper edge y = 0 and determine the first zero at = a of o, (z).
For z > a the normal stress o is positive and thus the cylinder and the half plane will not be in contact,
see Figure 161(c).

* The above computations are repeated and the changing values of a have to be observed. After 5 iterations
the value of a changes only slightly and a good approximation of the domain of contact —a < x < +a is
determined. The displacement uo along the upper edge at y = 0 and the circle are shown in Figure 162(a).

* By integrating the normal stress o, along different heights y verify that the vertical pressure P (units
N/mm) is independent on the height y.

» Compare the obtained results for the contact (half) width a and the pressure P with the theoretical results
from Section 9.35.3 below. The obviously missing factor 2 for the pressure is caused by the symmetry, i.e.
only half the setup is used for the FE computations.

To start define the necessary auxiliary functions and generate the initial mesh.
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Figure 161: The mesh for the cylinder contact problem

4000
2000
0

. -2000

-4000
-6000
-8000
-10000

0 0.05 01 0.15 02 0.25
X

(c) oy for first attempt

—aty=0
—aty =-H/100
aty =-H/10
—aty=-H2
—aty=-H

0 005 01 0.15 02 0.25
X

(c) final oy, at different levels

Figure 162: The vertical displacement w3 along the upper edge and the normal stress o, at different levels
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HertzCylinder.m
setup and computation

: visualization of the result

: parametric study for small penetration depth D
: parametric study for large penetration depth D

PHASE = 1

o° o° o° oe
o° o o o°

Sw N

switch PHASE

case 1 %% PHASE 1
clear x*

pkg load femoctave
E = 200e3; nu = 0.24 ;%% N/mm"2 parameter for steel
global R D

R=1; D= 0.01;
W=0.75; H=1;

a0 = sqgrt (D) *sqrt (2+xR-D)

radius of cylinder and indentation depth
width and height of the computational domain
first estimate of contact point

o0 o o
o° oo oo

Area = 0.172; MeshType = 'quadratic’; %% definition of the mesh
Segl.name = ’'Segment’;
Segl.border [0,-2%a0,0;2%a0,-2%xa0,0;2%a0,0,0];

Pointl.name = ’'MeshSize’; Pointl.where = [+a0,-a0]; Pointl.area = Area/20;
%% finer mesh arounf origin
Point2.name = ’"MeshSize’; Point2.where = [+2xa0,-2%xa0]; Point2.area = Area;

dd = 0.001; %% very fine mesh at contact point
Mesh = CreateMeshTriangle(’Flat’, [0,0,-21;a0-dd,0,-21;a0,0,-22;a0+dd,0,-22; ...
w,0,-12;w,-H,-11;0,-H,-12], Area,Segl,Pointl,Point2);

function res = disp_y (xy) %% displacement in y-direction as function of x
global R D
a0 = sqgrt (D) *sgrt (2+xR-D) ;
res = (R-D-sqrt(R"2 - xy(:,1).72));
res = res.*x(xy(:,1)<=a0) .x(xy(:,2)>—eps);
endfunction

function res = FindFirstPositive(x,sigma_y);%% find the first zero of the normal stress
ind = find(sigma_y>0,1);
x0 = x(ind-1); dx = x(ind)-x0;
y0 = sigma_y(ind-1); yl = sigma_y(ind);
res = x0 —-y0xdx/ (y1-yO0);
endfunction

figure(l); FEMtrimesh (Mesh); axis equal; xlabel ('x’); ylabel('y’)
x1im(0.145+[-0.03,0.03]) ;ylim([-0.05,0.01])
Mesh = MeshUpgrade (Mesh,MeshType) ;

Then solve the first plane strain problem and start the iteration.

| HertzCylinder.m
[ul,u2] = PlaneStrain(Mesh,E,nu, {0,0}, {0,’'disp_y"},{0,0});

[sigma_x, sigma_y,tau_xy,sigma_z] = EvaluateStress (Mesh,ul,u2,E,nu);
x_edge = linspace(0,2%a0,1000)";
sigma_y_edge = FEMgriddata (Mesh, sigma_y,x_edge, 0xx_edge) ;
figure(30); plot(x_edge,sigma_y_edge,a0,0,’+");

xlabel (' x’); ylabel (’\sigma_y’); xlim([0,max (x_edge)])
a = FindFirstPositive (x_edge, sigma_y_edge)
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for jj = 1:5 %% use 5 iterations and observe the value of a
Mesh = CreateMeshTriangle(’'Flat’,

[0,0,-21;a-d4,0,-21;a4,0,-22;a+dd4,0,-22;w,0,-12;w,-H4,-11;0,-H,-127, . ..
Area, Segl,Pointl,Point2);
Mesh = MeshUpgrade (Mesh,MeshType) ;
[ul,u2] = PlaneStrain (Mesh,E,nu, {0,0}, {0,’disp_y"},{0,0});
[sigma_x,sigma_y,tau_xy,sigma_z] = EvaluateStress(Mesh,ul,u2,E,nu);
sigma_y_edge = FEMgriddata (Mesh, sigma_y,x_edge, 0xx_edge) ;
a = FindFirstPositive (x_edge, sigma_y_edge)
endfor

%% display the normal stress as function of x along the upper edge

ind = find(x_edge<a);

sigma_y_fit = mean(sigma_y_edge (ind)) *4/pixsqrt (1-x_edge(ind) ."2/a"2);

figure(31l); plot(x_edge,sigma_y_edge,x_edge(ind),sigma_y_fit,a0,0,’+’,a,0,"+");
xlabel (' x’); ylabel(’\sigma_y’); legend(’'FE data’,’theory’, ...
"location’,’southeast’); x1im([0,1.1%xa0])

VonMises = EvaluateVonMises (sigma_x, sigma_y,tau_xy,sigma_z) ;

%% display the displacement of the upper edge

y_edge = FEMgriddata (Mesh,u2, x_edge, 0xx_edge) ;

y_circle = R-D-sqgrt (R"2-x_edge."2);

figure(20); plot(x_edge,y_edge,x_edge,y_circle,a,0,’*"); xlabel('x"); ylabel('u_2’);
legend(’solid’,’circle’, ’location’,’northwest’); xlim([0,max(x_edge)])

x_edge_low = linspace(0,W,1000)";
sigma_y_edge_low = FEMgriddata (Mesh,sigma_y,x_edge_low, -Hxones (size (x_edge_low)));
sigma_y_edge_top = FEMgriddata (Mesh,sigma_y, x_edge_low, zeros (size (x_edge_low)));
sigma_y_edge_half = FEMgriddata (Mesh, sigma_y, x_edge_low, —H/2*ones (size (x_edge_low)));
sigma_y_edge_10 = FEMgriddata (Mesh, sigma_y,x_edge_low, -H/10xones (size (x_edge_low)));
sigma_y_edge_100 = FEMgriddata (Mesh, sigma_y, x_edge_low,-H/100*ones (size (x_edge_low)));
figure(90); plot (x_edge_low,sigma_y_edge_top,x_edge_low,sigma_y_edge_100, ...
x_edge_low, sigma_y_edge_10,x_edge_low,sigma_y_edge_half, ...
x_edge_low, sigma_y_edge_low) ;
xlabel (' x"); ylabel (' \sigma_y’); x1im([0,max(x_edge)])

legend('at y = 0’,’at y = -H/100’,’at y = -H/10’,’at vy = -H/2',’at y = -H', ...

"location’,’southeast’)

PressureUpperEdgelocal = trapz(x_edge,sigma_y_edge)
PressureUpperkEdge = trapz(x_edge_low, sigma_y_edge_top)
Pressurel00Edge = trapz(x_edge_low, sigma_y_edge_ 100)
PressurelOEdge = trapz (x_edge_low,sigma_y_edge_10)
PressureHalfEdge = trapz(x_edge_low,sigma_y_edge_half)
PressurelLowerkEdge = trapz (x_edge_low, sigma_y_edge_ low)

Estar = E/ (1-nu”2);

P = -2«PressurelowerEdge;
a = sqrt (4+«P*R/ (pi*Estar))
—>

PHASE = 1

a0 = 0.1411

a = 0.1115

a = 0.095575

a = 0.087056
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a = 0.082939
a = 0.080529
a = 0.079477

PressureUpperEdgeLocal = —-516.16
PressureUpperkEdge = -515.46
Pressurel00Edge = -512.26
PressurelOEdge = -514.30
PressureHalfEdge = -513.27
PressurelowerkEdge = -514.44

| a = 0.078567

9.35.2 Evaluation and visual results
The above results have to be visualized.

* A grid of the domain [0, 3 a] x [—3 a, 0] with the sizable effects is generated, the deformation given by w4
and us.

e On this grid u1, ug and the total displacement \/u? + u3 are evaluated and visualized, leading to Fig-
ure 163.

* The normal stresses o, and o, and the von Mises stress are evaluated on the same grid and visualized,

leading to Figure 164.

-Uy LIy Uy LMIy uISpIacenient [pij

9 9
-0.05 -0.05 o 005
8 8
-0.1 7 -0.1 -0.1 7
05
6 6
0.15 -0.15 -0.15
5 y 5
-0.2 4 0.2 -0.2 4
ARANR 3 — = i—— 3
0 005 01 015 02 0 005 01 015 02 0 005 01 015 02
Figure 163: Contact with cylinder: contours for the displacements ug and up and /u? + u3
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Figure 164: Contact with cylinder: contours for the two normal stresses and the von Mises stress
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| HertzCylinder.m
case 2 %% PHASE 2
[x,y] = meshgrid(linspace (0, 3*a,51),linspace(-3%a,0,51));
ulg = FEMgriddata (Mesh,ul, x,vy); u2g = FEMgriddata (Mesh,u2,x,v);
x g =x +ulg; vy _g=y + u2g; %% construct the deformed grid

sigma_yg = FEMgriddata (Mesh,sigma_y, x,V); %% evaluate sigma_y on the grid
figure(101); mesh(x_g,y_g,sigma_yqg); xlabel('x’); ylabel('y’);zlabel (' \sigma_y’)
figure(111); contourf (x_g,y_g,sigma_yg/le3,linspace (min(sigma_yg(:)),0,51)/1e3);
xlabel ('x’); ylabel ('y’); title(’\sigma_y [kPal]’); colorbar
figure(121); contourf(x_g,y_g,-u2gxle3,51); xlabel('x"); ylabel('y’');
title('—u_y [\mum]’); colorbar
sigma_xg = FEMgriddata (Mesh, sigma_x,x,V);
figure(102); mesh(x_g,y_g,sigma_xg); xlabel('x’); ylabel(’'y’);zlabel (' \sigma_x')
figure(112); contourf (x_g,y_g,sigma_xg/le3,linspace (min(sigma_yg(:)),0,51)/1e3);
xlabel ('x"); ylabel('y’); title(’\sigma_x [kPa]’); colorbar
figure(122); contourf(x_g,y_g,ulgxle3,51); xlabel ('x'); ylabel('y’);
title('u_x [\mum]’); colorbar

VonMises_g = FEMgriddata (Mesh,VonMises, x,V) ;
figure(103); mesh(x,y,VonMises_gqg); xlabel ('x’); ylabel('y’);zlabel (’von Mises’)
figure(113); contourf (x_g,y_g,VonMises_g/le3, linspace (0, max (VonMises_g(:)),51)/1e3);
xlabel ("x’); ylabel('y’); title('von Mises [kPa]’); colorbar
figure(123); contourf(x_g,y_g,sqrt (ulg. 2+u2g.”2) «1e3,51);
xlabel ('x’); ylabel(’'y’); title(’displacement [\mum]’); colorbar
DOriginal = D; aOriginal = a;

9.35.3 The analytical solution based on the Hertz theory

The results in this section are found in [ ], which is based on [ ]. The goal is to present the results
of the Hertz contact for a line load by a cylinder on a half space. The notation is adapted to match the above
sections.
* Use [ , p- 14]. Apply a point load P at the origin to a half space y < 0. The shearing stresses are
Try = Ty = 0. Solve A¢ = 0 for the potential ¢ and then along the surface y = 0 find
0¢ ond 2(1-1v?)P ¢ 2P 0¢
Oy = —— U= ————— — = ——— — .
v oy 2 E oy E* 0y

With 72 = 22 4 y2 + 22 obtain the fundamental solution

P
(r+y) = —5— In(vVa? +y° + 22 +y)

This leads to the displacement at the surface y = 0

d(R,y) =

——In
2T

P
™ E* 2?2 + 22

ug(x,0,2) = —

* For a line load p along z = 0 for —b < z < b obtain

+b 1 +b
u2(x,0,0) = — P / 7dz:...:—ﬂ_%* ln|z—|—\/z2—|—22|‘zz_b
4

TE* |y a2+ 22

This expression does not converge as b — +o00. This might be the reason why I did not find an analytic
formula for the displacement D as function of the applied load!
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* In the area of contact —a < x < a the slope of the displacement has to coincide with the slope of the circle.

For the circle obtain 5 )
d T
— =— ([-D+ — ) =—.
as 2 = g, ( * 23) R

For a point load p evaluate the slope of the upper edge.

(0.0,2)= Lo 2 O usfa,0,2) =~ L "
ux,Y,2) = ——— —F——7 —ug(x,0,2) = —
2 T E* /22 + 22 ox ° L S e
For a constant load p for —b < z < +b conclude
o +b
—u2(z,0,2) = — p*/ %dz
8x TE 2=—b 562+Z2
z o 2b 2
p N R AP
TES p\a? 4227 77 TET /a? 4+ b? TET T

Now evaluate the slope generated by the applied pressure density p(z) for —a < x < +a and set it equal

to the slope of the circle.
2 +a
T / p(s)
R 7wFE* J,__,x—s
A solution of this singular integral equation is given in the Appendix C of [ 1.

P = /+ap(a;) dz

—a

p(x) = 1_12 <p_E*/+a€\/a2_§2d§>

TVa? 2 —a R(x_f)

* Atz = +a (or —a) use p(a) = 0 to conclude
B [Trea? - ¢
0= ro |, R
p _ f’7*/+a§\/a2—§2d£: E*/+“§\/(a—§)(a+§)
2 —a R(+a_§) 2 —a R(—i_a_{)
E* /+a§\/a+§ e — E* ma? B E 7 a?
2 J_, Rva—¢ B B

dg

2 2R 4(1-v?) R

This equation can be solved for the half width a of the contact area.

5, 4PR(1-1?) P mE
=————= and 5 =-——"—
TE a> 4R(1-v?)

These results are confirmed by the above FEM values.

a

(101)

The above also leads to

E* E 2P 2P 2
p(z) = a? — 22 = ——————\a? — 2% = \/a2—x2:—\/1—x—2
a

2R :2R(1—1/2) T ra? Ta

Figure 162(b) illustrates this result with the help of the FE simulation. Use the formula for p(z) to conclude

Fa 2P
pmez = POV = SR8 = e
P mFEa T
Pmean % = m = meax
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9.35.4 Parameter studies for different penetration depths

Starting with the above numerical results the penetration depth D can be diminished step by step and the new
contact width a and pressure P be evaluated with a loop over different values of D. Instead of a fixed number of
iterations a simple termination criterion is used, stop if a does not change too much any more. Find the results in
Figure 165. Surprisingly the penetration depth is not too far from a linear function of the applied pressure.

Based on equation (101) expected that P = ca? for a constant ¢ = Wéﬂ)' This is confirmed with the
help of a linear regression, leading to Figure 165(c).

0.01 0.08 1200
+ FEM
< 1000 || — a2
5 0008 <006
g k5] o 800
2 0.006 s =
-% 50.04 @ 600
= 0.004 = =
h;’ S Q400
o
& 0.002 0.02 200
0 0 0
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200 0 0.02 0.04 0.06 0.08
pressure pressure contact width
(a) depth as function of pressure (b) contact width as function of pressure (c) pressure as function of contact width

Figure 165: Contact with cylinder: results of pressure and contact width for small penetration depth

HertzCylinder.m
case 3 %% Phase 3: parametric study for small D
a = aOriginal;
D_List = DOriginalx[1:-0.1:0.1]1";
a_list = zeros(size(D_List)); Pressure List = a_list;
a_List(l) = aOriginal; Pressure_List(l) = —-2xPressurelowerkdge;
for ii = l:length(D_List)
D = D_List(ii);
disp(sprintf (working with penetration depth D = %g’,D))
jJ = 0;
do
Jit+i
Mesh

CreateMeshTriangle ('Flat’,
[0,0,-21;a-dd,0,-21;4a,0,-22;a+dd,0,-22;w,0,-12;W,-H,-11;0,-H,-121, ...
Area, Segl,Pointl,Point?2);
Mesh = MeshUpgrade (Mesh,MeshType) ;
[ul,u2] = PlaneStrain(Mesh,E,nu, {0,0},{0,"'disp_y"},{0,0});
[sigma_x,sigma_y,tau_xy,sigma_z] = EvaluateStress (Mesh,ul,u2,E,nu);
sigma_y_edge = FEMgriddata (Mesh,sigma_y,x_edge, 0xx_edge) ;
a_old = a;
a = FindFirstPositive (x_edge, sigma_y_edge) ;
disp (sprintf (‘value a %g, last change = %g’, a , a-a_old))
until or (abs(a-a_old)< 5e-5, j3>20)
a_List(ii) = a;

sigma_y_edge_low = FEMgriddata (Mesh,sigma_y,x_edge_low, -H*ones (size (x_edge_low)));
PressurelLowerkEdge = trapz (x_edge_low,sigma_y_edge_low) ;
Pressure_List (ii) = -2 % PressurelLowerEdge;

endfor

D_List = [D_List;0]; Pressure List = [Pressure_List;0]; a_List = [a_List;0];

figure(201); plot (Pressure_List,D_List); xlabel ('pressure’); ylabel ('penetration depth’)

SHA 9-10-23



9 EXAMPLES, EXAMPLES, EXAMPLES 322

figure(202); plot (Pressure_List,a_List); xlabel ('pressure’); ylabel ('contact width’)

p = LinearRegression(a_List." 2,Pressure_List);
figure(203); plot(a_List,Pressure_List,’*’,a_List,p*a_List."2)
ylabel (' pressure’); xlabel(’contact width’)
| legend ('FEM’ ,’c*xa”2’,’location’, ' northwest’)

Instead of using smaller penetration depth, larger ones can be examined too. The tools do not change. The
results in Figure 166 show no surprises.

0.1 0.35 20000
* FEM
< 0.08 0.3 — a2 »
o £025 15000
° o (&)
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= B & 10000
S 0.04 ©0.15 (<]
@ S Q
c 8 0.1 5000
8 0.02
0.05
0 0 0
0 5000 10000 15000 20000 0 5000 10000 15000 20000 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
pressure pressure contact width
(a) depth as function of pressure (b) contact width as function of pressure (c) pressure as function of contact width

Figure 166: Contact with cylinder: results of pressure and contact width for large penetration depth

HertzCylinder.m
case 4 %% Phase 4: parametric study for large D

a = aOriginal;

D_List = DOriginalx[1:0.4:10]';

a_list = zeros(size(D_List)); Pressure List = a_lList;

for ii = 1l:length(D_List)
D = D_List (ii);
disp (sprintf (working with penetration depth D
x_edge = linspace(0,1.3%a,1000");
jj = 0;
do
Ji++;
Mesh = CreateMeshTriangle(’'Flat’,
(0,0,-21;a-d4,0,-21;4,0,-22;a+dd,0,-22;w,0,-12;w,-H,-11;0,-H,-12], ...
Area, Segl,Pointl,Point2);
Mesh = MeshUpgrade (Mesh,MeshType) ;
[ul,u2] = PlaneStrain(Mesh,E,nu, {0,0},{0,’disp_y"}, {0,0});
[sigma_x, sigma_y,tau_xy,sigma_z] = EvaluateStress (Mesh,ul,u2,E,nu);
sigma_y_edge = FEMgriddata (Mesh, sigma_y, x_edge, 0xx_edge) ;
a_old = a;
a = FindFirstPositive (x_edge, sigma_y_edge) ;
disp(sprintf (‘iteration %i, value a = %g, last change = %g’, 33, a, a—-a_old))
until or (abs(a-a_old)< 5e-5,33>20)
a_List(ii) = a;

%g’,D))

sigma_y_edge_low = FEMgriddata (Mesh,sigma_y,x_edge_low, —-Hxones (size (x_edge_low)));

PressurelLowerEdge = trapz(x_edge_low,sigma_y_edge_low) ;
Pressure_List (ii) = -2 x PressurelLowerkEdge;
endfor
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D_List = [0;D_List]; Pressure List = [0;Pressure List]; a_List = [0;a_List];
figure(301); plot (Pressure_List,D_List); xlabel ('pressure’); ylabel ('penetration depth’)
figure(302); plot (Pressure_Llist,a_List); xlabel ('pressure’); ylabel(’contact width’)

p = LinearRegression(a_List.”
figure (303);

2,Pressure_List);

plot (a_List,Pressure_List,’*’,a_List,p*a_List."2)
ylabel (' pressure’); xlabel ('contact width’)
legend('FEM’' ,’c*xa”2’,’location’,’northwest’)

9.36 Hertz contact of a rigid sphere with an elastic half space

The above situation of a cylinder pressing into a half space can be modified to a sphere pressing into a half space.
The algorithm does not change substantially. Find the adaptation in Table 19. The Hertz based formulas change

EvaluateStress ()

cylinder sphere
r,y r,z
PlaneStress () AxiStress ()

EvaluateStressAxi ()

IT1TI

EvaluateVonMises ()

EvaluateVonMisesAxi ()

Table 19: Adaptations for pressing with a cylinder or a sphere

when pressing with a sphere with radius a. Find in [ , p- 93]
3PR\'? AE*
a = <4E*) and P = 3Ra
2/3 2/3 2/3
p - (3£)7 SPRYTL @ (3L pus
4 E* R1/3 4 E* R 4 E* R\/3
p - 4E AET p1j2 pe
(r) = 1 r for 0<r< _ 3 _ 3P
p r - pma:c a2 — r — a > pmaz - 2 pmean - 27_(_(12

The above code HertzCylinder.m is adapted to Hert zSphere.m, not shown in these notes but in-
cluded in the distribution of FEMoctave.

* In Figure 167 the relation between the penetration depth, the resulting pressure and the radius of the contact
are are shown, together with the theoretical results based on the Hertz theory. In addition a linear regression
was used to determine that 0.8469 - D et 1S the best match to the overall FEM data. Observe that for
small penetration depth D the Hertz result

*
P = 4E3\/E Di){/frtz

3P\?? 1
1B~ RL/3

or DHeth = (

is close to the result generated by FEMoctave, but for large values of D there is a systematic difference.
For the same penetration depth the required pressure by the Hertz approach is smaller than for the FEM
simulation. Thus for the same pressure Hertz will arrive at a larger penetration depth. For large values of
D the fitted curve is a better match.
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* Figure 167(c) confirms the the total pressure P proportional to a>, the radius of the area of contact.

* In Figure 168 find the displacement in radial and z direction. In Figure 169 the normal stresses and the von
Mises stress are shown.
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© 0.04 © S 4000
5 + FE data & 0.005 + FE data
2002}, — fit a — fit 2000
Hertz Hertz
0 0 0
0 2000 4000 6000 8000 1000012000 0 200 400 600 800 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
pressure pressure contact width
(a) depth as function of pressure (b) zoom for small pressure (c) pressure as function of contact width
Figure 167: Contact with sphere: results of pressure and contact width for large penetration depth
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Figure 168: Contact with sphere: contours for the displacements u, and u, and \/u2 + u?2

For a given penetration depth D we can use the Hertz results in [John87a] and determine the surface pressure
—2ELRIBD3/2, 1 — 1 forr <a
o,(r,0) = ma a? -
0 forr > a

and then use FEMoctave to determine the resulting deformations and stresses caused by the sphere indenting
the half space. The other boundary conditions used by FEMoctave are

o, =10 along z=0
u=0 , 0,=0 along r =
u=0 , wu,=0 along z=-H

u=0 , o0,=0 along =20

The code HertzSphereDirect .m shown below generates Figure 170.
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Figure 169: Contact with sphere: contours for the two normal stresses and the von Mises stress

* Figure 170(a) shows the resulting displacement and the expected circular displacement by Hertz’s theory.
The two coincide quite well, as expected. Hertz predicts a slightly larger penetration depth, which is
consistent with the observations in Figure 167.

* Figure 170(b) shows the normal stress o, in vertical direction. The result coincides with Figure 169.

* In Figure 171 find the von Mises stress for this setup. Maximal value at 7 = 0, 2 ~ —0.046 for a radius
a = 0.1 of the area of contact. This is consistent with the information in [GoldO1, p.80], where the maximal
stress is predicted at z =~ —0.48 - a.
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Figure 170: Contact with a sphere for given normal pressure o (r, 0)

| HertzSphereDirect.m
$% 1 GPa = 1079 N/m"2 = 10"3 MPa = 10”3 N/mm"2
E = 200e3; nu = 0.24 ;%% N/mm"2
parameters for steel: E = 200 GPa = 200e3 MPa, nu = 0.24, yield strength = 300 MPa
%% parameters for gold: E = 79 GPa = 79e3 MPa, nu = 0.42, yield strength

= 200 MPa
R=1; D= 0.01; %% radius of sphere and indentation depth
W=20.75; H=1; %% width and height of the computational domain
global a P

Estar = E/(1-nu"2);
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VOIl VIISES |KFd]
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Figure 171: The von Mises stress for a contact with a sphere for given normal pressure o (r, 0)
P = 4xEstar/3xsqrt (R) *D" (3/2)

a = (3%xPxR/ (4+xEstar)) " (1/3)
D (3%P/ (4*xEstar)) " (2/3) /R (1/3);

function res = Load(rz)
global a P
r =rz(:,1);
res = —3xP/ (2xpi*a”2) *sqrt (1-r. 2/a"2) . (r<a);
endfunction
N = 51;
if 0 %% mesh by rectangle
Mesh = CreateMeshRect (linspace(0,W,N),linspace(-H,0,N),-11,-23,-12,-12);
else %% mesh by triangle
area 0.5xWxH/N"2;
dd = 0.001;
Mesh = CreateMeshTriangle(’Flat’, [0,0,-23;a-dd,0,-23;4a,0,-22;a+dd, 0,-22; ...
w,0,-12;W,-H,-11;0,-H,-12],area) ;

o |l

endif

Mesh = MeshUpgrade (Mesh, 'quadratic’);

%$%Mesh = MeshUpgrade (Mesh, ' cubic’);

[ur,uz] = AxiStress(Mesh,E,nu, {0,0}, {0,0},{0,’'Load’ });

figure(l); FEMtrimesh (Mesh,ur); xlabel('r’); ylabel(’'z’); zlabel('u_r’)
figure(2); FEMtrimesh (Mesh,uz); xlabel('r’); ylabel(’z’); zlabel('u_z’)
r = linspace(0,2*a,1000)";
uz_edge = FEMgriddata (Mesh,uz, r,zeros(size(r)));
circle = R-D-sqgrt (R"2-r."2);
figure(1l); plot(r,uz_edge,’'r’,r,circle,’k’, [a,a],[-D,0]1,’g")
xlabel ("r’); ylabel ('u_z’); x1lim([0,2*a]l);
legend(’u_z’,’'circle’,’r=a’,’location’,’northwest’)
DifferenceUzAtOrigin = circle(l)-uz_edge (1)
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[sigma_r,sigma_y,sigma_z,tau_xz] = EvaluateStressAxi (Mesh,ur,uz,E,nu);
VonMises = EvaluateVonMisesAxi (sigma_r, sigma_y,sigma_z,tau_xz);

NN = 51;

[rr,zz] = meshgrid(linspace (0, 3*a,NN),linspace(-3*a,0,NN));
sigma_zg = FEMgriddata (Mesh, sigma_z, rr,zz);

sigma_rg = FEMgriddata (Mesh, sigma_r, rr,zz);

VonMises_g = FEMgriddata (Mesh,VonMises, rr,zz);

figure(31); contourf (rr,zz,sigma_rg/le3,51); xlabel('r’); ylabel('z’);
title(’\sigma_r [kPa]’); axis equal; colorbar

figure(32); contourf (rr,zz,sigma_zg/le3,51); xlabel('r’); ylabel(’'z’);
title(’\sigma_z [kPa]’); axis equal; colorbar

figure(33); contourf (rr,zz,VonMises_g/le3,51); xlabel('r’); ylabel(’'z’);
title('von Mises [kPal’); axis equal; colorbar
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